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Training materials through periodic drive allows us to endow materials and structures with complex elastic
functions. As a result of the driving, the system explores the high-dimensional space of structures, ultimately
converging to a structure with the desired response. However, increasing the complexity of the desired response
results in ultraslow convergence and degradation. Here, we show that by constraining the search space, we are
able to increase robustness, extend the maximal capacity, train responses that previously did not converge, and
in some cases accelerate convergence by many orders of magnitude. We identify the geometrical constraints that
prevent the formation of spurious low-frequency modes, which are responsible for failure. We argue that these
constraints are analogous to regularization used in machine learning. We propose a unified relationship between

complexity, degradation, convergence, and robustness.
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Introduction. The multitude of variable degrees of freedom
allows various systems to perform complex tasks, including
computations [1], classification [2,3], regulation [4,5], and
processing of high-dimensional data. Examples include neural
networks (both in vivo and artificial) [6,7], regulatory net-
works [4,8], flow networks [9], and more recently, mechanical
structures [10-19]. Often these systems are overparameter-
ized, having many more degrees of freedom than required
for the desired task. As a result, there are many solutions,
each with a different set of microscopic parameters, which in
principle, could have different properties. Biasing the search
algorithms could provide beneficial solutions, which, for ex-
ample, are more robust, or perhaps more expressive [20,21].
Indeed, machine learning algorithms employ regularization
techniques, for example, to prevent overfitting, yielding better
generalization. Examples of regularization methods include
constraining the set of parameters, biasing the loss function,
and early stopping [22,23].

In this paper, we introduce a regularization method for
training elastic responses in viscoelastic structures [24].
We build on recent ideas for endowing precise elastic re-
sponses in mechanical systems without the aid of a computer
[12,13,16,25-27]. A material is trained by applying sequences
of strains that produce changes to the structure through plas-
tic deformations. Through repetitive driving, the system may
converge to the desired response. The benefit of training ma-
terials, as opposed to design and fabrication [28], is that doing
so relinquishes the need to manually control a large number
of microscopic degrees of freedom.

The notion of material training introduces new considera-
tions [29]. First, the time scales or cycles needed to train new
responses are important factors, especially in light of recent
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findings that convergence can be very slow. Second, training
requires repetitive external driving, which has the effect of
degrading the material [29,30]. Lastly, it is desirable to find
solutions that are robust to small perturbations of the structure.

In the paper, we show that constraining the angles between
bonds has a profound effect on training, and acts as a regular-
izer. While reducing the accessible set of solutions, it selects
solutions with beneficial properties. The solutions that are
found have an overall larger rigidity, capacity, and increased
robustness. Surprisingly, in some cases, the constrained search
may accelerate convergence. We propose unified relations [see
Fig. 1(a)], based on an analysis of the density of state, between
degradation, convergence, complexity, and robustness.

Model and training algorithm. Following Ref. [25,29], we
study a disordered bonded network of Maxwell viscoelastic
elements, each composed of a spring and a dashpot in se-
ries [24] [illustrated in Fig. 1(b)]. On short-time scales the
system can be considered an elastic solid, while on large-time
scales it undergoes creep. The tension on each bond is given
by

ti = ki(€; — £ o), (D

where k; is the spring constant, ¢; is the bond’s length, and ¢; o
is the rest length. Our goal is to control the elastic response of
the network by altering the geometry of the network, through
changes to the rest lengths (“learning degrees of freedom”).
We assume that the rest lengths evolve through plastic defor-
mations that depend linearly on the tension on the bond,

0 lio =yki(£; — ;o). (2)

We take the quasistatic limit where the energy is minimized to
reach force balance after every change to the rest lengths.
The elastic properties of disordered random networks de-
pend on the coordination number, Z = 2[\,&, where Nj is the
number of bonds, and N is the number of nodes. When
Z > Z¢ ~ 2d, the networks are rigid [31-33]. We consider

two limits, small and large excess coordination number
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FIG. 1. An illustration of the model: (a) Schematic representa-
tion of the effect of regularization and interconnection of various
aspects of material training. (b) An example of an elastic network.
Each pair of source (green) and target (red) sites are connected by a
line, and the arrows represent the phase of the response. (c) Each
bond is a spring and a dashpot in series. The dashpot allows for
changes in the structure, which alters the elastic properties. (d) In
addition, we include an angular repulsive force that prevents the
angles between adjacent bonds from becoming small. (¢) The angular
potential is nonzero only when 6 < 6,. (), (g) an illustration of the
effect of angular regularization (repulsion). The energy valley with

repulsion is deeper and has a larger transverse stiffness, which leads
to enhanced properties.

