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Fréedericksz-like positional transition
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In this paper, a Fréedericksz-like positional transition is found for a spherical microdroplet suspended in
a nematic liquid crystal cell in the presence of an external electric field. Based on the numerical calculation of
elastic energy using the Green’s function method, the equilibrium position of the microdroplet is decided through
a competition between the buoyant force and the effective force built by the elastic energy gradient existing inside
the nematic liquid crystal cell. It is shown that elastic energy dominates the kinetics of the microdroplet until
the external field applied reaches a critical value large enough to flatten the elastic energy contour in the central
region, which provides a “fast lane” enabling the asymmetric buoyant force to drive the liquid droplet abruptly
from the cell midplane to a new equilibrium position, triggering a positional transition. It is also found that such
a threshold value of external field depends on thickness L and Frank elastic constant K , in a Fréedericksz-like
manner, but multiplied by a factor of 3

√
π . An explicit formula proposed for the critical electric field agrees

extremely well with the numerical calculation.
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I. INTRODUCTION

Behaviors of immiscible liquid, solid, or gas microphase
suspensions in a nematic liquid crystal (NLC) cell are of
considerable interest due to their promising practical appli-
cations in new display devices and materials [1–3], triggered
and released microcargo [4], and biological detectors [5,6]. So
far much effort has been put forth to investigate the behaviors
of microparticles suspended in confined NLCs by means of
experiment and numerical modeling [7–16]. Physical phe-
nomena such as levitation, lift, bidirectional motion, and
aggregation of colloids induced by the effect of the electric
field were also studied through experiments and computer
simulations [17,18]. Diverse methods and techniques have
been developed to measure the interaction force between
particles in NLCs in a direct manner [7,19–22].

The interaction force of spherical particles suspended in
NLC is associated not only with interparticle distance and ge-
ological confinement [8], but also with the shape of particles,
which sometimes plays a crucial role in pair interaction and
aggregation behaviors [12]. In most cases the inclusion of par-
ticles in a NLC cell tends to create liquid crystal (LC) align-
ment singularities around the suspended substances, which in
general are determined by surface anchoring conditions, parti-
cle size, boundary conditions, and external fields [12,23–26].
It has been widely confirmed and accepted that when a spher-
ical particle is immersed in a NLC, there exist two possible
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types of defect configurations [27–30]. Dipole and quadrupo-
lar configurations are usually seen around a spherical particle
with strong vertical surface anchoring, whereas a boojum
defect is formed by a microsphere with tangential surface
anchoring. In addition, recently Senyuk et al. found that solid
polymer microspheres dispersed in a NLC may induce surface
point and line defects at the same time, and therefore lead
to hexadecapolar distortions around the microspheres due
to conically degenerate boundary condition [30]. Through
experimental observations it has been found that when an
external field is applied, there exists a transition between
elastic dipole and quadrupolar configurations which depends
on particle size and surface anchoring strength [31–33].

On the theoretical side, Chernyshuk et al. studied the
interaction between colloidal particles in NLCs near one wall
and in a nematic cell with or without an external field by using
the Green’s function method and obtained general formulas
for the interaction energy between colloidal particles [34–36].
Although the interactions of two particles in a NLC are very
well understood and the particle-wall interaction has been
widely observed experimentally for a single particle immersed
in a nematic cell [35,37,38], the properties of a single particle
in a uniform NLC cell in the presence of an external electric
field theoretically have not been fully addressed.

II. THEORETICAL MODELING

The system we consider consists of a microdroplet of
radius r suspended in a NLC cell in the presence of an external
electric field, as illustrated in Fig. 1. Experiments showed that
typically such a liquid droplet tends to generate a companion
hyperbolic hedgehog rather than a disclination ring [29], and
thus it is appropriate and much more convenient to consider
the microdroplet and its surrounding LC alignments as a
dipole configuration.
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FIG. 1. Sketch of a microdroplet of radius r suspended in a
nematic cell with an L-thick spacer in the presence of an external
field.

