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Precise determination of excitation energies in condensed-phase molecular systems
based on exciton-polariton measurements
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The precise determination of the excitation energies in condensed-phase molecular systems is important for
understanding system-environment interactions as well as for the prerequisite input data of theoretical models
used to study the dynamics of the system. The excitation energies are usually determined by fitting of the
measured optical spectra that contain broad and unresolved peaks as a result of the thermally random dynamics
of the environment. Herein, we propose a method for precise energy determination by strongly coupling the
molecular system to an optical cavity and measuring the energy of the resulting polariton. The effect of thermal
fluctuations induced by the environment on the polariton is also investigated, from which a power scaling law
relating the polariton’s linewidth to the number of molecules is obtained. The power exponent gives important
information about the environmental dynamics.
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I. INTRODUCTION

Embedded in the high density of environmental particles,
the excitation energies of molecules in the condensed phase
can be modified from their values in the gas phase by the static
influence of various kinds of system-environment interactions
[1,2] including electrostatic interaction and hydrogen bonding
[3–8], as well as the effects of molecular conformation [9,10].
Therefore, a precise determination of the excitation energies
of condensed-phase molecular systems is significant for the
understanding of system-environment interactions. Moreover,
these energy values are also prerequisite as input parameters
for almost all theoretical models used to study the dynamics
of molecular systems [11,12]. The excitation energies of
condensed-phase molecular systems are usually determined
by fitting of the measured optical spectra. The optical spectra,
however, often contain broad and unresolved peaks as a
result of the thermally random dynamics of the environment
interacting with the molecular system. Moreover, to extract
excitation energy information from the optical spectra, it is
necessary to develop a theory of optical spectra that addresses
the often sophisticated spectral density of the environment. A
variety of approximations are sometimes used to reduce the
complexity of the calculations [11,13,14]. Consequently, it is
desirable to develop an alternative approach that can precisely
determine the excitation energies of condensed-phase molec-
ular systems without requiring detailed information about the
environmental random dynamics.
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In this paper we propose a method for the precise determi-
nation of the excitation energies of condensed-phase molecu-
lar systems by strongly coupling the molecules to an optical
cavity and measuring the energy of the polariton that results
from the hybridization of the degrees of freedom of light
and matter. Strong coupling of molecules to an optical cavity
has already been realized in many experimental platforms
[15–25]. It has led to a variety of interesting phenomena and
important applications including the control of chemical re-
activity [26–33], enhancement of transport [34–39], nonlinear
optical properties of organic semiconductors with applications
to optoelectronic devices [40–43], and polariton lasing and
condensate [44–47].

The underlying mechanism that allows a precise determi-
nation of the excitation energies of condensed-phase molec-
ular systems is that the polariton appears as a sharp peak in
optical spectra under the strong coupling between the cavity
mode and the electronic excitations of molecules. This is
related to the effect of vibronic or polaron decoupling found
in the Holstein-Tavis-Cummings (HTC) model that describes
molecules with a single vibrational mode that are coupled to
an optical cavity [28,48–51] and the extended model [52].
However, since the polariton is a superposition state involving
a large number of electronic excitations of molecules [see
Eq. (4)] and therefore can be vulnerable to decoherence, the
effect of thermal fluctuations induced by the environment
on the polariton state at finite temperatures, which is not
captured in the HTC model and its extension, is a nontrivial
and important issue.

In this paper, by investigating the effect of thermal fluctu-
ations induced by the environment on the polariton, a power
scaling law relating the polariton’s linewidth to the number
of molecules coupled to the cavity is determined. The power
exponent strongly depends on the environment’s dynamic
timescale. As such, information on environmental dynamics
can be extracted from the polariton spectrum obtained for a
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variable number of molecules. Since the polariton contains
both light and matter degrees of freedom, its energy can be ob-
tained by either cavity-transmission or molecular-absorption
spectroscopies. In the latter, the polariton needs to be in a
bright state with respect to molecular absorption. However,
this condition is not satisfied if there are pairs of molecules
with the opposite orientations, such as in the case of random
orientations. The effective Rabi frequencies for an ensemble
of identical molecules or molecular complexes with random
orientations are derived. The molecular-absorption and cavity-
transmission spectroscopies are calculated for molecular sys-
tems with different types of orientations.

