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The structure of LuFe2O4 below the charge ordering temperature of TCO = 320 K has been studied immensely
due to the question of whether charge ordering on the mixed valence Fe sublattice leads to a macroscopic electric
polarization. In contrast, the local structure associated with polaron fluctuations above TCO, from which the
charge ordered structure emerges, is largely unknown. In this work, we characterize this local structure using the
x-ray three-dimensional difference pair distribution function (3D-�PDF). Atomic correlations extracted directly
from the 3D-�PDF are used to propose models for the local structure, which are simulated using Monte Carlo
methods. It is found that the primary Fourier components of the diffuse scattering can be described by the large,
correlated Lu displacements. The local structure of Lu displacements draws conceptual parallels to the classical
models of triangular Ising antiferromagnets with the added complexity of interplane interactions. The weaker
features of the 3D-�PDF are modeled by displacement correlations involving Fe and O, the latter resulting in
an increased coordination number of Lu compared with the average structure. Analysis of the Fe-coordination
environments in the atomic configurations obtained from Monte Carlo simulations reveals a strong correlation
between distortion of the coordination environment and the +II oxidation state of Fe, which suggests a Jahn-
Teller polaronic nature of the charge carriers.
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I. INTRODUCTION

LuFe2O4 has been studied extensively due to the pro-
posed possibility for ferroelectric order arising from charge
order on the Fe2+/3+ sublattice. Such improper ferroelec-
tricity by charge order could provide strong magnetoelectric
coupling due to the direct relation between the charge and
spin degrees of freedom, which would be of interest for the
application of LuFe2O4 as a magnetoelectric multiferroic ma-
terial [1,2]. However, in spite of initial reports of ferroelectric
ordering based on pyroelectric current measurements and res-
onant x-ray scattering [3,4], most of the scientific community
studying rare-earth ferrites has reached a consensus, that sto-
ichiometric LuFe2O4 in fact does not order ferroelectrically
[5–8]. The pyroelectric current measurements were instead
attributed to extrinsic effects rather than actual ferroelectric
ordering [5]. However, LuFe2O4 is still often cited as a charge
order multiferroic material [9] attesting to the many con-
flicting reports regarding its structure and properties. Such
conflicts are not simple to resolve given the complex structural
evolution exhibited by LuFe2O4 with temperature. Above
∼500 K, LuFe2O4 crystallizes in the R3̄m space group with
only the main Bragg reflections being observed in scattering
experiments along with a broad diffuse background. In this
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state, the charges of Fe are considered to be randomly dis-
tributed across the Fe sublattice. Between TCO = 320 and
500 K, helices of diffuse scattering appear close to the
( 1

3 , 1
3 , l ) lines of reciprocal space while the Bragg scatter-

ing indicates the average structure to remain identical to the
structure above ∼500 K. For reference, the average structure
R3̄m unit cell is shown in Fig. 1(a) along with single crystal
x-ray scattering in the (hhl) plane at 350 K in Fig. 1(b). Lu
is sandwiched between Fe bilayers where each Fe is situ-
ated in an approximately trigonal bipyramidal coordination
environment, coordinated by O. The emergence of the diffuse
scattering has previously been interpreted in terms of the Fe
oxidation states forming two-dimensionally ordered layers in
the ab plane, which stack in a disordered fashion along the
c direction [3,4,10,11]. Below TCO the helical scattering is
observed to condense into satellite reflections with approx-
imate propagation vectors of ( 1

3 , 1
3 , o

2 ) with o being an odd
integer [5]. The appearance of these satellite reflections was
interpreted in terms of the onset of three-dimensional charge
order of Fe2+ and Fe3+ [6,10–15]. The location of the satellite
reflections in reciprocal space led to the proposition of a com-
mensurately ordered model of Fe oxidation states within each
bilayer consisting of two honeycomb ordered layers: one with
a surplus of Fe2+ and the other with a surplus of Fe3+ [10].
This so-called

√
3 × √

3 ordering results in the formation
of polar Fe bilayers and formed the basis for many of the
proposed charge order models in the years to follow [3,4,13].
Based on symmetry analysis, and the observation that the
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FIG. 1. (a) Average structure of LuFe2O4 at 350 K as refined
against single crystal Bragg diffraction data. The inset shows a close-
up of the LuO6 coordination environment to highlight the split-site
Lu position. The figure was drawn using VESTA [20]. (b) Single
crystal x-ray scattering in the (hhl) plane of reciprocal space. The
scattering data is displayed on an arbitrary scale. The negative part
of the color bar is included to show that the background subtraction
does not result in significant unphysical negative intensities.