With one Frank constant approximation, the effective elas-
tic energy for the system is given by [36]

Ue = K
∫

d3x

[
(∇nμ)2

2
− k2

2
(en)2 − 4πP(x)∂μnμ

− 4πC(x)∂z∂μnμ

]
, (1)

where K is the Frank constant, nμ (μ = x, y) represents
the components of the director field n perpendicular to n0,
and k2 = (4πK )−1�εE2, with �ε = ε‖ − ε⊥ the dielectric
anisotropy of the NLC, which is assumed to be positive in
this paper. Here P(x) and C(x) denote the dipole- and the
quadrupole-moment densities, respectively. For simplicity, we
choose the coordinate z axis along the normal direction of
the two cell walls where LC molecules are homeotropically
anchored. Given these, when an electric field along z axis is

applied, we have the Euler-Lagrange equations [36]

�nμ − k2nμ = 4π [∂μP(x) − ∂z∂μC(x)]. (2)

With Dirichlet boundary conditions nμ|(z=0) = nμ|(z=L) =
0 for homeotropic anchoring on the two walls, the solution of
the above equation can be written as [36]

nμ(x) =
∫

V
d3x′Gμ(x, x′)[−∂ ′

μP(x′) + ∂ ′
μ∂ ′

zC(x′)], (3)

where Gμ is the Green’s function given by [36]

Gμ(x, x′) = 4

L

∞∑
n=1

∞∑
m=−∞

eim(ϕ−ϕ′ ) sin
nπz

L

× sin
nπz′

L
Im(λnρ<)Km(λnρ>). (4)

Here Im and Km are modified Bessel functions and λn =
[(nπ/L)2 + �εE2/4πK]1/2. Then substituting Hμ(x, x′) =
Gμ(x, x′) − 1/|x − x′| into the self-energy defined in terms
of the Green’s function in Ref. [36], we can obtain the elastic
energy Ue for a NLC cell with a microdroplet suspended in
the presence of an electric field. Besides the elastic energy,
the gravitational potential Ug due to buoyant force should be
considered as well, leading to a total energy written as

Utotal = Ue + Ug

= −2πK p2

[
− 4

L

∞∑
n=1

λ2
n sin2

(
nπz

L

)
K0(λnρ)+ 1

ρ3

]
ρ→0

− 4

3
πr3(ρLC − ρaq)gz, (5)
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FIG. 2. Elastic energy and total energy as a function of microdroplet position for different electric fields (0, 1.0, 1.5, and 2.0 V/μm). Here
we set the radius of the microdroplet and cell thickness as 2.2 and 7 μm, respectively.
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FIG. 3. Equilibrium position z0 in response to the electric field for different (a) cell thicknesses (7, 10, 15, and 20 μm), where the Frank
elastic constant and the radius of the microdroplet are set as K = 7.0 pN and r = 2.5 μm respectively, and (b) Frank elastic constants (7, 10,
15, and 20 pN), where the cell thickness and the radius of the microdroplet are set as L = 10 μm and r = 2.5 μm, respectively. These two
figures show a positional transition occurring at an electric field threshold Ec, which depends on (c) cell thickness L and (d) Frank elastic
constant

√
K .

where r is the radius of microdroplet, p = 2.04r2 is the mag-
nitudes of the dipole moment, ρLC − ρaq is the density differ-
ence between liquid crystal and microdroplet, g = 9.8 m/s2

is the gravitational acceleration, and z denotes the position of
microdroplet. The configuration of the droplet and defect as
shown in Fig. 1 corresponds to a positive p.