II. EFFECT OF THERMAL FLUCTUATIONS ON THE
LOWER POLARITON’S OPTICAL SPECTRUM

We first consider a system of N identical molecules whose
electronic excitations are coupled to a single mode of an
optical cavity (Fig. 1) via dipole interaction

Ĥm−c = h̄�R

2

N∑
m=1

(|em〉〈gm|â + |gm〉〈em|â†), (1)

where �R is the single-emitter Rabi frequency that character-
izes the coupling strength between the cavity and a molecule,
â denotes the annihilation operator of the cavity photon, and
|gm〉 and |em〉 represent the electronic ground and excited
states, respectively, of the mth molecule. We first assume that
all molecules inside the cavity have the same orientation such
that their Rabi couplings are equal. The case of molecules with
different orientations will be considered later.

Each molecule in condensed phase is assumed to
be coupled to an independent environment, which is
modeled by an ensemble of harmonic oscillators Ĥe =∑N

m=1

∑
ξ h̄ωm,ξ b̂†

m,ξ b̂m,ξ , where ωm,ξ and b̂m,ξ represent the
frequency and annihilation operator of the ξ mode of the
environment surrounding the mth molecule. The dynamics
of the environment at a finite temperature induces energy
fluctuations in the electronic excited states of the molecules

ΩR

ωc

ω0

λ
τ
T

κ

FIG. 1. Schematic illustration of a system of condensed-phase
molecules coupled to a single mode of an optical cavity (light
magenta) with frequency ωc and decay rate κ . Each molecule (green
sphere) with the electronic excitation energy h̄ω0 interacts with an
independent surrounding environment represented by blue ellipsoids.
The thermal dynamics of the environments at a finite temperature T
induces energy fluctuations in the molecules that are characterized
by the reorganization energy λ and the relaxation timescale τ . The
coupling strength between the cavity and a molecule is given by the
single-emitter Rabi frequency �R.

as given by the Hamiltonian [1]

Ĥm−e =
N∑

m=1

⎡
⎣h̄ω0 +

∑
ξ

gm,ξ (b̂†
m,ξ + b̂m,ξ )

⎤
⎦|em〉〈em|. (2)

Here, h̄ω0 is the molecule’s excitation energy and gm,ξ

denotes the coupling strength between the mth molecule
and the ξ mode of the environment. The dynamics of
the environment is characterized by the relaxation func-
tion �m(t ) = (2/π )

∫ ∞
0 dωJm(ω) cos(ωt )/ω, where Jm(ω) =

π
∑

ξ g2
m,ξ δ(ω − ωm,ξ ) is the spectral density. When the spec-

tral density is given by the Drude-Lorentz form, Jm(ω) =
2λmτmω/(τ 2

mω2 + 1), the relaxation function has an exponen-
tial form, �m(t ) = 2λm exp(−t/τm), where λm is the envi-
ronmental reorganization energy, which is usually employed
to characterize the system-environment coupling strength,
and τm is the characteristic timescale of the environmental
relaxation or reorganization process [53]. The time evolution
of the system’s reduced density operator can be solved in a
numerically accurate fashion using the hierarchical equations
of motion approach, for example [54].