intensity variation of the satellite reflections could be ex-
plained by the simultaneous presence of three individual
monoclinic charge ordered domains, a monoclinic, antiferro-
electric structural model for the charge order was proposed
[13]. However, this model was later rejected by the same
group on the basis of structural refinements against x-ray
scattering data from a crystal consisting of almost a single
monoclinic domain [6]. The distribution of iron valences in
this new structural model was estimated by bond valence
sum analysis [16] resulting in a model with charged, apolar
bilayers. As such, it was concluded that LuFe2O4 was not
ferroelectric.

While it can be argued that the x-ray, neutron, and elec-
tron scattering techniques previously used to characterize
LuFe2O4 are not direct probes of the Fe charge order, these
methods are well suited for probing the lattice distortions
associated with the charge ordering. These distortions can
be considered to arise from the formation of small polarons
resulting from the interaction between the charge carriers and
the ionic lattice [12]. Estimation of the effective mass of the
charge carriers based on spectroscopy is consistent with such
a polaron picture with decreased charge hopping below TCO

[17,18]. It is notable, that until now the local structure asso-
ciated with polaron fluctuations above TCO has been largely
unknown. Determining this local structure is of interest, since
it directly probes the motifs from which the low-temperature
charge ordered structure emerges. In the following we use
the three-dimensional difference pair distribution function
(3D-�PDF) to probe this local structure [19]. The 3D-�PDF
is obtained as the Fourier transform of the isolated diffuse
scattering and is equal to the autocorrelation of the difference
electron density (δρ = ρ − ρavg, where ρ is the electron den-
sity of the crystal and ρavg is the average periodic electron
density). As such, the 3D-�PDF will have positive/negative
features for interatomic vectors, which separate more/less
electron density in the real structure compared to the average
structure. Thus, from the 3D-�PDF, information on atomic
correlations and local structure can be extracted, which is oth-
erwise lost in conventional average structure analysis based
on Bragg diffraction data.

From the direct observation of atomic displacement corre-
lations using the 3D-�PDF we are able to propose atomistic,
structural models for the polaron fluctuations above TCO. Fur-
thermore, by analyzing the proposed models using continuous
shape measure (CShM) analysis, we observe distortions of
the Fe trigonal bipyramids, which correlate with Fe oxidation
states estimated by bond valence sum (BVS) methods. This
suggests a Jahn-Teller polaronic nature to the charge carriers.

II. EXPERIMENTAL METHODS

A. Single crystal x-ray diffraction

Single crystal x-ray diffraction was conducted at the
BL02B1 beamline at SPring-8 using monochromatic x-ray
radiation with a wavelength of 0.24800 Å. Data was collected
using a Pilatus 3 X 1 M CdTe detector located 260 mm down-
stream from the crystal. The data was collected on a LuFe2O4

single crystal with approximate dimensions of 80 µm at a
temperature of 350 K well above the charge ordering tem-
perature. Eight 180◦ ω scans were performed with �ω = 0.2◦
and an exposure time of 0.2 s. Data was collected at detector
positions of 0, −10◦, −20◦, and −30◦ in 2θ with two χ values
of 0 and −45◦ at each 2θ position. The raw detector frames
were converted to Bruker format and integrated using SAINT+
[21]. The data was scaled and corrected for absorption using
SADABS [22] and merged using SORTAV [23]. The structure
was solved in OLEX2 [24] using SHELXT [25] and refined using
SHELXL [26].

