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Twisted bilayer graphene (tBLG) has emerged as an exciting platform for novel condensed matter physics.
However, electron-phonon (e-ph) interactions in tBLG and their effects on electronic transport are not completely
understood. Here we show first-principles calculations of e-ph interactions and resistivity in commensurate
tBLG with large twist angles of 13.2 and 21.8 degrees. These calculations overcome key technical barriers,
including large unit cells of up to 76 atoms, Brillouin-zone folding of the e-ph interactions, and unstable lattice
vibrations due to the AA-stacked domains. We show that e-ph interactions due to layer-breathing phonons
enhance intervalley scattering in large-angle tBLG. This interaction effectively couples the two layers, which
are otherwise electronically decoupled at such large twist angles. As a result, the phonon-limited resistivity in
tBLG deviates from the temperature-linear trend characteristic of monolayer graphene and tBLG near the magic
angle. Taken together, our work quantifies e-ph interactions and scattering mechanisms in tBLG, revealing subtle
interlayer coupling effects at large twist angles.
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Electronic transport in graphene is a rich subject [1].
Theory showed that the carrier mobility in graphene is lim-
ited by acoustic phonons [2], and then focused on bilayer
graphene [3] and the role of flexural phonons [4–6]. First-
principles calculations based on density functional theory
(DFT) have also been employed to study phonon-limited
transport in graphene, initially using the deformation potential
approximation [7–10] and later with first-principles electron-
phonon (e-ph) interactions [11,12], which take into account all
phonon modes and electronic states on equal footing, enabling
quantitative predictions.

Twisted bilayer graphene (tBLG) is now attracting intense
interest due to the emergence of correlated insulating and
superconducting states near the magic angle [13,14]. While
the origin of these phases is still debated, e-ph interactions
are thought to play an important role in the rich physics of
tBLG [15–19]. For example, electronic transport is intimately
linked to the e-ph interactions in tBLG, and experiments
have observed a large linear-in-temperature resistivity near the
magic angle [20], whose origin remains unclear.

Theoretical work has focused on analytic and tight-binding
models of e-ph interactions and phonon-limited resistivity
in tBLG [15,21–24]. The effects of lattice relaxation on the
electronic structure of tBLG have also been studied using both
tight-binding and continuum models [25–27]. However, ex-
plicit first-principles calculations of e-ph interactions in tBLG
have remained prohibitive due to the large unit cell sizes,
particularly at small twist angles.
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Here, we show first-principles calculations of e-ph inter-
actions and transport properties in large-angle tBLG. Our
approach allows us to quantify the contributions to electron
scattering and transport from different acoustic and opti-
cal modes and from intravalley and intervalley processes.
Similar to monolayer graphene, we find that the resistiv-
ity in large-angle tBLG is controlled by acoustic phonon
scattering at low temperature and optical phonon scattering
near and above room temperature. Yet, the phonon-limited
resistivity in tBLG is found to deviate significantly from
two decoupled layers, with a faster-than-linear temperature
dependence due to intervalley scattering mediated by layer-
breathing phonons. These results reveal subtle interactions
emerging from the twist-angle degree of freedom, high-
lighting the promise of first-principles calculations to study
tBLG.

The commensurate moiré superlattice of tBLG is gener-
ated by rotating the superlattice vector of one graphene layer,
a(1)

S = ma1 + na2, into a(2)
S = na1 + ma2, where a1 and a2

are graphene lattice vectors and (m, n) is a pair of coprime
integers [28,29]. We focus on the two smallest tBLG unit
cells, a 28-atom unit cell with (m, n) = (2, 1) and a 76-atom
unit cell with (m, n) = (3, 2), which correspond to twist an-
gles of 21.8◦ and 13.2◦ respectively. We compute the ground
state electronic structure of these tBLG systems using DFT
in a plane-wave basis with the QUANTUM ESPRESSO pack-
age [30,31]. We employ the local density approximation with
a plane-wave kinetic energy cutoff of 90 Ry, using the exper-
imental lattice constant of 2.46 Å for graphene. The resulting
electronic band structures of 21.8◦ and 13.2◦ tBLG are given
in the Supplemental Material (SM) [32].
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FIG. 1. (a) Illustration of the crystal structure and Brillouin zone
of 21.8◦ tBLG. (b) Low-energy phonon dispersions in 21.8◦ tBLG,
calculated using TDEP at 30 K (solid line) and DFPT (dotted line).

