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Acoustic vortices in inhomogeneous media
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We observe a series of unstable and dynamic behaviors of acoustic vortices propagating in stratified
inhomogeneous media. These behaviors include bending, stretching, distorting, focusing, and untwisting of the
vortices, migration of singular points, and reversal of energy flux and angular momentum. We gain insight into
how these behaviors result from the stratification. The results will be useful for applications of acoustic vortices
in communication and particle manipulations in inhomogeneous media such as oceans and biomedical tissues.
Our work opens up the study of the propagation of acoustic vortices in complex media.
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Singularities and wave vortices exist in various natural phe-
nomena and applications [1,2]. With a spiral phase exp(imφ)
proportional to the azimuth angle φ, the vortices carry orbital
angular momentum (OAM), as investigated in both acousti-
cal (linear [3–6] and nonlinear [7–9]) and quantum (optical
[10,11] and electron [12–14]) fields. The integer m is the
topological charge of the vortex and the field has a null at
the core. It is of fundamental and practical interests to study
the propagation of wave vortices and transport of OAM in
heterogeneous media. The propagation of optical vortices
through an inhomogeneous medium was considered in the
scalar approximation in Ref. [15], where a theoretical ap-
proach was proposed to address the problem of singular fields
in the context of improving optical systems in the turbulent
atmosphere.

To our knowledge, prior studies on acoustic vortices were
limited to homogeneous media, with an exception for sim-
ulating the paraxial propagation of nonlinear vortices in
weakly heterogeneous media [9]. Acoustic vortices generated
by phased spiral sources or physically spiral sources [16]
can be used in many applications, especially in particle ma-
nipulations (e.g., Refs. [4–6,17–30]), underwater navigation
[31], and communications [32,33]. When considering prac-
tical situations or applications, the media commonly have
spatially varying parameters in various areas. For example,
in deep ocean environments, the sound speed is a function of
depth, resulting from temperature and salinity stratification,
and pressure variation [34,35]. In biomedical ultrasound, the
sound speed has a large variation crossing tissues (see, e.g.,
Refs. [36–38]). There are interests to use vortex beams for
ultrasonic alignment [3], imaging [39], therapy [40], and un-
derwater navigation [31]. The propagation of acoustic vortices
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in inhomogeneous media is hence fundamental and vital to
address, yet remains to be explored.

In this Rapid Communication, we open up the study by
investigating acoustic singularities and vortices in stratified
inhomogeneous media. We conduct numerical simulations
and theoretical analysis addressing how the vortex field and
linear/angular momentum evolves in stratified media. We
examine the cases of both linear and nonlinear stratification
in ultrasound fields and in ocean environments.

Here, the shear components have not been included. For
propagation in a viscoelastic medium and applications in
ultrasound imaging, the shear component can be considered
separately if needed since the velocities of shear waves are
normally two orders smaller than the compressional waves
in most biomedical materials [41]. The shear waves may be
circularly polarized to carry spin angular momentum (SAM).
In optics, for an elliptically polarized vortex beam transmit-
ting in an inhomogeneous medium [42–46] or through a sharp
interface between two media [43,44], the coupling between
SAM and OAM results in spin-Hall effects; there can also be
orbital-Hall effects for optical vortices [47,48].

Propagation in linearly stratified fluids. We start by simu-
lating the propagation of ultrasonic vortex fields in a linearly
stratified fluid, where the sound speed is c = c0 − Gz, such as
that considered in Refs. [35,38]. The gradient is as large as
G = 58 m/s per mm, which enhances the stratification effect
in a short propagating distance (that saves the simulation
load). The gradient is relevant to the sharp change through
boundaries between two biomedical materials such as tumors
[41]. A weaker gradient would play a role in a longer propa-
gation distance as we will illustrate later in another example.
We use the typical sound speed in fluids c0 = 1500 m/s at the
vortex source center and neglect the variation of fluid density.
A finite plane source with a diameter of 15λ is used, which is
at the order of 1-in.-diam transducer if for 1 MHz ultrasound
is to have a wavelength λ = 1.5 mm.