B. Single crystal x-ray diffuse scattering

Single crystal x-ray diffuse scattering was collected at the
same beamline using the same incident energy and experimen-
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tal setup. The detector positions, ω angles, and χ angles were
identical to the Bragg diffraction experiment. The exposure
time was increased to 0.4 s to ensure good statistics for the
weak diffuse scattering signal. The diffuse scattering data
was reconstructed in three-dimensional reciprocal space on a
901 × 901 × 1001 voxel grid spanning from −15 to 15 recip-
rocal lattice units (r.l.u.) in H and K and from −50 to 50 r.l.u.
in L (note the c∗ vector is very short due to the long c axis of
the unit cell in direct space) using custom PYTHON scripts. For
this process, the orientation matrix was first determined using
the Kabsch algorithm [27]. During the reconstruction, aver-
aged air scattering was subtracted from the detector frames
and polarization [28] and solid-angle corrections were applied
[29]. The reconstructed scattering was symmetrized according
to the 3̄m point-group symmetry of the Laue class, and Bragg
diffraction was punched out and the resulting holes were filled
using interpolated values as described by Holm et al. [30]
inspired by the punch-and-fill method developed by Kobas
et al. [31]. The diffuse scattering was Fourier transformed in
order to obtain the experimental 3D-�PDF.

From plots of the diffuse scattering intensity along ( 1
3 , 1

3 , l )
at 300 K shown in Fig. S5 in the Supplemental Material [35],
no satellites at ( 1

3 , 1
3 , o

2 ) positions are observed indicating that
charge ordering has not occurred at this temperature. This
indicates that our sample is slightly oxygen deficient [5].

III. ANALYZING THE 3D-�PDF

Before a detailed analysis of the 3D-�PDF is given, it
is important to consider what information can be extracted
from the average structure refined against the Bragg scattering
[Fig. 1(a)]. The Lu site obtains a very large anisotropic dis-
placement parameter indicating disorder. Therefore, inspired
by the refinement of the analogous ErFeMnO4 by Nespolo
et al. [32], the structure was refined with a split-site model for
Lu with the occupancy of these two sites refining to 0.510(1),
indicating the combined split site to be fully occupied. The
two Lu positions are separated by 0.276(1) Å. The splitting
of the Lu site indicates a significant disorder component
contributing to the Lu position along the c axis, which we
interpret to be due to the displacement disorder associated
with polaron fluctuations. The oxide ions forming part of the
LuO2 layers [labeled OA in Fig. 1(a)] have unusually large,
slightly oblate displacement ellipsoids in the ab plane indi-
cating displacement disorder with displacement components
predominantly restricted to this plane. On the other hand,
the OB ions, which form part of the Fe2O2 bilayer, exhibit
displacement ellipsoids that indicate both large in-plane and
out-of-plane displacement disorder components. Compared
with the OA ions, the displacement ellipsoids of Fe are more
isotropic indicating both in-plane and out-of-plane displace-
ments.

An important point considering the average structure is
that the seemingly most disordered sites are the Lu sites.
The displacements of Lu along the c axis are large enough
that the structure is best described by a split-site model.
Combined with the fact that the Lu ions have much greater
x-ray scattering factors compared with the remaining con-
stituents, it is reasonable to assume that the observed diffuse
scattering is mainly due to the Lu disorder. While there is

FIG. 2. In (a) the 350 K 3D-�PDF in the xy0 and x0z planes of
Patterson space is shown. Red is positive while blue is negative; the
data are shown on an arbitrary scale. The Cartesian x axis is parallel
to the [2̄ 1̄ 0] direction and the z axis is parallel to the [0 0 1] direc-
tion. (b) An illustration of the correlation between the displacements
of Lu (green) and OA (red). The solid-black/dashed-gray vectors are
vectors that are more/less frequent in the real structure compared
to the average structure. (c) A sketch of the 3D-�PDF that would
result from the correlated displacements illustrated in panel (b).
(d)–(f) show the details of the 3D-�PDF features corresponding
to (d) the Lu-OA correlation, (e) the Lu-Fe correlation, and (f) the
Lu-OB correlation discussed in the text.

ample evidence based on resonant x-ray scattering that or-
dering of Fe oxidation states indirectly contributes to the
diffuse scattering [3,4,15], this contribution is weak compared
with the contribution of Lu. This point becomes especially
clear when considering the 3D-�PDF in the x0z plane shown
in Fig. 2(a). Here the main characteristics observed are the
dumbbell-like features oriented along the c direction. The
dumbbell features at z = 0 in Fig. 2(a) can be attributed to
positive displacement correlations with large displacements
polarized along the c direction of the unit cell. Since Lu
is the only ion showing clear signs of such large polarized
displacements in the average structure data, the strong features
of the 3D-�PDF must be largely due to the Lu disorder.
Thus, the most significant Fourier components of the diffuse
scattering are primarily due to the correlated Lu displace-
ments and not atom pairs involving Fe2+/Fe3+, explaining
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why the satellite reflections are dominated by an energy inde-
pendent contribution when scanning the Fe K edge as noted by
Mulders et al. [15].