The key quantities in first-principles e-ph calculations are
the e-ph coupling matrix elements [33]

gmnν (k, q) =
√

h̄

2ωνq

∑
κα

eκα
νq√
Mκ

〈mk + q|∂qκαV |nk〉, (1)

which describe the probability amplitude for an electron to
scatter from a band state |nk〉 to state |mk + q〉 by emitting or
absorbing a phonon with momentum q, mode index ν, energy
h̄ωνq and eigenvector eκα

νq . The perturbation potential ∂qκαV
is the change in the DFT Kohn-Sham potential for a unit dis-
placement of atom κ (with mass Mκ ) in the Cartesian direction
α [33], and is obtained from density functional perturbation
theory (DFPT). We use the PERTURBO code [33] to compute
gmnν (k, q) at k- and q-points on fine grids, starting from
DFPT results on 6 × 6 × 1 grids in 21.8◦ tBLG and 3 × 3 × 1
grids in 13.2◦ tBLG for both k and q points. The interpolation
of the e-ph matrix elements uses maximally localized Wannier
functions obtained with the WANNIER90 code [34].

Figure 1(a) shows the crystal structure and Brillouin zone
of tBLG with 21.8◦ twist angle. The structure is relaxed with
a force convergence threshold of 10−4 Ry/a.u.. The zero-
temperature phonon dispersions computed with DFPT exhibit
imaginary low-energy phonons at long-wavelength, shown as
negative energies in the DFPT curves in Fig. 1(b). This is
an evidence of dynamical instability of tBLG [35], where
the imaginary phonons are soft modes associated with layer-
bending type structural distortions. Similar distortions have
been predicted to occur in the relaxed structure of small-angle
tBLG [36].

FIG. 2. (a) Phonon dispersions in 21.8◦ tBLG computed at 30 K
using TDEP and color-coded according to the log of the e-ph cou-
pling strength, log |gν (q)|. The dashed box is the region plotted in
(b). (b) Low-energy phonon dispersions near the � point, with differ-
ent phonon modes shown in different colors. (c) The e-ph coupling
strength |gν (q)| as a function of phonon wave-vector q with the same
coloring scheme as in (b). The e-ph coupling strengths for the TA and
LA modes in MLG, rescaled by an appropriate unit-cell size factor
(see SM [32]), are shown with dashed lines for comparison.

To treat these soft modes, we use the temperature-
dependent effective potential (TDEP) method [37,38], which
provides effective harmonic interatomic force constants at a
given temperature from a least-squares fit of the DFT forces.
These calculations use 252-atom supercells with atomic po-
sitions generated stochastically according to the canonical
ensemble at each temperature. (As the phonons are deter-
mined by the force constants, this process is iterated until
convergence [37,38].) The resulting phonon dispersions are
free of imaginary modes, as shown in the TDEP curves at 30 K
in Fig. 1(b) and at 300 K in the SM [32].

Addressing the soft modes allows us to more precisely
study the e-ph interactions with low-energy phonons [39]. We
recompute the e-ph matrix elements in Eq. (1) by replacing
the phonon frequencies ωνq and eigenvectors eκα

νq with corre-
sponding quantities obtained from TDEP. Figure 2(a) shows
the phonon dispersions in 21.8◦ tBLG color-coded accord-
ing to the e-ph coupling strength, |gν (q)| = (

∑
mn |gmnν (k =

K, q)|2/Nb)1/2, computed by averaging the contributions of
the Nb = 4 bands crossing the Dirac point. At low phonon
energy, we find that the acoustic phonons with linear dis-
persions exhibit the strongest e-ph coupling. The other two
low-energy modes, with energy below 20 meV, are out-of-
plane layer-breathing (LB) and flexural (ZA) phonons with
quadratic dispersions at long wavelength [21]. The LB mode,
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which has a finite energy at the zone center, exhibits sizable
e-ph coupling strengths, particularly for phonon wave-vectors
near the K point of the Brillouin zone, while the ZA mode has
a negligible e-ph coupling, similar to MLG.

We further analyze the e-ph coupling strengths for these
different low-energy phonons. Each graphene layer con-
tributes two acoustic and one flexural mode, and thus tBLG
has a total of six low-energy modes. In Fig. 2(b) and 2(c),
we label the low-energy modes according to their character,
obtained by projecting the eigenvectors onto six distinct dis-
placement patterns: longitudinal acoustic (LA) and transverse
acoustic (TA) modes, where the two layers move in the same
in-plane direction; longitudinal shearing (LS) and transverse
shearing (TS) modes, where the two layers move in opposite
in-plane directions; and out-of-plane modes, where the two
layers move in the same (ZA mode) or opposite (LB mode)
layer-normal directions. Below, for simplicity we refer to
these six low-energy modes as the acoustic phonons, and the
remaining modes as optical phonons, in tBLG.