The simulated source profile has a topological charge of
−1 in polar coordinates (ρ, φ), ψ = J1(μρ)e−iφe−iωt , where
J1 is the first-order Bessel function, ω is the angular frequency,
and μ is the transverse wave number (chosen to be half of the
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FIG. 1. (a) Simulation of vortex waves bending in a stratified medium. (b) Stretching and distorting of the phase on y-z cross sections at
different propagating distances x.

total wave number k = ω/c0). The simulation is conducted
with a finite-element method based on COMSOL MULTIPHYSICS

software. Radiation boundary conditions are applied to the
outer boundaries of the calculation domain (a cylinder with
15λ in diameter and 20λ in length) to model the propagation
in a free space without reflection. The source is located at the
x = 0 plane [Fig. 1(a)].

Figure 1(a) shows the simulated three-dimensional wave
amplitude. The vortex beam bends upwards towards the +z di-
rection, as expected due to the refraction. Figure 1(b) displays
the phase distortions on the y-z plane at different x. Overall,
the vortices bend upwards and are stretched in the stratified
direction [49]. We then examine the evolution of the wave
amplitude during the propagation [Fig. 2(a)]. Unexpectedly,

we find the amplitude is asymmetric in the nonstratified y
direction (relative to y = 0) [49], arising from the fact that the
vortices rotate clockwise to have their propagation direction
along or against the upward refraction, depending on the
positive or negative y values, respectively [Fig. 2(b)].

We characterize the trajectory of the vortex center
[Fig. 2(c)], which is identified from the singular point of
the phase distribution. The singular trajectory is compared
with a horizontally emitted eigenray from a point source
(black dashed line), which is an arc of a circle c0/G in a
linearly stratified medium [35]. The results show that the
singular trajectory does not lie on the eigenray of the point
source. For comparison, we further simulate a beam from the
same source but without the vortex phases [i.e., a zero-order

FIG. 2. (a) Stretching and distorting of amplitude on y-z cross sections at x = 0 (left) and 10λ (middle), and on the cross section normal to
the singular trajectory through the singular point at x = 10λ. (b) Illustration of the mechanism of amplitude asymmetry. Red arrows represent
the refraction direction by stratification. (c) Singular trajectory on the z-x plane (gray solid line) and its comparison with a horizontally emitted
eigenray (black dashed line) and a maximum amplitude trajectory from a zero-order Bessel beam propagating in the same media (red dotted
line). (d) Three-dimensional energy flux and vortex center. A three-dimensional streamline starting from (0, 0, 0.25λ) and twisting around the
vortex center (singular trajectory) is untwisted from certain distances.
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FIG. 3. Features of transverse energy flux (arrows): (a) Reversal from clockwise to counterclockwise, (b) migration of an additional
singular point of saddle type towards the vortex center [zoom-in areas of panels in (a)], and (c) separation into two portions—the stratified effect
where the flux is upwards (middle panel) and a reconstructed vortex (right-hand-side panel). Color plots in (a) show the phase distribution, in
(b) show the wave amplitude, and in (c) show angular momentum density.

beam, ψ = J0(μρ)e−iωt ], where the trajectory of the central
pressure maximum [Fig. 2(c)] does coincide with the singular
trajectory of the vortices, revealing that the singular trajectory
follows the path of a beam emitted by a finite-size source.

We now reveal the transport of energy by examining the
time-averaged energy flux over a wave period, S = c2g [4],
where the time-averaged momentum density g = Im(ψ∗∇ψ )
is calculated from the complex scalar field ψ and its gradient
that gives the velocity (Im represents the imaginary part and
a prefactor is suppressed in the normalization of ψ). The flux
is illustrated by one typical streamline in Fig. 2(d), showing
that the energy flux is transformed from twisted into untwisted
and simply bends upwards at a large distance. The transition
results from the fact that, as the wave propagates and the
vortex spreads, the upward energy flux due to the stratification
gradually dominates.

The transverse flux at different propagating distances x is
further shown in Fig. 3(a) by arrow plots. We find that the
flux is reversed on the positive y side as the wave propagates.
The direction of energy flux corresponds to the gradient of

phase of wave propagation [Fig. 3(a)]. Reversal of the flux
implies the opposite propagation of the vortices, resulting
from an additional upward energy flux by the refraction. The
transition of the flux direction is at locations where the upward
flux by refraction cancels with the clockwise vortex flux,
leading to the emergence of another singular point where the
transverse energy flux is zero [Fig. 3(b)]. This singular point
of transverse energy flux is of saddle type, in contrast to the
center point of the vortices. As the vortex beam propagates
and spreads, the saddle point migrates towards the center point
of the vortices [49]. Note that at this additional singular point,
the pressure [Fig. 3(b)] and axial velocity are not zero, so
there is still a flux along the propagating x direction at these
locations.