From the xy0 plane of the 3D-�PDF shown in Fig. 2(a)
it is observed, that the first nearest neighbor Lu-Lu
pair in the ab plane exhibits a negative displacement
correlation, while the second-nearest neighbor Lu-Lu pair in
the ab plane exhibits a positive displacement correlation. This
trend continues throughout the ab plane with negative/positive
correlations for odd-/even-order neighbors, respectively. Such
a correlation pattern demonstrates a preference for neighbor-
ing Lu ions to displace in opposite directions along c. This
preference is clearly geometrically frustrated on the triangular
Lu sublattice. However, the LuFe2O4 system deviates from
the seemingly analogous classical example of the frustrated
triangular Ising “antiferromagnet” (TIA), in that positive
displacement correlations are also observed between Lu-Lu
nearest neighbor pairs along the z direction [see Fig. 2(a)].
However, the correlations along z die out much quicker than
the in-plane correlations, which is consistent with the quasi-
one-dimensional nature of the diffuse scattering helices shown
in Fig. 1(b). It is noted that for the classical TIA, “antifer-
romagnet” refers to the effective exchange coupling between
neighboring Ising spins while in our case it is rather the
effective interaction between the Ising/binary state of either
being displaced up or down along the c axis.

While the Lu-Lu correlations are responsible for the most
intense features of the 3D-�PDF observed in Fig. 2(a), many
other interesting features can be observed as well. The feature
located at (−1.98 Å, 0, 1.03 Å), shown in detail in Fig. 2(d),
can be attributed to a positive displacement correlation for the
nearest neighbor Lu-OA pair. This is illustrated in Fig. 2(b).
When Lu displaces upwards, the OA situated above Lu dis-
places away from Lu to conserve the length of the interatomic
vector. Conversely, when Lu displaces downwards, the OA

situated above Lu displaces towards Lu. This results in the two
interatomic vectors shown in solid black in Fig. 2(b) being
more frequent in the real structure, compared to the average
structure resulting in positive features for these vectors in
the 3D-�PDF as illustrated in Fig. 2(c). On the other hand,
the gray, dashed interatomic vectors of Fig. 2(b) will be less
frequent in the real structure compared to the average structure
giving rise to negative features in the 3D-�PDF as illustrated
in Fig. 2(c).

As seen from Figs. 2(a) and 2(e) the Lu-Fe nearest neigh-
bor pair shows similar displacement correlations to the Lu-OA

pair; however, the Lu-Fe feature is less canted with respect to
the z axis compared to the Lu-OA feature. This is consistent
with the observation of the Fe displacement ellipsoid being
comparatively more isotropic than the OA displacement el-
lipsoid where displacements in the ab plane were dominant.
The combination of a positive displacement correlation for
Lu-Fe nearest neighbor pairs and Lu-Lu nearest neighbor
pairs along the z direction implies that there should be a
positive displacement correlation between the Lu-Fe pair
separated by the (0, 0, 5.3 Å) interatomic vector as well.
This positive displacement correlation is directly observed
in Fig. 2(a) demonstrating the self-consistency of the inter-
pretation of the 3D-�PDF. Similarly, a positive feature is
observed for the (0, 0, 1.9 Å) interatomic vector that con-

nects nearest neighbor Fe-OA pairs. This is consistent with a
positive displacement correlation implied by their very similar
displacement patterns with respect to Lu.

It is interesting to observe that the nearest neighbor Lu-OB

pair exhibits a negative displacement correlation as shown
in detail in Fig. 2(f). That is, there is a tendency for the
Lu-OB vector to be either shorter (when Lu displaces towards
OB, OB tends to displace towards Lu) or longer (when Lu
displaces away from OB, OB tends to displace away from Lu)
than the average structure vector. This shows that locally there
is a tendency for Lu to have an effectively higher coordination
number of 7 compared to the average structure coordination
number of 6.