The molecular absorption spectrum can be expressed in
terms of the system’s dynamical quantities as [55]

A(ω) = Im

{
i

h̄

∫ ∞

0
dt eiωt Tr[μ̂G(t )μ̂×ρ̂0]

}
, (3)

where μ̂ = ∑N
m=1(μm|em〉〈gm| + μ∗

m|gm〉〈em|) is the total
transition dipole moment operator with μm being the matrix
element of the transition dipole moment of the mth molecule,
and μ̂×ρ̂ ≡ μ̂ρ̂ − ρ̂μ̂. Here, the density operator ρ̂0 = |G〉〈G|
with |G〉 = ∏N

m=1 |gm〉 ⊗ |0〉c being the ground state of the
cavity-molecule system. The superoperator G(t ) describes the
time evolution of the system in Liouville space, which is
numerically obtained by solving the hierarchical equation
of motion [54]. It should be noted that Eq. (3) takes into
account both the intermolecular interaction and the molecule-
environment interaction. In the following numerical demon-
stration, we set ω0 = 12400 cm−1, λ = 50 cm−1, τ = 100 fs,
and T = 300 K, which are typical values in photosynthetic
pigment-protein complexes [11,12]. The cavity frequency
is taken to be ωc = 12450 cm−1, i.e., with a detuning of
50 cm−1 from the molecule’s excitation energy. The cavity’s
Q factor (κ = ωc/Q) is set to be Q = 104, a typical value for
microcavities used in cavity QED experiments [56]. When
many molecules are coupled to a single mode of the optical
cavity, it is the collective Rabi coupling

√
N�R that deter-

mines the polariton energy.
To investigate the effect of thermal fluctuation induced by

the environment on the polariton, we numerically calculate
the full width at half maximum (FWHM) of the lower po-
lariton (LP) peak in the molecular-absorption spectrum using
Eq. (3). It is determined that in the absence of molecule-cavity
coupling, the molecular absorption peak has a broad linewidth
of approximately 291 cm−1 due to strong thermal fluctuation,
which is larger than the typical separation between absorption
peaks of a photosynthetic complex [11]. However, as shown
in Fig. 2, when the molecules are coupled to the cavity mode
with

√
N�R = 0.1 eV, which is sufficiently large compared

with λ and kBT , the LP linewidth �νLP reduces significantly
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FIG. 2. Dependence of the linewidth �νLP of the LP peak in
the molecular absorption spectrum on the number N of molecules
coupled to the cavity mode. Here both axes are shown in the
logarithmic scales. The red line is the linear fitting of the numerical
data. The optical cavity has Q = 104.

with an increase of the number N of molecules. A power
scaling law �νLP = �0N−α is determined with �0 = 138 ±
4 cm−1 and α = 0.57 ± 0.02 obtained via the linear fitting of
numerical data in the logarithmic scale.

To obtain physical insight into the effect of thermal fluc-
tuations on the LP, we perform an analysis by first assuming
that the effect of the environment does not alter the structure
of the LP, which, in the strong-coupling regime

√
N�R 	 λ,

has an approximate form of [51]

|LP〉 = c1

N∏
m=1

|gm〉 ⊗ |1〉c + c2|B〉 ⊗ |0〉c, (4)

where c1 and c2 satisfy |c1|2 + |c2|2 = 1. Here, |n〉c de-
notes the Fock state with n cavity photons and |B〉 =
(1/

√
N )

∑N
m=1 |em〉 is the bright state, which is a superpo-

sition of electronic excitations of all molecules coupled to
the cavity. This is a superposition state involving electronic
excitations from all molecules inside the cavity. Given that
each of the molecular electronic excitations |em〉 is coupled to
the environmental modes via the interaction given by Eq. (2),
the LP with the aforementioned structure can be regarded as
having an effective interaction with the environment in which
the number of modes is multiplied by a factor of N while
the coupling strength to each mode is reduced by a factor
of (1/

√
N )2 = 1/N . As a result, the effective reorganization

energy λLP for the LP is multiplied by a factor of 1/N because
the spectral density is proportional to the mode density and
the coupling strength squared.