This classification allows us to compare the e-ph cou-
pling strength in tBLG with monolayer graphene (MLG) [see
the dashed lines in Fig. 2(c)], which also requires a proper
rescaling of the MLG e-ph coupling (see SM [32]). The LA
and TS modes in tBLG have e-ph coupling strengths almost
identical to the LA and TA modes in MLG, respectively. In
addition, the LS and TA modes in tBLG have slightly smaller
and greater coupling strengths than the LA and TA modes in
MLG, namely their respective MLG counterparts. Similar to
MLG, the flexural ZA mode couples weakly with electrons.
The coupling is stronger for the LB mode, but overall the e-ph
coupling for the ZA and LB out-of-plane modes in tBLG is
weaker than for the in-plane modes. These results show that
e-ph interactions for acoustic phonons in large-angle tBLG are
overall similar − except for the LB mode − to two decoupled
graphene layers.

Starting from the e-ph matrix elements, we use Fermi’s
golden rule to compute the e-ph scattering rate for each elec-
tronic state [33,40]:

�nk(T ) = 2π

h̄Nq

∑
mνq

|gmnν (k, q)|2

× [(Nνq + 1 − fmk+q)δ(εnk − εmk+q − h̄ωνq)

+ (Nνq + fmk+q)δ(εnk − εmk+q + h̄ωνq)], (2)

where Nq is the number of q points, and Nνq and fmk+q are,
respectively, equilibrium phonon and electron occupations at
temperature T [41].

Figure 3 shows the scattering rate as a function of electron
energy for MLG and for tBLG with 21.8◦ and 13.2◦ twist
angles. The total scattering rate is the sum of contributions
from different phonon modes. Here, we separate the contribu-
tions from acoustic and optical phonons to study their relative
strength at different temperatures. Acoustic phonon scattering
follows a similar behavior in MLG and large-angle tBLG:
in both systems, the acoustic scattering rate vanishes at the
Dirac point but is finite at the Fermi energy. The acoustic
scattering rate decreases rapidly as the electron energy ap-
proaches the Dirac point due to the small electronic density
of states, which is proportional to the phase space for acoustic

e-ph scattering [42]. Our results for MLG agree with previous
studies [43]; a detailed comparison is given in the SM [32].

Near the Fermi energy, in both MLG and large-angle
tBLG, the acoustic e-ph scattering rate is significant, of order
∼0.01 − 0.1 ps−1 in the 30 − 300 K temperature range stud-
ied here. Conversely, both in MLG and large-angle tBLG, the
scattering rate for optical phonons is exponentially suppressed
at low temperature near the Fermi energy due to the greater
thermal energy required to excite optical phonons. At higher
temperatures (160 K and 300 K) the optical-phonon scattering
rates are on average of order 0.1 ps−1 near the Fermi energy,
and thus comparable to the acoustic phonon scattering rates.
Interestingly, these results show that carrier scattering with
acoustic and optical phonons are governed by two distinct
energies: the Dirac point for acoustic phonons, and the Fermi
energy for optical phonons. This implies that doping can tune
their relative contributions to transport in large-angle tBLG.

To study electronic transport, we compute the phonon-
limited conductivity using the Boltzmann transport equa-
tion in the relaxation time approximation [33] (going beyond
the relaxation time approximation gives nearly identical
results [32]):

σαβ (T ) = e2S

Nk

∑
nk

τnk(T ) vα
nkv

β

nk

(
−∂ fnk(T )

∂εnk

)
, (3)

where α and β are Cartesian directions,  is the unit cell vol-
ume, S is the spin degeneracy, vnk are band velocities, τnk =
1/�nk are e-ph relaxation times (i.e., the inverses of the e-ph
scattering rates) at temperature T , and fnk are equilibrium
Fermi-Dirac occupations. In these calculations, we include
the four bands intersecting at the Dirac point, sampling an
energy window within 0.35 eV of the Fermi level with k-point
grids of 1500 × 1500 in MLG, 540 × 540 in 21.8◦ tBLG, and
300 × 300 in 13.2◦ tBLG.