Having now given a qualitative account of the local struc-
ture giving rise to the observed diffuse scattering, we will
move on to develop atomistic models, which are consistent
with these experimental observations thus probing the struc-
ture related to the polarons further.

IV. ATOMISTIC MODELS OF LUTETIUM
DISPLACEMENTS

Given that the 3D-�PDF method is most sensitive to the
Lu displacements, it seems natural to build a model with the
Lu disorder as its starting point. In order to construct our
atomistic models, we perform Monte Carlo (MC) simulations
using the Metropolis algorithm [33] and x-ray scattering is
simulated using SCATTY [34]. In the following sections a brief
description of the MC simulations is given while a more
detailed account is given in the Supplemental Material [35].
It should be noted, that while we choose the Lu disorder as
our starting point for modeling the experimental data, the
physical origin of the disorder is still considered the polaron
fluctuations associated with partial ordering of charges on the
Fe sublattice.

From the initial analysis of the 3D-�PDF, it is clear
that within a single Lu layer, there is a tendency for Lu-
Lu nearest neighbors to be displaced in opposite directions.
Thus, there should be a term, Hxy, taking this into account in
the MC Hamiltonian used to simulate the Lu configurations.
Furthermore, there should be a term, Hz, which favors like
displacement states for nearest neighbor Lu-Lu pairs along
the z direction, thus increasing the dimensionality of the corre-
lated disorder from two dimensional to three dimensional. The
interaction captured in this second term should be weaker, of
the order of the MC temperature, to account for the observed
shorter correlation length along this dimension.

Furthermore, considering the Lu ordering in the low-
temperature structure proposed by de Groot et al. [6], one
might expect a tendency for the Lu up/down displacements
to form honeycomblike ordered layers as found in their
structural refinements. An illustration of the low-temperature
average structure determined by de Groot et al. is given in
Supplemental Material Fig. S4 along with an illustration of
the honeycomb ordering of displacements [35]. In our sim-
ulations, honeycomb ordering could be favored by adding a
third term, HL, to the Hamiltonian. Based on these consider-
ations, a Hamiltonian was set up according to the following
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FIG. 3. (a) Illustration of the effective interactions in the model Hamiltonian. Jxy is a positive interaction within the individual Lu layers
leading to negative correlations for nearest neighbors. Jz is a weak negative interaction between nearest neighbors along the z direction leading
to positive correlations between these Lu-Lu pairs. (b) Diffuse scattering resulting from two different values of JL and three different Monte
Carlo temperatures. For all the simulations in this figure Jz = −1 and Jxy = 1000. Scattering simulated with other parameter values is shown
in the Supplemental Material [35]. The scattering data is shown on an arbitrary scale. In (c) and (d) two examples cut from representative
Lu layers for the simulations with T = 5 are shown for JL = 0 and JL = 10, respectively. Dark green and light blue distinguish different
Lu-displacement states, either up or down. Regions of partial honeycomb ordering are clearly visible in the JL = 10 layer in (d). In (e) the
experimental scattering in the plane spanned by a∗ and b∗ with l = 17 is compared to the scattering simulated based on the JL = 0 and
JL = 10 models (both with Jz = −1, Jxy = 1000, and T = 5). The diffuse maxima observed in the experimental data indicated by arrows are
only reproduced by the JL = 10 model.

expression:

H = 1

2

NLu∑
i

(
Jxy

∑
j∈NNxy

σiσ j + Jz

∑
j∈NNz

σiσ j

)

+
NL∑
i

JL

∣∣∣∣
∣∣∣∣

NLu∈Li∑
j∈Li

σi

∣∣∣∣ − 1

3
NLu ∈ Li

∣∣∣∣.

Here σi is the displacement state of the ith Lu in the big
box, which can assume a value of 1 (displaced in the positive
z direction) or −1 (displaced in the negative z direction). The
first sum is a sum over all Lu atoms in the big box. Within this
sum, a sum is taken over the states of nearest neighbors in the
xy plane, which interact with an effective interaction strength
of Jxy > 0 [see Fig. 3(a)]. A summation is also performed over
the states of nearest neighbors along the z direction, which in-
teract with an effective interaction strength of Jz < 0, which is
also illustrated in Fig. 3(a). These sums are the first two terms

of the Hamiltonian, Hxy and Hz, described above. Finally, the
third term is cast in the form of a sum over all NL Lu layers
in the big box and is an energy penalty for layers in which the
ratio of Lu atoms displaced up/down to Lu atoms displaced
down/up is not 2:1. Within the ith layer, Li, the absolute value
of the sum of all displacement states should equal one-third
times the number of Lu ions within Li, 1

3 NLu∈Li , if the states
are represented in a 2:1 ratio. The energy penalty is scaled by
a parameter JL > 0. It is noted that, while favoring this ratio of
states within layers will favor a honeycomblike ordering, one
could also have included second-nearest neighbor interactions
or other parametrizations to the same effect [36].