The effect of the environment on the LP’s linewidth de-
pends on the timescale of environmental dynamics. In the
inhomogeneous broadening limit

√
kBT λLP 	 τ−1, which

corresponds to a slow environmental dynamics, the line shape
has a Gaussian form and the linewidth is characterized by
the amplitude of fluctuations in the environment �νLP ∝√

kBT λLP as τ becomes irrelevant. As a result, the LP
linewidth follows an N−1/2 scaling. In the opposite limit of ho-
mogeneous broadening

√
kBT λLP � τ−1, which corresponds

to a fast environmental dynamics, the LP peak gets sharper
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FIG. 3. �νLP − �offset vs N for a cavity with Q = 33.34. Here
�offset = 150 cm−1.

due to the motional line narrowing phenomenon [57] and the
line shape has a Lorentzian form with the linewidth given by
�νLP ∝ kBT λLPτ [1]. As a result, the LP’s linewidth follows
an N−1 scaling.

To examine the validity of the preceding analysis, in which
it was assumed that thermal fluctuations do not affect the
structure of the LP, we numerically calculate the N depen-
dence of the LP linewidth for different values of the reorga-
nization energy λ using Eq. (3). It was determined that the
power scaling law �νLP ∝ N−α is well satisfied with a strong
λ dependence of the power exponent as shown in Fig. 4.
Consequently, environmental dynamics information can be
extracted from the power exponent α obtained by measuring
the LP spectrum for a variable number of molecules coupled
to the cavity. It is evident from Fig. 4 that α generally
decreases with an increase of λ and tends to approach a
steady value close to the analytical result of α = 1 (α = 0.5)
in the inhomogeneous (homogeneous) broadening limit. This
implies that the superposition state of the LP given by Eq. (4)
is not largely destroyed by thermal fluctuations provided that
the collective Rabi coupling

√
N�R is large compared with

both the reorganization energy λ and the temperature kBT .
However, the residual discrepancy between numerical and
analytical results of α should be attributed to the effect of
thermal fluctuations on the structure of the LP.

Since the LP is formed by a coupling between the
molecules and the optical cavity, its linewidth should depend
on the cavity’s photonic leakage. The larger the Q factor,
the sharper the LP peak, and thus the more precise the
measurement. It turns out, however, that even for cavities with
small Q factors (Q ∼ 10), which are often used in molecular
polariton experiments [15], the power scaling law remains
valid by introducing an offset, �νLP = �offset + �0N−α . This
is obvious from the linear relation between �νLP − �offset

and N shown in Fig. 3 for Q = 33.34, where both axes are
in logarithmic scales. Using the linear fitting procedure, we
obtain �offset 
 150 cm−1. It is evident that �offset is smaller
than the cavity loss κ = ωc/Q, which is in agreement with the
experimental observation that the lifetime of the coupled state
can be longer than that of uncoupled constituents [58–62].

It should be noted that the setup for a precise determination
of molecular excitation energies proposed in this paper differs
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FIG. 4. Dependence of the power exponent α in the power scal-
ing �νLP ∝ N−α , relating LP linewidth to the number of molecules
coupled to the cavity, on the dimensionless quantity τ

√
kBT λ charac-

terizing the environment’s dynamic motion. Here, λ is the reorgani-
zation energy, τ is the relaxation timescale, and T is the temperature
of the environment (kB is the Boltzmann constant). The red (green)
line indicates the value of α = 1 (α = 0.5), which is the value of α in
the inhomogeneous (homogeneous) broadening limit τ

√
kBT λ � 1

(τ
√

kBT λ 	 1) obtained from an analysis based on the assumption
that thermal fluctuations do not affect the structure of the LP (see the
main text for details).

