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Optimal backward light scattering by dipolar particles
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The near-zero forward intensity condition for light scattering by a dielectric dipolar sphere is usually
associated with the generalized second Kerker condition, at which equal amplitude electric and magnetic dipolar
responses are phase-shifted by m. As we show, this condition does lead to optimal backward light scattering
for a given scattering cross section. However, it is clearly insufficient to give rise to the nearly zero optical
forward scattering, in striking contrast to the actual view of the problem. In fact, we show that the generalized
second Kerker condition leads to an energy radiation pattern that ranges all possible optical scattering diagrams
depending on the total scattering cross section. Interestingly, we demonstrate that optimization of backward
intensity, near the electric and magnetic dipolar resonances, leads to the counterintuitive result of a far-field

energy radiation pattern with nearly zero backscattering.
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The conditions of perfect zero light scattering from mag-
netic spheres were brought to the physical scene by Kerker,
Wang and Giles [1] by assuming magnetodielectric spheres
with a particular combination of relative electric permittivity
€ and magnetic permeability . They proved that when € = p,
the backscattered radiation from the sphere is identical to zero.
In contrast, for very small particles, when € = (4— )/ (2u+1),
the forward scattering was shown to be reduced to zero, except
for the peculiar case of € = u = —2 [2].

The study of these two optical responses, often referred
to as Kerker conditions and, in particular, the inconsistency
between the zero-forward condition and the optical theorem,
have attracted a great interest [2—6]. The apparent paradox was
solved by Alu and Engheta [5] by introducing the concept of
near-zero-forward condition for magnetic Rayleigh particles.
Kerker conditions, originally discussed for hypothetical mag-
netodielectric particles, were later shown to apply to subwave-
length dielectric (u = 1) particles of high refractive index
(HRI) materials [7,8]. Remarkably, the scattering properties
of these HRI nano-particles are given by their dipolar electric
and magnetic responses [9—14].

For HRI subwavelength isotropic spheres, the scattering
can be fully described by the first electric, a;, and magnetic,
by, Mie coefficients [15],
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where the phase-shifts «; and g are real in the absence of
absorption. Under plane wave illumination, the intensity in the
backscattering direction can be exactly zero whenever a; =
b; < a1 = By, independently of any other particle’s material
property [7]. At this condition, the particle’s optical response
consists of equal amplitude crossed electric- and magnetic-
induced dipoles oscillating in-phase (first Kerker condition),
leading to destructive interference between scattered fields in
backscattering. This prediction was experimentally demon-
strated first for millimeter-scale ceramic spheres in the mi-
crowave regime [16] and shortly after for nanometer-scale
HRI Si [17] and GaAs [18] nanospheres. Since then, the
study of Kerker conditions has been significantly expanded
and generalized, becoming ubiquitous in nano-optics and
photonics [19]. New Kerker phenomena have been shown to
emerge from the interplay between dipolar and higher order
multipolar responses [20-22], from nonspherical particle’s
shapes [23-25] or from near-field [26,27] and structured beam
illumination [28-31]. The relationship between electromag-
netic duality symmetry and Kerker conditions [32,33], the role
of the optical helicity [34] and light spin-orbit interactions
near the first Kerker condition [35] are being topics of intense
research activity. Interestingly, these phenomena are as well
related to the emergence of spin-orbit optical mirages [36,37]
and spin-momentum locking phenomena [38].

In contrast with the first Kerker condition, the zero-forward
condition, which arises when the second Kerker condition is
satisfied in the dipolar regime, a; = —by, is strictly inhibited
by the optical theorem [5]. As an alternative definition, we
can consider the generalized second Kerker condition (GSKC)
[71, @1 = — By, corresponding to crossed electric and magnetic
dipoles of equal amplitude oscillating anti-phase. A strong
suppression of forward scattering was already experimentally
observed in the microwave regime [16] at this condition, in
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agreement with the near-zero-forward intensity condition for
Rayleigh particles [5,7]. A strong suppression of forward scat-
tering is an important issue in light transport and scattering in
nanostructured complex media [39—48], being also relevant in
the discussion of the, so-called, anapole modes [19,49,50], as
well as in the context of optical forces [51-55]. In most of the
above-mentioned works, the equivalence between the GSKC
and the near zero-forward condition was taken from granted
even though it was only demonstrated in the Rayleigh limit,
where the particle scattering cross sections are very small.