Even though the vortices are unstable and untwisted by
the stratification as we have observed, we propose a way to
individually visualize the vortex flow and the stratified effect
by separating the transverse energy flux into two portions.
The first portion is the background flux (denoted by gB)
obtained by taking the antisymmetrical (symmetrical) part
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FIG. 4. Modeling the propagation of acoustic vortices in stratified oceans. (a) Vortex source array of identical amplitude p0 (top panel),
centered on the depth of the sound speed minimum z0 = 1115 m of the sound speed profile (bottom panel). (b) Vortex phases (color plots)
and energy flux (black arrows and white streamlines) in the stratified ocean (top) and a comparison with propagation in an unstratified ocean
(bottom). The resolution of the plot is 0.01 m (1/10 of the wavelength). (c) Normalized pressure amplitude (top) and x component of OAM
density (bottom) as a function of depth at x = 3000 m and y = 0 m. (d) Transmission loss (TL, see text) in the vertical x-z plane (y = 0)
simulated for the vortex array (top panel) and compared with a point source (bottom panel).

of the energy flux in the horizontal y (vertical z) direction,
namely,

gB
y (y, z) = [gy(y, z) − gy(−y, z)]/2, (1)

gB
z (y, z) = [gz(y, z) + gz(−y, z)]/2. (2)

The second portion is the vortex flux (denoted by gV) obtained
by taking the symmetrical (antisymmetrical) part of the en-
ergy flux in the vertical y (horizontal z) direction, namely,

gV
y (y, z) = [gy(y, z) + gy(−y, z)]/2, (3)

gV
z (y, z) = [gz(y, z) − gz(−y, z)]/2. (4)

The separation is illustrated in Fig. 3(c), where the transverse
energy flux in the left-hand-side panel is separated into a up-
ward background flux in the middle panel and a reconstructed
clockwise vortex in the right-hand-side panel.

Lastly, we display the angular momentum density
j = r × g in Fig. 3(c) by its axial x component (color plots),
calculated from the momentum density g and the relative dis-
tance to the vortex center at the corresponding cross section.
The total angular momentum density in the left-hand-side
panel is a sum of angular momentum density in the middle
panel and the reconstructed vortex in the right-hand-side
panel. There is no contribution to the total angular momentum
contained in the whole cross section from the refraction in the
middle panel, where the angular momentum density is anti-
symmetric with respect to y = 0. The total angular momentum
contained in the original vortex is equal to the total angular
momentum of the reconstructed vortex. The separation of the
stratified part does not change the total angular momentum
other than it redistributes the angular momentum density in
the cross section.

Propagation in stratified oceans. We now simulate the
propagation of acoustic vortices in the deep ocean environ-
ment for acoustic communication. The simulations are for a
sound speed profile [Fig. 4(a)] calculated from temperature,
salinity, and pressure measured in the World Ocean Circula-
tion Experiment [50] in the North Atlantic Ocean (24.5013◦N,
47.5800◦W) on 3 August 1992. The profile ranges from 1495
to 1525 m/s (gradient less than 0.1 m/s per m) with the
minimum sound speed at a depth of 1115 m, where the sound
channel axis is formed by acoustic refraction [34]. The vortex
beam is simulated by eight point sources located on a circle
[Fig. 4(a)]. The eight sources have the same amplitude p0 and
π/4 phase increment to form a vortex beam of topological
charge 1 (i.e., 2π phase change over a circle). The acoustic
frequency is chosen at 15 kHz, which is the typical center
frequency for midrange (10–25 km) acoustic communication
[51]. Given that three-dimensional (3D) sound modeling in
the context of oceans has a huge computational cost when
using COMSOL (see, for example, Ref. [52]), we use the two-
dimensional (2D) BELLHOP model, which is a widely used
ray-tracing ocean acoustic model [53]. We simulate the sound
fields emitted by the eight individual sound sources [54]. The
3D sound field emitted by the vortex source follows from
a sum of the fields simulated for the eight individual sound
sources but the initial phase differences at the sources are
accounted for in the sum. The superposed vortex fields should
follow the feature of fields emitted by a finite-sized source.