AZ =7 — Z,, since their elastic properties are different. For
small AZ the network is isostatic and the elastic response is
anomalously long-ranged [34,35], whereas, for large AZ the
Green’s function decays quickly [35].

As a test bed for regularization, we consider responses
whose difficulty can be tuned, by varying the number of
“target” sites whose response we wish to tune and the strain
amplitude €ag.. Following Ref. [11,29], the desired response
is such that an input strain on a single-source site yields a
prescribed strain on Ny target sites. For simplicity, the input
and output strain amplitude is taken to be the same, €xge,
however, the response on each target is chosen with equal
probabilities to be either in-phase or out-of-phase.

The source and target site are coupled through an energy
“valley,” as illustrated in Figs. 1(f) and 1(g) along the €7 = €5
direction. That is, the energy as a function of strains on the
source and targets is small along the desired trajectory in
comparison to the transverse directions (e; = —eg). Periodic
drive along the desired response, during training, gradually re-
duces the energy along that path through plastic deformations
that change the rest lengths. Ultimately, training converges
to the desired response, provided that the response is not too
difficult [29].

With increasing complexity training becomes difficult,
which is expressed in the slowdown of convergence [29]. At

a critical threshold, the convergence time appears to diverge,
marking the limit of trainable responses. As noted, failure oc-
curs through the proliferation of low-frequency modes, which
we refer to as degradation. Similar effects have also been
seen in the loss landscape of neural networks [36-38]. We
have previously found that these can be traced to local geo-
metrical features, where pairs of bonds nearly align [29]. We
are therefore motivated to prevent the angles between bonds
from becoming small. To this end, we introduce an angular
repulsive potential (Uy = kg[1 — (cos6 — 1)/(cos 6. — 1)]*)
that acts when 6 < 6., illustrated in Fig. 1(d). Inclusion of an
angular modulus is known to increase the rigidity of the net-
work [39-42]. We emphasize that the angular forces have the
effect of constraining the parameter space, and after training,
these forces vanish. Hence, the form of the potential is not
important (For a detailed discussion, see Supplemental Mate-
rial (SM) [43]), where we consider a quadratic form instead of
cubic. Figure 1(g) illustrates the effect of the angular repulsion
to increase the transverse stiffnesses.

Linear analysis. Within the linear response, the energy
landscape can be characterized by the eigenmodes and fre-
quencies of the system. The relation between an applied force,
f and the resulting displacement 5x depends on the Hessian,
H, which can be decomposed in the eigenmodes, é,,:

o 17 ea),- : N

Sx=H 1f=2i: w,?fe‘”"' 3)
Here, f corresponds to the force acting on the source, and its
amplitude is set to provide a desired strain.

Since the training rule reduces the energy along the de-
sired trajectory, the lowest frequency mode w; after training
corresponds to the trained response. The remaining trans-
verse modes compete with the desired response. Since the
contribution of each mode is inversely proportional to its
frequency squared, the response is predominantly influenced
by the two lowest frequency modes, w; and w,. Consequently,
the magnitude of the error can be approximated by the ratio of

2
the squared frequencies of these two modes: e ~ % [29].
2
Training is successful when w; < ;.
Accelerated convergence. We begin discussing the con-
vergence by measuring the error between the desired and

measured response on the targets,

; 2
1 er — Edemred
T EAge

Here, €7 is the strain on a target. Previously, it was found that
the error approximately decays as a power-law 7~ and that o
depends on the number of targets per node, denoted by, A =
%. With increased complexity, o decreases and vanishes at
a critical point. The transition marks the maximal number of
sites that can be trained [29].

In Fig. 2, we compare the results with and without the
angular constraints. The difficulty of the task is tuned by
modifying either exq. or A. Figures 2(a) and 2(c) show the
training error 8¢ as a function of the number of cycles, t.
Figures 2(b) and 2(d) show o as a function of epg and A,
characterizing the speed of convergence.
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FIG. 2. Convergence of training error: The error against T with
repulsion (filled symbols) and without repulsion (open symbols) for
different values of €5g. (a) and A (c). The exponent « as a function of
€age (b) and A (d). Convergence is accelerated with angular repulsion
in (b) and at large values of A in (d). Note that for both (b) and
(d) there is a larger capacity when angular repulsion is present. Here,
N = 200.

The angular constraints may accelerate convergence (larger
a) or slow convergence (smaller «). Acceleration is more
common for smaller coordination numbers [Figs. 2(a) and
2(b)] and at larger difficulty, where the slow convergence is
due to the low-frequency spurious modes. Figure 2(d) shows
a transition from a slow-down to acceleration when varying
A. Below, we discuss how this may arise from two competing
effects.