Figure 4(a) shows the computed in-plane resistivity, ρ ≡
2/(σxx + σyy), as a function of temperature for MLG and
large-angle tBLG with 21.8◦ and 13.2◦ twist angles. The
lowest temperature considered here (30 K) is close to the
Bloch-Grüneisen temperature TBG [44], where kBTBG equals
the energy of the acoustic phonon with wave-vector 2kF

(TBG ≈ 37 K based on our calculations) [45]. Above TBG,
there is a wide temperature window up to ∼250 K where
the resistivity is limited by acoustic-phonon scattering and
appears as a straight line in the log-log plot in Fig. 4(a).

This trend breaks down above ∼250 K, where scattering
from optical phonons becomes important and governs the
resistivity, which converges to a similar value in MLG and
the two large-angle tBLG studied here. At intermediate tem-
peratures between TBG and 250 K, ρ is linear in T in MLG,
in agreement with previous theoretical predictions [2,3] and
experiments [46,47]. In contrast, the resistivity in large-angle
tBLG is found to deviate from a linear temperature trend. By
fitting the data to a power law, we find ρ ∝ T 1.176±0.003 for
21.8◦ tBLG and ρ ∝ T 1.264±0.020 for 13.2◦ tBLG in this tem-
perature range. In 21.8◦ tBLG, the resistivity at higher Fermi
levels also follows nearly the same trend in this power-law
region between TBG and 250 K [32].

To better understand this nonlinear temperature depen-
dence in large-angle tBLG, in Fig. 4(b) we plot the ratio of the
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FIG. 3. Electron-phonon scattering rate as a function of electron energy, shown separately for the acoustic and optical modes, in MLG and
tBLG with 21.8◦ and 13.2◦ twist angles. We compare results at four different temperatures between 30 − 300 K. The energy zero is set to the
Dirac point and the Fermi energy, shown with a vertical line, is 0.1 eV above the Dirac point.

MLG and tBLG resistivities, ρMLG/ρtBLG, versus temperature.
The resulting curve is concave up, approaching a value of
about 1.5 at low temperature and minimum values of 1.1
at ∼300 K for 21.8◦ tBLG and 1.0 at ∼200 K for 13.2◦
tBLG. If the two layers in tBLG were fully decoupled, from
a parallel-resistor argument the resistivity ratio ρMLG/ρtBLG

would be equal to 2. The absence of significant Fermi velocity
renormalization in tBLG relative to MLG [32], as well as the
nearly unchanged electron-TA/LA mode coupling discussed
above, support the notion that the two layers are electronically
decoupled in large-angle tBLG. This is consistent with the
conventional wisdom that momentum mismatch of the rotated
Brillouin zones prevents interlayer tunneling [20]. Yet, our
computed MLG-to-tBLG resistivity ratio is less than 2 at all
temperatures, showing the presence of additional scattering
mechanisms that increase the resistivity and effectively couple
the two layers.

We find that the main mechanism coupling the two layers
in large-angle tBLG are e-ph interactions due to LB phonons
with wave vectors near K and K’ in the tBLG Brillouin
zone, which enhance intervalley electron scattering, thereby
increasing the resistivity. To arrive at this result, we separate
the intravalley and intervalley scattering rates in 21.8◦ tBLG

by restricting the scattering wave-vector |q| to appropriate
ranges.

Figure 4(d)-4(f) compare intra- and intervalley carrier scat-
tering at intermediate temperatures between 50 and 225 K.
At 225 K, the scattering rate for both intra- and intervalley
processes is proportional to the carrier energy relative to the
Dirac point, as expected when e-ph scattering is controlled
by the phase space for energy- and momentum-conserving
scattering [42]. At lower temperatures of 50−200 K, the
phonon populations near K and K’ decrease, lowering the
intervalley scattering rates at the Fermi energy. Because the
energy of the LB K-valley phonon is approximately 19 meV
[see Fig. 2(a)], which corresponds to about 220 K, this mode
is thermally excited at such intermediate temperatures and
can contribute to the e-ph scattering and resistivity down to
∼50 K. Thermal excitation of this LB mode, which is clearly
absent in MLG, significantly enhances intervalley scattering
in large-angle tBLG.