The simulated three-dimensional propagation is shown in
Fig. 4(b) by the acoustic phase and energy flux at a cross
section of range x = 3000 m. The results reveal that the ocean
stratification deforms (vertically stretches) the vortices and
introduces asymmetric features as we previously observed,
though due to the relatively weak stratification the asymmetry
is not as strong as the previous case.
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We further observe that both the pressure and OAM are
enhanced when comparing with the case of no stratification
[Fig. 4(c)]. The enhancement results from the opposite gradi-
ents of the stratification above and below the vortex center,
which bend the sound beam and flux towards the depth of
sound speed minimum (i.e., sound channel axis). This is a
focusing effect, identical to the case for sources without a
vortex feature [34]. The focusing effect does not exist in the
linear gradient where the refraction simply bends the beam
towards one direction.

The acoustic field in the vertical x-z plane is further
shown in the top panel of Fig. 4(d) for a long-range prop-
agation (25 km) [55], where the transmission loss is TL =
−20 log10(p/p0), with p being the sound pressure amplitude.
The results show that, while the sound rays are refracted
towards the sound channel axis at the depth of the sound speed
minimum, the vortex phase feature leads to a light and dark in-
terference pattern in the field. We find that acoustic wave fields
along the sound channel axis are singular only at a certain
range x before the presence of the acoustic refraction towards
the channel axis or reflections from the surface and bottom. A
comparison of the field with that emitted from a point source
[bottom panel in Fig. 4(d)] reveals that, even though the ocean
gradient is relatively weak, there is still a visible focus and
deformation of the vortices over a long-range propagation,
suggesting the significant impact of ocean stratification on
the long-range propagation of acoustic vortices in stratified
oceans.

Discussion. We have reported behaviors of acoustic sin-
gularities and vortices in stratified ultrasonic and underwater
media. We found that the stratification feature leads to the
distortion and complex behaviors of the vortices via the
emergence of bending, distorting, focusing, and stretching of
the fields, or even the reversal of the energy and momentum
transports, and angular momentum. The vortex shapes and be-
haviors are different between the two cases we have examined.
The nonlinear gradient leads to the vortex focusing towards
the sound speed minimum, while the linear gradient simply
bends the vortex to one direction. The reversal of energy flux
and angular momentum appears only when the propagating
distance or gradient is significant enough.

All of the observations herein suggest the complexity of
the applications of vortices in inhomogeneous media in the

contexts of oceans and ultrasound. For the purpose of un-
derwater navigation and communication, it becomes chal-
lenging to decompose the vortices of different topological
charges in the stratified ocean. The findings of distortion of
the energy flux and angular momentum of vortices by the
refraction can lead to different phenomena of vortex-based
particle manipulations in inhomogeneous fluids, where the
spatial gradient plays a central role [56]. One scenario is
the particle manipulation and transport in the presence of a
thermal gradient [57–59], where the distortion of the vortex
propagation by the gradient as we have observed may need to
be taken into account. It would also be interesting to examine
in the stratified media for the orbital and spinning motion of
particles due to the vortices by the phase gradient [4–6,60] or
by the local rotation of the velocity field [61,62].

In the future, the current study can be extended to consider
nonlinear effects, attenuation, a viscoelastic medium, and
a three-dimensional heterogeneous medium. The behaviors
reported herein are expected to be observed in other vortex
fields. It would be useful to implement the existing numerical
tools [9,37] to describe the propagation of acoustic vortices
in heterogeneous media. Experimental work to validate the
behaviors would be valuable. One may use the setup of the
ultrasound tank experiment in a stratified fluid [35], where
the gradient is two orders smaller than the first example but
several orders larger than oceans.

Another relevant problem is to investigate propagation
in homogeneous anisotropic media, such as optical vortices
transmitting in a uniaxial crystal, where the change in an-
gular momentum depends on the orientation of the crystals
[63–73], and the conservation of the total angular momentum
(a sum of OAM and SAM) is broken by the anisotropy even
for the beam transmitting along a crystal optical axis [74].
The discussions about homogeneous anisotropic media are
beyond the scope of this Rapid Communication. The converse
phenomenon of an anisotropic Bessel beam propagating in
isotropic media would also be interesting [75,76].
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