We argue that a speedup in convergence is surprising.
Imagine we minimize a loss function through gradient de-
scent. Adding a constraint to the loss function changes the
gradient. Since the unconstrained gradient is the direction
of greatest change to the function, following the constrained
gradient will typically result in a slower convergence. Indeed,
here, we find that the energy along the trained trajectory
decreases at a slower rate (see SM), yet results in an over-
all faster convergence. We also note that regularization and
metadynamics have previously been used to accelerate con-
vergence in other systems [44—46].

The angular constraints also affect the capacity, which is
defined by the value of A or €, Where the exponent o van-
ishes. Figures 2(b) and 2(d) show that the angular constraints
increase the capacity, allowing responses with a larger A and
€age- Additional data on convergence is provided in the SM.

Reduced degradation. To track down the cause of the
speedup in convergence, we study the low-frequency spec-
trum. While training reduces the stiffness along the desired
path, we have also found [29] that it has the unintended effect
of reducing the stiffness of the transverse modes, particularly
as large A and large eag.. Here, we show that our regularized
training method arrests these spurious low-frequency modes
from creeping to lower frequencies.
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FIG. 3. Suppressed degradation: 1/w, against 1/w;, where w,
is the lowest nontrivial frequency, corresponding to the trained re-
sponse and w, is the second smallest frequency. (a) AZ = 0.03
and we vary €54 and in (b) AZ ~ 0.75 and we vary A. Note that
solutions with repulsion have a smaller w, per value of w;, which
leads to enhanced properties. Here, N = 200.

To characterize the evolution of spurious mode we measure
s, the second-lowest nontrivial eigenfrequency, per given
value of lowest frequency w;. This compares the transverse
stiffness of the spurious modes to the longitudinal stiffness
along the desired motion. For convenience, we plot 1/w; as a
function of 1/w; in Fig. 3. Since w; decreases with training,
1/w; measures the progress of training. Ideally, 1/w, should
be small in comparison to 1/w;.

Figure 3 shows 1/w; vs. 1/w for different eag. (in (a))and
for different A (in (b)). For small €pge (or A) 1/ws, grows
very slowly for both training protocols. This is the regime with
low difficulty, where the training error decays faster. However,
for larger values of €xge [or A in (b)], a striking difference is
observed. In the presence of repulsion, 1/w, grows at a slower
rate. Namely, the transverse modes are suppressed.

In summary, the angular repulsion allows us to find
“solutions” with deeper energy valleys, whose transverse stiff-
nesses are larger. The arrested degradation also allows us
to understand the accelerated convergence. Recall that the
error scales as 8¢ « @?/w3. The angular constraints have two
competing effects: 1. Suppressing spurious modes (w;). 2.
Decreasing the rate of the formation of the valley, i.e., w;
decreases at a slower rate (see also the SM).

The result of these two effects is that regularization either
speeds up or slows down convergence. Acceleration occurs
if the transverse modes (w,) are suppressed, while the lon-
gitudinal mode (w,) is weakly affected. Acceleration appears
to occur at large difficulty (large A or large €age) Where the
excess low-frequency modes hinder convergence, as well as
at a small AZ where the density of states extends to lower
frequencies, even before training.

Coupling distant sites. Here, we show that regularization
enables training responses that previously did not converge.
We focus on the allostery-inspired response, where pinching
a source site results in motion on a single faraway target site
[10,47,48].

At large AZ, when the source and target sites are distant,
training does not converge. In this regime, the response to a
localized perturbation decays quickly as a function of distance
(e.g., the tension decays as r~4, where d is the dimension),
and as a result, distant sites do not couple [25]. Instead of a
single mode that couples the source and target, the stiffness for

L082601-3



HIMANGSU BHAUMIK AND DANIEL HEXNER

PHYSICAL REVIEW MATERIALS 8, L082601 (2024)

—_
—

Dashéd: W/d repulsion” " ahy T T
Solid: w/ repulsion (a) AZ _00755 (b)
A7=0.756 =0.15 Eage™":

—

— 6,=0.05
—_ 65=0A075
— 6.=0.10
— 6.=0.15
— 6=025
w/o rep
Tl

0.1 ' ' 0.1
10' 100 ¢ 10’ 10t 10" 10

10°,y 100 107

FIG. 4. Training allostery-inspired response:(a) The error as a
function of the number of training cycles for different amplitudes,
with (solid line) and without (dashed line) angular repulsion for an
allosteric response (single source and single target site). Without
repulsive regularization, the response does not converge. (b) The
training error against the inverse of longitudinal energy 1/U for
different .. Here, N = 200, and AZ = 0.75.

actuating the source and target individually and independently
becomes small.