from the typical setup in experiments studying molecular
polariton relaxation dynamics, where a short laser pulse is
used to excite the molecule to a broad band of states with
high vibration numbers in the LP manifold [58–62]. Since
the energies of high-vibration states are close to those of dark
states (i.e., the bare molecular excitation energies), a transition
from these states in the LP manifold to the dark states can
occur. In contrast, in the setup for molecular-absorption spec-
trum (and also for cavity-transmission spectrum considered
later), a continuous-wave (CW) laser with a monochromatic
wavelength is used to excite the molecule to the lowest energy
state in the LP manifold, which lies well below the dark states.
Since the energy difference given by half of the collective
Rabi frequency is large compared with the temperature in the
strong-coupling regime under consideration, the probability
for a transition from this excited state to the dark states should
be negligibly small. In other words, even though the high-
frequency vibrations can fill the energy difference, the number
of high-frequency phonons in thermal equilibrium is so small
that the transition to dark states via phonon absorption is inef-
ficient. The interaction between multiple excitons can also be
neglected in spectroscopic measurements using low-intensity
light.

The LP energy can be obtained by diagonalizing the
Hamiltonian of the cavity-molecule system, yielding

ωLP = 1
2

[
ωc + ω0 −

√
(ωc − ω0)2 + N�2

R

]
. (5)

For a sufficiently large collective Rabi frequency,
√

N�R 	
|ωc − ω0|, it reduces to ωLP 
 (ωc + ω0 − √

N�R)/2. There-
fore, by repeating the measurement of the LP energy with
variable molecular density, in which N is varied, or with
variable number of photons in the cavity, by which �R is
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FIG. 5. Deviation |νLP − ωLP| of the position of the LP peak in
the molecular absorption spectrum from its energy as a function of
the number N of molecules coupled to the cavity. The red curve
shows the exponential fitting of the numerical data to the function
|νLP − ωLP| = A − Be−γ N .

varied, we can obtain the molecular excitation energy h̄ω0 via
a simple linear fitting, given that the cavity frequency ωc is
known, for example, based on the transmission spectroscopy
measurement of the bare cavity.

As shown in Fig. 5, the deviation |νLP − ωLP| of the
position of the LP peak in the absorption spectrum from
its energy was determined to increase with an increase of
the number N of molecules coupled to the cavity prior to
saturation, following the function |νLP − ωLP| = A − Be−γ N .
Using the exponential fitting procedure, we find the saturation
value of A 
 27 cm−1, which is smaller than �νLP 
 55 cm−1

for N = 5 (see Fig. 2). This behavior of the deviation should
also be attributed to the effect of thermal fluctuation on the
structure of the LP. Indeed, under the ansatz Eq. (4) for the
LP structure, the shift of the LP peak due to the environ-
mental coupling should be between zero (in the homogeneous
broadening limit) and λLP (in the inhomogeneous broadening
limit) [1]. In the case that the collective Rabi frequency is
large compared with the detuning, we have the coefficients
|c1| 
 |c2| 
 1/

√
2 in Eq. (4), for which λLP 
 λ/(4N ). This

value of λLP is much smaller than the deviation |νLP − ωLP|
obtained numerically.

As for the Rabi-frequency dependence, the LP linewidth
�νLP decreases with an increase of �R before it saturates at a
sufficiently large collective Rabi frequency, as shown in Fig. 6
for N = 3. The saturation value is determined by the number
of molecules coupled to the cavity. Meanwhile, the deviation
|νLP − ωLP| follows a power scaling |νLP − ωLP| = C�

−η

R as
indicated by the linear relation in the logarithmic plot shown
in Fig. 7 (for N = 3).

III. MOLECULAR COMPLEX

Next, we consider a molecular complex composed of
molecules with different excitation energies and transition
dipole moments. Both the magnitude and the sign of the Rabi
coupling, which depend on the magnitude and direction of
the molecule’s transition dipole moment, can differ from one
molecule to another in the system. In the following numerical
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FIG. 6. Dependence of the LP linewidth �νLP on the collective
Rabi frequency

√
N�R. The red curve is the fitting of the numerical

data following the function �νLP = A + Be−γ�R .