In this paper, we demonstrate that the GSKC (and the
first Kerker condition) for dipolar particles can be formally
derived as the optimal combination of electric and magnetic
dipolar responses leading to maximum backward (and for-
ward) scattered intensities for a fixed scattering cross section
in the absence of optical gain. As expected, the maximum
forward intensity takes place at o; = B and correspond to
the zero-backward condition, independently of the scattering
amplitudes. The optimal backward scattering takes place at
ap = —p (i.e., the GSKC) but, interestingly, it does not lead
to the near-zero optical forward condition for strong scattering
regimes. Our results reveal that, in the dipolar regime, the
GSKC straightforwardly returns the minimum asymmetry
parameter (g parameter) for a fixed scattering cross section
in the absence of optical gain. However, the g parameter,
defined as the average of the cosine of the scattering angle
g = (cos8) [39], is not always negative at the GSKC. As
a result, the differential scattering cross section or, in other
words, the redistribution of energy in the far-field limit,
ranges all possible scattering angle diagrams. In particular,
our results provide a consistent explanation of the intriguing
exception for zero-forward scattering predicted for small,
& = u = —2, magnetic particles [2]: when the scattering cross
section approaches its maximum value (when the electric and
magnetic dipolar resonances are excited simultaneously), the
differential scattering cross section resembles the one given by
the first Kerker condition, in opposition to the physical insight
given thus far.

The electromagnetic fields scattered by HRI dielectric
nanoparticles present curious properties arising from the in-
terference between the electric and magnetic multipoles. Most
of them are embedded in the g parameter, calculated from the
differential scattering cross section, as [15]

dog doy
o= (cos6) — J 5% cos0 dQ _ [ G5 cos6 dQ
f%dQ Oy

. @

where oy is the scattering cross section. For dipolar scatterers
it is easy to show that the differential scattering cross section
is given by [36]
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FIG. 1. Asymmetry parameter g as a function of the dipolar
electric and magnetic scattering phase shifts, «; and B, respectively.
The first Kerker condition (black dashed line), given by «; = B4,
gives rise to the maximum value of the g parameter, regardless of
the total scattering cross section. As seen in the attached scale, the
GSKC (blue dash-dotted line), given by «; = —f;, minimizes the g
parameter for a fixed scattering cross section, o [see Eq. (5)]. The
minimum value, g = —1/2, cannot be reached due to causality.
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From Eqgs. (3) and (4), it is trivial to see that, at the
first Kerker condition, i.e., g = 1/2 < «; = B, the differen-
tial scattering cross section vanishes at backscattering, i.e.,
doy(m)/d2 = 0, regardless of the total scattering cross sec-
tion, os. Interestingly, it can be shown that this does not
depend on the incident polarization for spheres [56]. On the
other hand, the optical response given by a; = —b; would
lead to the minimum analytical value of the g parameter in the
dipolar regime, g = —0.5 [57-59]. This in turn, would give
rise to the zero forward scattering condition, do(0)/d2 = 0,
according to Eq. (3). However, this condition is prohibited due
to the optical theorem [5], which guarantees that the real part
of the Mie coefficients must be positive-definite [60]. On these
bases, a new energetically viable GSKC was proposed by
Nieto-Vesperinas et al.: «; = — B [7]. So far, this was thought
to be the optimized condition that gives rise to a negative g
parameter, which in turn might reduce the scattered light in
the forward direction [61]. Surprisingly, it is straightforward
to notice via Eq. (4) that the GSKC does not (generally) lead
to a negative g parameter,

oa==p = g=;

1Tk
Sl eol -1, (6)

where %2 = (127 /k?)sin’ oy, according to Eq. (5).