Analysis of the e-ph interactions in the Wannier basis
shows that such intervalley scattering is primarily interlayer
(see SM [32]), and thus couples the K1 and K2 (and K’1

and K’2) valleys on the two different layers [see Fig. 1(a)].
This mechanism explains the decrease in the MLG-to-tBLG
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FIG. 4. (a) Phonon-limited resistivity versus temperature in MLG and large-angle tBLG with 21.8◦ and 13.2◦ twist angles. The Fermi level
is set to 0.1 eV above the Dirac point. The black dashed line guides the eye and indicates a T -linear resistivity. (b) Resistivity ratio between
MLG and tBLG as a function of temperature. (c) Atomic displacement pattern for the LB phonon mode governing intervalley scattering in 21.8◦

tBLG. The color of the atoms indicates the magnitude of the displacement (obtained by analyzing the phonon eigenvector) with darker blue
colors corresponding to greater layer-normal displacements. The direction of the motion is layer-normal with atoms in different layers moving
in opposite directions. (d)–(f) Electron-phonon scattering rates as a function of carrier energy for 21.8◦ tBLG at three temperatures, showing
the contributions of acoustic phonons to intravalley scattering (ν � 6, |q| < 2π

3a ) and intervalley scattering (ν � 6, |q| > 2π

3a ) separately.

resistivity ratio between 50 and 250 K in Fig. 4(b) and is
responsible for the faster-than-linear temperature dependence
of the resistivity in large-angle tBLG. In addition, due to
the slightly lower energy of the K-valley phonon, intervalley
scattering in 13.2◦ tBLG becomes important at lower temper-
atures, and thus the resistivity ratio of 13.2◦ tBLG reaches a
minimum at a lower temperature than in 21.8◦ tBLG.

In Fig. 4(c), we illustrate the phonon mode with the
strongest e-ph coupling near the K-point in 21.8◦ tBLG, which
gives the strongest contribution to intervalley scattering [48].
This phonon is a LB mode associated with layer-normal vi-
brations of the two layers in opposite directions and centered
at regions of the moiré lattice with local AA stacking. The
incipient instability of the AA domains is a unique property
of tBLG introduced by the twist-angle degree of freedom, and
our calculations reveal its effects on electronic transport.

Meanwhile, the intravalley scattering rate in 21.8◦ tBLG
is also found to be greater by about 20% than the intravalley
scattering rate in MLG. This difference can be attributed to
enhanced intravalley, interlayer scattering mediated by the
LB mode at long wavelength (see SM [32]). Notably, model
calculations by Ray et al. [21] discussed the effect on transport
of LB phonons and their ability to effectively couple the two
layers in large-angle tBLG. Their work formulated a model
of the low-energy phonons, obtained e-ph interactions from
tight-binding calculations, and studied interlayer scattering
in the same valley, but did not study K-to-K’ intervalley
scattering. As intervalley processes were neglected, their re-
sults are somewhat different from ours and emphasize the
role of intravalley scattering. Yet, both studies conclude that
low-energy LB phonons effectively couple the two layers in
large-angle tBLG. This coupling enhances the resistivity by
increasing intra- and (mainly) intervalley scattering.

Finally, we note that the doping concentration correspond-
ing to a Fermi level of 0.1 eV in large-angle tBLG would be
equivalent to a filling factor of approximately 0.83ns in the
∼1.06◦ tBLG in Ref. [20], where linear-in-T resistivity has
been observed at half filling. However, the scattering mech-
anisms governing the resistivity in large- and small-angle
tBLG can be widely different. Near the magic angle, acoustic-
phonon scattering with strong Fermi-velocity renormaliza-
tion [23,49], as well as electron-phason coupling with phason
modes pinned to domain walls [22], are believed to contribute
to linear-in-T resistivity with a much larger slope dρ/dT .
Both mechanisms are absent for the large twist angles studied
here. Extrapolating from the scattering mechanisms studied
in this paper, as the twist angle decreases beyond 13.2◦, we
expect the energy of the intervalley phonon h̄ωK to also de-
crease, and thus for temperatures well above h̄ωK/kB − but
still low enough that the optical phonons remain inactive—a
linear-in-T resistivity could be restored. For completeness,
we also analyze the Eliashberg function and corresponding
effective coupling constant for our two large-angle tBLG
systems [32].

In summary, we study e-ph interactions and electronic
transport in large-angle tBLG from first principles, focusing
on the role of low-energy phonons. Our approach reveals
that acoustic and optical e-ph coupling are overall similar in
large-angle tBLG and MLG. Yet, e-ph interactions due to LB
phonons enhance intervalley scattering in tBLG, effectively
coupling the two layers and leading to a faster-than-linear
temperature dependence of the resistivity. Our work sheds
light on microscopic interactions in tBLG, paving the way for
accurate first-principles studies of electron interactions and
transport in tBLG and other systems with twist-angle degree
of freedom.
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