demonstration, we consider a system of N = 3 molecules with
excitation energies ω1 = 12400 cm−1, ω2 = 12500 cm−1, and
ω3 = 12600 cm−1. The Rabi frequencies associated with the
three molecules are taken to be

√
N�

(1)
R = 0.1 eV, �

(2)
R =

�
(1)
R

√
3/2, and �

(3)
R = −�

(1)
R /

√
2. We also consider coupling

between electronic excitations of different molecules given by
the Hamiltonian

Ĥm−m =
∑
m �=n

h̄Vmn|en〉〈gn| ⊗ |gm〉〈em|, (6)

where the coupling matrix elements Vmn between the mth and
the nth molecules satisfy Vmn = V ∗

nm. Here, we take Vmn =
50 cm−1.

As shown in Fig. 8, there is a relatively sharp and isolated
peak in the molecular-absorption spectrum that corresponds
to the LP. The linewidth of the peak is determined to be
�νLP 
 85 cm−1. Besides the LP peak, there is a broad peak
that contains the absorption spectra of the upper polariton as
well as two other energy eigenstates. In the case of a system
of identical molecules considered in the preceding section,
these eigenstates are dark states with respect to molecular
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FIG. 7. Dependence of the deviation |νLP − ωLP| on the collec-
tive Rabi frequency

√
N�R. Both axes are shown in the logarithmic

scale. The red line is the linear fitting of the numerical data.
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FIG. 8. Molecular-absorption spectrum of a system of N = 3
molecules with different excitation energies ω1 = 12400, ω2 =
12500, and ω3 = 12600 cm−1 coupled to a single mode of an optical
cavity with frequency ωc = 12450 cm−1. Here, the absorption is
normalized by its maximum value. The electronic couplings between
molecules are Vmn = 50 cm−1 (m, n = 1, 2, 3). The environment and
its coupling to the molecules are characterized by the reorganization
energy λ = 50 cm−1, the relaxation timescale τ = 100 fs, and the
temperature T = 300 K. The relatively sharp and isolated peak on
the left corresponds to the LP, which can be used for a precise
determination of the molecules’ excitation energies. The broad,
unresolved peak on the right contains the absorption spectra of the
upper polariton and two other energy eigenstates that mainly consist
of molecular degrees of freedom.

absorption, and thus they do not appear in the spectrum.
Here, due to the difference in the excitation energy and Rabi
coupling between molecules as well as the intermolecular
electronic couplings, these eigenstates are no longer fully
dark states. However, since these eigenstates mainly consist
of molecular degrees of freedom, their spectra are broad and
unresolved in comparison with the LP peak.

The energy of the LP is obtained by diagonalizing the
Hamiltonian of the molecule-cavity system, which in this case
is a 4 × 4 matrix⎛

⎜⎜⎜⎜⎝

ωc �
(1)
R /2 �

(2)
R /2 �

(3)
R /2

�
(1)
R /2 ω1 V12 V13

�
(2)
R /2 V21 ω2 V23

�
(3)
R /2 V31 V32 ω3

⎞
⎟⎟⎟⎟⎠. (7)

The deviation of the position of the LP peak in the absorption
spectrum from the LP energy was determined to be |νLP −
ωLP| 
 19 cm−1. By repeating the measurement of the lower
polariton energy with variable molecular density and/or vari-
able cavity frequency, for example, by adjusting the distance
between two mirrors and using the genetic algorithm for a
multivariable fitting [11,63–65], the excitation energies of the
molecules can be determined or at least the accuracy of their
values obtained by using other approaches can be evaluated.

IV. CAVITY-TRANSMISSION SPECTRUM

Next, we consider an ensemble of N identical molecules
with different orientations coupled to a single mode of an
optical cavity. In this case, the energy of the LP can be
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obtained in the same way as the case of a single molecule,
by using an effective Rabi coupling

�eff
R =

√√√√ N∑
m=1

∣∣�(m)
R

∣∣2
, (8)

where �
(m)
R is the Rabi coupling associated with the mth

molecule. If the orientations of the molecules are random, by
taking an average over all possible directions 〈cos2 θ〉θ = 1/2,
we obtain �eff

R = |�R|√N/2, where �R is the Rabi coupling
of a single molecule.