This is the first important result of the present work.
As it can be seen from Egs. (5) and (6), only a relatively
weak scattering leads to negative values of the g parameter.
The threshold, i.e., g =0, is given by *«o; = F8, = 7 /4.
Interestingly, this value corresponds to the scattering cross
section that arises from a pure dipolar electric (or magnetic)

resonant particle, o = 67 /k>.
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FIG. 2. (a) Asymmetry parameter g as a function of the y = mka
size parameter, where m is the relative refractive index, k is the wave
vector in the medium and a is the particle’s radius. The black dashed
and blue dash-dotted lines specifies the first Kerker and the GSKCs,
respectively. At the generalized second Kerker condition (K3), the g
parameter is negative for the Gallium Arsenide-like sphere (GaAs),
roughly zero for the Gallium phosphidelike sphere (GaP) case, while
it is positive for the Titanium Oxide-like sphere (TiO,). (b) Scattering
efficiencies arising from both a dipolar and a fully multipolar optical
response, 0" and QYP, respectively. As can be seen, the optical
response is purely dipolar for the GaAs, GaP and TiO, spheres in
this spectral range.

This phenomenology can be inferred from Fig. 1, where the
g parameter is illustrated as a function of the dipolar electric
and magnetic scattering phase-shifts. Notice that Fig. 1 covers
all possible optical responses in the dipolar regime as they run
over all possible values of the first electric and magnetic Mie
coefficients, according to Eq. (1). It is important to recall that
the Mie coefficients can be generalized for any geometry [62].
As predicted, the first Kerker condition (o) = B;) gives rise to
the maximum value of the g parameter, g = 0.5. In addition,
this is completely independent of the scattering cross section,
o5, which would correspond to circles in the figure, according
to Eq. (5). Interestingly, it can be inferred that the GSKC,
o] = —f1, minimizes the g parameter for a fixed scattering
cross section. However, this is not sufficient to state that this
condition always leads to negative values of the g parameter.

As an illustrative example that confirms the previous
statement, the g parameter is considered for three spheres
of different materials, titanium oxide-like (TiO,, m = 2.6),
gallium phosphide-like (GaP, m = 3.1), and gallium arsenide-
like (GaAs, m = 3.6) in air, as it can be seen from Fig. 2(a).
Refractive index data for these materials were taken from [63].
This figure shows that, at the first Kerker condition, o) =
B1, the maximum value of the asymmetry is always reached
(dashed vertical black line). On the other hand, at the GSKC,
o = —p1, which corresponds to the dash-dotted vertical blue
line, the g parameter is not always negative. In fact, the g

parameter is positive for the TiO,-like sphere, almost zero
for the GaP-like sphere case while it becomes negative for
the GaAs-like sphere. According to Eq. (6), this change of
sign depends strongly on the strength of the scattering cross
section. The scattering efficiency, Q = o,/ma?, is depicted
in Fig. 2(b) assuming both a dipolar response (! = 1) and
the full Mie multipolar expansion. As can be inferred, the
optical responses are purely dipolar, even for strong scattering
regimes.

Let us now analyze the relevance of the GSKC in the
nearly-zero optical forward scattering condition, where

doy®) 3 1+cos?0 (K
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At the GSKC, «; = —pfi, the scattering cross section, O’SKZ,
governs the far-field pattern of the differential scattering cross
section. As a consequence, the GSKC is not sufficient (not
even necessary) to obtain the typical pear-like structure, in
striking contrast to previous analysis [8,64]. In fact, it is
clear that near the electric and magnetic dipole resonances, in
which ¢ < 0.5 & & < 127 /K>, the radiation pattern of the
differential scattering cross section resembles the one arising
when the first Kerker condition is satisfied. In this particular
case, there is no net radiation at backscattering. On the other
hand, when 02 = 07 = 67 /k?, condition that leads to g =
0, according to Eq. (6), the differential scattering cross section
is identical to the one given by a pure electric (or magnetic)
dipole. Finally, when o2 < o, which implies a negative g
parameter, the target scatters mostly in the backward direc-
tion.

This phenomenology is further confirmed in Fig. 3, where
the far field radiation pattern of the (integral normalized) dif-
ferential scattering cross section is considered, at the GSKC,
for the materials illustrated in Fig. 2: TiO,-like, GaP-like, and
GaAs-like spheres. As expected, when g > 0, the scattering
pattern almost entirely lies in the forward direction, accord-
ing to Fig. 3(a). This corresponds to the energy radiation
pattern in the far field limit of the TiO,-like sphere at the
GSKC, where g = 0.2, (see dotted green line Fig. 2). At
g = 0, which arises from the GaP-like sphere at the GSKC,
according to the dashed red line in Fig. 2, the energy radiation
pattern in the far field limit is symmetrical, as can be seen
in Fig. 3(b). This is identical to the one that arises from a
pure electric (or magnetic) dipole. Finally, when g < 0, the
target preferentially scatters in the backward direction, as
can be inferred in Fig. 3(c). This phenomenon corresponds
to the energy radiation pattern in the far field limit of the
GaAs-like sphere at the GSKC, where g = —0.2, according to
the dash-dotted yellow line of Fig. 2. From our analysis it is
straightforward to derive that the nearly zero optical forward
scattering condition is only achievable through a negative g
parameter.