Figure 4(a) shows the error when training for the allostery-
inspired response at different strain amplitudes. Without the
angular forces, the error saturates at a finite value. With the
angular repulsion, the error continually decreases, even after
10* training cycles. Thus, the angular constraints enable us to
train responses that do not usually converge. Interestingly, the
effectiveness of the angular constraints is most pronounced at
large strain amplitudes, yielding the fastest convergence. In
Fig. 4(b) we also show the error as a function of the inverse
energy, which measures the progress in creating a low-energy
valley. Here, larger 6, results in a smaller error.

Enhanced robustness. We next discuss the effect of the
angular constraints on the robustness of the networks to small
perturbations. To characterize the robustness, we alter each
rest length randomly ¢; o — £; (1 4 §;), where §; is uniformly
distributed in the range [—§, &], and measure the change in the
error. We emphasize that training occurs as before and that the
perturbations are only introduced after training to characterize
the robustness.

We begin by working out the predictions of the linear
response. As noted, the error scales as @?/w3. The small
changes to the structure change both frequencies by order
6. Since w; is smaller than w, the relative change to the
frequencies is more significant for w;. We expect that the
random changes to the structure will generically increase wy,
since it is uncharacteristically small. Therefore, the error after
the perturbations scales as

. wl+AS AS
§¢ ~ L ~ s+ —. )
w5 w3

Here, A is a constant. The change in the error is large when the
transverse stiffness, w;, is small. Namely, a larger gap implies
a higher robustness.

In Fig. 5 we present the error as a function of the number of
training cycles for different values of perturbation amplitudes,
8, with and without the angular repulsion. Figure 5(a) shows
the results for small AZ where training is quicker with the
angular repulsion. In the inset, we show that the change with
repulsion is smaller, and therefore more robust.
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FIG. 5. Robustness to small perturbations: Training error af-
ter randomly perturbing the rest lengths with an amplitude §. In
(a) AZ =0.03 and in (b) AZ = 0.75. Dashed lines indicate training
without repulsion while solids indicate training with repulsion. Inset
shows the change in error due to the perturbations, as a function of
8. Note that the repulsion leads to enhanced robustness (a smaller
change in the error). Here, N = 200, €pge = 0.1, and A = 0.2.

For large AZ, the effect is more substantial as shown in
Fig. 5(b). Before applying the perturbation, § = 0, the error
is smaller without the angular repulsion. However, when the
system is perturbed, the error at long times can be smaller
with angular repulsion. Thus, the angular regularization leads
to more robust responses.

Interestingly, without the angular repulsion, the error for
8 > 0 is nonmonotonic in time; initially, it decreases and then
at later times it increases. Thus, an early stopping condition
can also yield more robust results. The nonmonotonic trend
over time can be interpreted as overfitting to the training data.
Often, learning models are trained on a learning dataset and
tested on a distinct test data set. A signature of overfitting to
the training data is a nonmonotonic evolution of the test error,
which initially decreases and then later increases. Here, the
unperturbed system represents training data, and the perturbed
system acts as the test data. Extensive training of the unper-
turbed system reduces the “training error” but compromises
the robustness, resulting in a larger “test error.” The proposed
regularization method helps counteract this problem.

Conclusions and discussion. In summary, we have in-
troduced a regularization method for training viscoelastic
networks that constrains the angles between bonds through a
repulsive force. This regularization has the effect of increasing
the capacity, increasing robustness, reducing degradation, and
in some cases, accelerating convergence. Furthermore, it al-
lows us to train responses that previously could not be trained
in the same manner.

The central problem with the unconstrained training rule is
that, while it reduces the energy along the desired trajectory,
it has the unwanted effect of also reducing the energy along
unintended directions [29,49]. The formation of the spurious
low-frequency modes is due to the local structural features
of aligning bonds. The angular repulsion, which constrains
small angles, prevents the proliferation of soft modes, and
therefore degradation. In the SM, we show that this regularizer
is also effective in other training rules, suggesting broader
generality.

Our analysis suggests a unified understanding of the re-
lations between convergence, degradation, complexity, and
robustness, illustrated in Fig. 1(a). Increasing complexity
reduces system robustness, prolongs training times, and
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exacerbates degradation. Training is slower due to degradation
effects. Excess low-frequency modes compete with desired
responses, necessitating longer training times. Systems with
small transverse stiffnesses are particularly sensitive to per-
turbations, reducing overall robustness. As a result, complex
responses that have a small frequency “gap” are therefore less
robust.

Our study is reminiscent of work on energy-based mod-
els in machine learning, where information is encoded in
an energy landscape [23]. Tailoring the energy landscape

requires careful control of the high-dimensional parameter
space. Unlike contrastive methods, regularization techniques
aim to constrain overall energy, ensuring that lowering it in
one area raises it elsewhere. This approach avoids the need
for directly manipulating the entire landscape [23] or having
duplicate systems [50].
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