III. RESULTS AND DISCUSSIONS

In the presence of a small external field, the total en-
ergy given by Eq. (5) overlaps the elastic energy Ue and
remains symmetric, indicating that the interaction among LC
molecules still dominates the system if the external field
applied is not large enough to realign the LC molecules,
especially in the region close to the midplane. Thus the
contribution made by asymmetric gravitational potential is
trivial and the microdroplet in this case is still trapped within
its midplane, as shown in Figs. 2(b) and 2(c). However, as
we increase the field applied, it tends to widen and flatten
the bottom of the elastic potential well and that by contrast
enlarges the relative contribution made by the asymmetric
buoyant force to the total energy. As a result, the buoyant force
will drive the microdroplet with ease from midplane to a new
equilibrium position [Fig. 2(d)]. It is obvious that the sign of

ρLC − ρaq determines the direction of particle displacement
with respect to the location of the singular defect. It seems that
the interaction potential well around the midplane tends to be
flattened due to the realignment of liquid crystal molecules
made by the applied external field, which creates a “fast
lane” in the vertical direction for the microdroplet to move.
It triggers a positional transition from the midplane, if driven
by an asymmetric buoyant force, when such a fast lane is fast
enough (weakens the elastic energy gradient).

Furthermore, in order to study the effect of the cell thick-
ness and Frank constant on the critical electric value, we plot
the equilibrium position against the applied electric field for
different cell thicknesses (7, 10, 15, and 20 μm) and Frank
elastic constants (7, 10, 15, and 20 pN), as shown in Figs. 3(a)
and 3(b). It is found that a positional transition occurs when
the external field applied exceeds a threshold value. The
thinner the cell thickness L is and the larger the Frank elastic
constant K is, the larger the critical electric field is needed
to trigger the transition, as shown in Figs. 3(c) and 3(d). A
deeper investigation shows that the critical value of electric
field is inversely proportional to L and linearly proportional to√

K , a Fréedericksz-like behavior.
To gain more insight into the dynamic behaviors of the

microdroplet, we plot the threshold value against
√

K/L to
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(a)

(b)

FIG. 4. (a) Dependence of Ec and
√

K/L for different radii of
microdroplet (2.2, 2.35, 2.5, and 3.0 μm), obeying strictly a master
curve described by the theoretical prediction (6). (b) Equilibrium
position z0 for different radii of microdroplet with K = 7 pN and
L = 7 μm, showing the same critical value Ec of electric field.

obtain a master curve, as shown in Fig. 4(a), where a Fréed-
ericksz curve (red) is also plotted. It is interesting to find that
the critical electric field to trigger a positional transition for a
microdroplet suspended in a NLC cell follows a Fréedericksz-
like linear master curve, yet with a different slope. In addition,
one finds no or a slight dependence of the critical value on the
size of the liquid droplet, as shown in Fig. 4(b).

Moreover, by comparing the numerical calculation results
with the Fréedericksz effect curve (π

√
4π/|�ε|√K/L) in

Fig. 4(a), it is surprising to find that the slope difference
between them is by a factor of 3

√
π . The additional energy

contribution coming from the surface energy due to the in-
troduction of a microdroplet is proportional to π (surface
area). On the other hand, the energy contribution made by
the external field is proportional to E2, which gives a critical
value of the external field proportional to

√
π , because the

transition comes from the competition between an equivalent
surface energy due to the introduction of microdroplet and the
Coulomb interaction due to the application of external field.
More specifically, an explicit expression (where F denotes the
Fréedericksz effect)

Ec = 3
√

πF − 1

5
= 6π2

√
K

|�ε|L2
− 1

5
(6)

for the critical electric field can be proposed as a theoretical
prediction. Such a prediction, as shown by the straight line in
Fig. 4(a), agrees very well for different radii of microdroplets
(2.2, 2.35, 2.5, and 3.0 μm). This once again verifies the
conclusion that the critical electric field is independent of
microdroplet size. The reason might lie in that, in the present
theoretical model, the microdroplet is treated as a dipole in a
far-field expansion approximation.

IV. CONCLUSION

In summary, a positional transition is found for a mi-
crodroplet suspended in a NLC cell in the presence of an
external electric field. The critical value of the electric field
that triggers such a transition is independent of droplet size
in the far-field approximation and obeys a Fréedericksz-like
dependence on the cell thickness and Frank elastic constant in
a master law by a factor of 3

√
π . Such a theoretical prediction

agrees very well with the numerical calculation results.
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M. Ravnik, S. Žumer, I. Poberaj, and D. Babič, Phys. Rev. Lett.
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