Similarly, if an ensemble of N identical molecular com-
plexes with different orientations is coupled to a single mode
of an optical cavity, the energy of the LP can be obtained in the
same way as the case of a single molecular complex, by using
effective Rabi frequencies for excitation energy eigenstates
(excitons) of the molecular complex

�i,eff
R =

√√√√ N∑
m=1

∣∣�i,(m)
R

∣∣2
. (9)

Here the superscript i labels the excitons of each molecular
complex, and �

i,(m)
R represents the Rabi coupling associated

with the ith exciton in the mth molecular complex. Due to
electronic coupling between molecules, the excitons are in
general superpositions of electronic excitations of different
molecules in the complex. If the orientations of molecular
complexes are random, the effective Rabi couplings reduce to
�i,eff

R = |�i
R|√N/2, where �i

R is the Rabi coupling associated
with the ith exciton in a single molecular complex. It should
be noted that for the purpose of precise determination of
excitation energies in a single molecule or molecular com-
plex, a sufficiently dilute ensemble of identical molecules
or molecular complexes should be used so that the interac-
tion between molecules or between molecular complexes is
negligibly small. However, it is clear from the LP linewidth
for N = 1 shown in Fig. 2 that even in the limiting case
of a single molecule or molecular complex strongly coupled
to an optical cavity mode, the resulting LP has a smaller
linewidth than that of the bare molecules. This implies that
a precise determination of excitation energies is feasible even
if the molecular system contains only a single molecule or
molecular complex.

In the preceding sections, we have demonstrated that the
sharp and isolated peak of LP appears in the molecular-
absorption spectrum, which can be used for precise deter-
mination of molecular excitation energies. However, if there
are pairs of identical molecules with opposite orientations
such that their Rabi couplings have the same magnitude but
the opposite signs, the LP would become a dark state with
respect to molecular absorption. This situation is encountered
especially in a system of identical molecules or molecular
complexes with random orientations. In this case, given that
the polariton always involves the degrees of freedom of the
cavity, its energy can be obtained from cavity-transmission
spectroscopy measurements.

For a numerical demonstration of the cavity-transmission
spectrum, we consider a system of N = 4 identical molecules
that form two pairs of molecules with opposite orientations.
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FIG. 9. Molecular-absorption spectrum of a system of N = 4
identical molecules that form two pairs of molecules (1,2) and
(3,4) oriented in the opposite directions. The Rabi couplings are√

N�
(1)
R = 0.1 eV, �

(2)
R = −�

(1)
R , �

(3)
R = �

(1)
R

√
3/2, and �

(4)
R =

−�
(3)
R . The molecular excitation energy is ω0 = 12 400 cm−1 and

the cavity frequency is ωc = 12 450 cm−1. The parameters of the
environment are the same as those given in Fig. 8.

As a result, the Rabi couplings satisfy �
(2)
R = −�

(1)
R and

�
(4)
R = −�

(3)
R . In this case, we take

√
N�

(1)
R = 0.1 eV and

�
(3)
R = �

(1)
R

√
3/2. The other parameters of the system and

the environment are the same as those of the aforementioned
system that was investigated. The molecular-absorption spec-
trum is shown in Fig. 9. It is clearly seen that the main
peak appears around the bare molecular excitation energy
ω0 = 12400 cm−1. This peak is broad with a linewidth of
approximately 227 cm−1. It contains the absorption spectrum
of three energy eigenstates other than the polaritons. On both
sides of the main peak there exist two very small peaks which
should be attributed to the lower and upper polaritons. In the
absence of thermal fluctuation, the two polaritons are com-
pletely dark with respect to molecular absorption. However,
thermal fluctuation induced by the environment can affect the
structure of the polaritons, by which the polaritons become
not fully dark states.