X-ray scattering was simulated for various combinations
of parameters, including the MC temperature. Scattering for
selected parameters of particular interest is shown in Fig. 3(b),
and additional examples are included in the Supplemental
Material [35]. From Fig. 3(b) it is clear that at low MC
temperatures, the weak interlayer coupling along z becomes
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increasingly important resulting in a more three-dimensional
nature of the diffuse scattering signified by the larger radius
of the diffuse scattering helices. On the other hand, the high-
temperature region results in the loss of interlayer correlations
and therefore a one-dimensional nature of the diffuse scat-
tering. Of particular interest is the intermediate temperature
range [T = 5 in Fig. 3(b)], where diffuse scattering resem-
bling the experimentally observed helices is produced. It is
notable that such diffuse scattering can be found for models
with JL = 0 as well as models with JL > 0. In Figs. 3(c) and
3(d) examples of the Lu states in a layer from the JL = 0
and JL = 10 type models with T = 5 are shown, respec-
tively. As can be seen from these examples, the local order
is very different in these two models while the scattering is
qualitatively similar. For the JL = 0 model layers with equal
amounts of “up” and “down” states appear to be favored
with a local order similar to what would be expected for a
conventional TIA ground state. For JL = 10 there is a ten-
dency to have more of one state (up or down) compared to
the other, and we observe the formation of clusters of partial
honeycomblike order, which is still a ground state for the
Hxy part of the Hamiltonian. While the scattering shown in
Fig. 3(b) shows the qualitative similarity of the JL = 0 and
JL = 10 models, the scattering in other planes of reciprocal
space distinguish the two models more clearly from one an-
other, which should be expected based on the differences in
local order observed from Figs. 3(c) and 3(d). In Fig. 3(e)
the experimental scattering is shown in the plane spanned
by a∗ and b∗ with l = 17. The experimental data exhibits
diffuse maxima, indicated by arrows in Fig. 3(e). The JL = 0
model does not reproduce these maxima, whereas they are
reproduced by the JL = 10 model. As such, the latter seems
to fit better with experiment, which is why one may expect
some preference for partial honeycomblike order to be present
above TCO.

Furthermore, it is interesting that models with JL = 0
and JL > 0 are able to produce scattering where the diffuse
scattering has condensed near the reported ( 1

3 , 1
3 , o

2 ) satel-
lite positions (see, e.g., the T = 5, Jxy = 500, and JL = 100
model as well as the T = 10, Jxy = 100, and JL = 0 model
in Fig. S1 in the Supplemental Material [35]). The models
are also able to produce peaks at ( 1

3 , 1
3 , l ) positions (see,

e.g., the T = 10, Jxy = 1000, and JL = 0 model in Fig. S1
in the Supplemental Material [35]) where for some samples
the diffuse scattering above TCO is observed to exhibit maxima
[13]. Our experimental scattering also shows a slight tendency
for such peaks at integer l; however, it is not straightforward
to conclude which model, JL = 0 or JL = 10, reproduces this
most accurately as illustrated by plots of the experimental and
simulated intensities along the helices shown in Fig. S5 in the
Supplemental Material [35].

It should be noted that the incommensurability of the
( 1

3 , 1
3 , o

2 ) satellites appears to be best reproduced by the JL > 0
models, which along with the observations made in Fig. 3(e)
indicates a structure with an unequal number of up and down
states within a single Lu layer to be most likely, consistent
with the proposed structural model below TCO [6]. However, it
is worth noting that in the structural model reported in [6] the
location of the inversion center in between two neighboring
Lu layers suggests a negative correlation between the dis-

placements of nearest neighbor Lu-Lu pairs along z while our
models assume an interaction, which results in positive corre-
lations for these Lu-Lu pairs consistent with our experimental
observations. Considering this inconsistency along with the
unresolved disorder indicated by the large atomic displace-
ment ellipsoids still present in the structural refinement by de
Groot et al., it appears that the commensurate approximation
does not capture the true structure below TCO.