In order to get deeper physical insight into the relevance of
the GSKC, it is interesting to derive the explicit expression
of the differential scattering cross section evaluated at the
forward direction, as shown in Fig. 3. Under these conditions,

o] = _,Blv do—s k2 Ky\2
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FIG. 3. (Integral-normalized) differential scattering cross section, (dos(6)/d2)/cX2, for different optical responses at the generalized
second Kerker conditon, i.e., g = 0.2 (TiO,-like sphere), g = 0 (GaP-like sphere), g = —0.2 (GaAs-like sphere), according to Fig. 2. The

incident light is illustrated by a vertical yellow arrow.

Equation (8) shows that at the GSKC, in the forward direc-
tion (8 = 0), the differential scattering cross section scales
quadratically with the scattering cross section. As a direct
result, for a relatively large scattering cross section, the target
may scatter preferentially in the forward direction (6 = 0),
leading to a counterintuitive result as the nearly-zero opti-
cal forward intensity condition for light is far from being
obtained. In fact, near the electric and magnetic dipolar
resonances, where o, F8; ~ /2 < g < 0.5, the intensity
in the forward direction (6 = 0) is close to be maximized.
Therefore both Figs. 1 and 4 can be understood together as
the actual implication of the GSKC: Only when the scattering
cross section is smaller than that for a pure resonant particle,
0% < oI* a negative g parameter can be obtained. In this
regime and only in this regime, the nearly-zero optical forward
scattering can be achieved.

In conclusion, we have shown that the GSKC can be
derived as the optimal condition that minimizes the asym-

1.0 2

0.51

0.0

sin(B1)

-0.5

05 0.0 0.5 1.0 0
sin(aq)

-1.0
-1.0

FIG. 4. Dimensionless differential scattering cross section,
k’do, /dS2, evaluated at the forward direction, 6 = 0. At the GSKC,
o) = —pBy, near the electric and magnetic resonances, the differential
scattering cross section is maximized. When the scattering cross
section is relatively small, it reaches its minimum value.

metry, in terms of the g parameter, for a fixed scattering
cross section in the absence of optical gain. Interestingly,
we have found that the GSKC does not necessarily give rise
to a negative g parameter. In fact, under this condition, we
have demonstrated that the g parameter ranges from positive
to negative values, crossing g = 0 when the scattering cross
section is identical to the one arising from a pure electric
(or magnetic) resonant target. As a direct consequence, we
have demonstrated that the far-field scattering pattern of the
differential scattering cross section runs over all its possible
polar diagrams. Notably, near the electric and magnetic dipole
resonances, we have explicitly exposed that this resembles the
one given at the first Kerker condition, where there is no net
radiation in the backscattering direction. This phenomenon
implies the opposite physical insight which was assumed in
previous works. In order to have a deeper insight, we have then
confirmed this behavior by showing that the energy radiation
pattern in the far-field limit, or, in other words, the differential
scattering cross section, at the GSKC in the forward direction,
scales quadratically with the scattering cross section. As a
direct consequence, for strong scattering regimes, the target
preferably scatters in the forward direction, in striking contrast
with the current understanding.

These findings are of considerably importance in differ-
ent contexts where minimization of the g parameter can be
most relevant. This includes theory and experimental work
on optical forces (where the radiation pressure cross section
strongly depends on the g parameter), light transport and
radiative transfer phenomena since the minimization of g
can significantly reduce the transport mean free path. We do
then believe that our straightforward but fundamental analysis
provides new insight in the study of light scattering from
nanostructures which can be relevant in understanding more
complex, multiple scattering processes in nanostructured sam-
ples and photonic devices.
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