Next, we consider the cavity transmission spectroscopy of
the above molecular system with an optical cavity consisting
of two mirrors with loss rates κ1 = κ2 = κ . The input and
output field operators are related to each other by the boundary
condition at each mirror as given by

â(i)
in (t ) + â(i)

out (t ) = √
κiâ(t ), (10)

where i = 1, 2 and the operators are those in the Heisen-
berg picture. For the cavity-transmission measurement, we
consider a coherent input field at the left mirror (i = 1) as
described by the operator

V̂p = h̄Ap(e−iωpt â† + eiωpt â), (11)

where Ap and ωp represent the amplitude and frequency of the
input field, respectively. The total power I = ∫

dωSss(ω) of
the output field at the right mirror (i = 2) is measured, where

Sss(ω) = lim
t→∞

∫ ∞

−∞
dτ e−iωτ

〈
â(2)

out (t + τ )†â(2)
out (t )

〉
(12)
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FIG. 10. Cavity-transmission spectrum of the same molecular
system as in Fig. 9.

is the power spectrum at the steady state. Since the input field
at the right mirror is in the vacuum state, the power spectrum
of the output field is proportional to that of the cavity field,

〈
â(2)

out (t + τ )†â(2)
out (t )

〉 = κ2〈â(t + τ )†â(t )〉. (13)

As a result, the total power of the output field is propor-
tional to the number of photons in the cavity at the steady
state, limt→∞〈â(t )†â(t )〉. The time-dependent cavity field is
obtained by solving the quantum master equation [66].

The cavity-transmission spectrum is shown in Fig. 10. It is
clear that there is a relatively sharp peak of LP with a linewidth
of �νLP 
 67 cm−1, which is comparable in magnitude with
that in the molecular-absorption spectrum of a system of
N = 4 molecules with the same orientation (see Fig. 2). There
is also a very small and flat transmission spectrum around
12400 cm−1 due to the three energy eigenstates of the system
that mainly consist of molecular degrees of freedom. In the
absence of thermal fluctuation induced by the environment,
these eigenstates do not appear in the cavity-transmission
spectrum. Their signals in the cavity-transmission spectrum
should therefore be attributed to the effect of thermal fluctua-
tions, which affect the structures of these eigenstates by induc-
ing small mixing of the degrees of freedom of light and matter.

By investigating the LP linewidth as a function of N , it is
determined that the power scaling law �νLP ∝ N−α also holds
for the cavity-transmission measurement as shown in Fig. 11
for

√
N�R = 0.1 eV, with the obtained LP linewidth �νLP

and the exponent α = 0.53 ± 0.02 close to those obtained
from molecular-absorption measurement. This implies that
the power scaling law is a universal feature of the molecular
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FIG. 11. Dependence of the linewidth �νLP of the LP peak in the
cavity-transmission spectrum on the number N of molecules coupled
to the cavity mode. Here both axes are shown in logarithmic scales.
The red line is the linear fitting of the numerical data.

polariton system which does not depend on the experimental
method used to measure it [67].

V. CONCLUSIONS

We have demonstrated that a precise determination of the
excitation energies of condensed-phase molecular systems is
possible by strongly coupling the molecules to an optical
cavity and measuring the energy of the LP, which is a mixture
of light and matter degrees of freedom. The LP linewidth
is determined to exhibit a power scaling with respect to the
number of molecules coupled to the cavity mode. The power
exponent strongly depends on the environment’s dynamic
timescale. Therefore, the environmental dynamics informa-
tion can be extracted from the LP spectrum measured for a
variable number of molecules. The exciton-polariton-based
approach proposed here is the first step in the development
of new methods for precise measurement and/or control of
various physical properties of condensed-phase molecular
systems [68,69], which is significant from the perspective of
both fundamental science and technological application.
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