As the diffuse scattering helices above TCO can be repro-
duced both by the JL = 0 and the JL = 10 models, we shall
continue the analysis by using both models as a starting point
for developing the atomistic models for the polaron fluctua-
tions.

V. MODELS OF POLARON FLUCTUATIONS

Our atomistic models for the polaron fluctuations use the
models of Lu displacements as their starting point. That is,
the positions of Fe and O ions are relaxed relative to the dis-
placed Lu ions from the Lu MC simulations. To do this, MC
simulations are performed where the effective interactions
between relevant ions are mediated by Hooke’s law spring
potentials [37]. The Fe and O ions are then moved, accepting
only moves that lower the energy or result in no change of
the energy (corresponding to setting the MC temperature to
zero in the Metropolis algorithm). The interactions included
in our model are shown in Figs. 4(a) and 4(b). Red lines
indicate interactions with simple spring interactions (spring
constants kA−B > 0) while the blue lines between Lu and OB

indicate interactions where the energy is modified by a size-
effect parameter, ε, such that energy of a given OB ion due to
the interaction between OB and the nearest neighbor Lu ion
along z is

EOB−LuNNz = kOB−LuNNz

2
(dOB−LuNNz − (〈dOB−LuNNz 〉 + ε))2.

Here kOB−LuNNz is the spring constant, dOB−LuNNz the current
distance between the ions, and 〈dOB−LuNNz〉 the distance be-
tween the ions in the average structure (the position of Lu in
the average structure is assumed to be at the center of mass
of the split site). The sign of ε depends on the displacement
state of the neighboring Lu ion and is chosen such that it
ensures a negative displacement correlation as observed in the
3D-�PDF. The next-nearest neighbor OB-Lu interaction was
modeled in an analogous way to ensure negative displacement
correlations between these pairs as well. The remaining inter-
actions illustrated by the red lines in Figs. 4(a) and 4(b) model
positive displacement correlations between ions and thus take
the form of classical Hooke’s law potentials:

EA−B = kA−B

2
(dA−B − 〈dA−B〉)2.

It should be noted that the effective interactions used for
the simulations were selected based on the observed correla-
tions of the 3D-�PDF and therefore do not represent actual
physical interactions. They are simply a means to gener-
ate atomistic configurations consistent with the experimental
data. From Figs. 4(a) and 4(b) it is shown that Fe and OB both
have effective interactions with Lu as well as neighboring ions
of the same type. These same-type neighbor interactions act as
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FIG. 4. (a) A sketch of the effective spring interactions between
Fe-Lu, Fe-Fe, and OA-Lu pairs. Red lines indicate classical Hooke’s
law springs. (b) A sketch of the effective spring interactions between
OB − LuNNz, OB − LuNNNz, and OB − OB pairs. The OB − LuNNz

and OB − LuNNNz interactions (indicated by blue lines) are modified
by an effective size-effect parameter that favors negative displace-
ment correlations for these pairs. (c) x0z planes of the simulated
3D-�PDFs based on the JL = 0 and JL = 10 Lu-displacement mod-
els and the experimental 3D-�PDF.

in-plane stabilizing forces and are imposed to limit in-plane
displacements consistent with the displacement ellipsoids ob-
served in the average structure refinements. These stabilizing
interactions are omitted for OA so as not to penalize in-plane
displacements consistent with the oblate displacement ellip-
soids found for these ions.

In Fig. 4(c) the x0z planes of the simulated 3D-�PDFs
based on the JL = 0 and JL = 10 (Jxy = 1000 and T = 5) Lu-
displacement models are shown along with the experimental
3D-�PDF. Both models show very good agreement with the
experimental data, which unfortunately does not lend itself
well to distinguishing which model (JL = 0 or JL = 10) pro-
vides the best atomistic representation of the local structure
of the polarons. However, based on the scattering presented in
Fig. 3(e), the JL = 10 model seems to reproduce the experi-
mental observations more accurately.

While the two models provided here are clearly different,
there are local structural similarities that hint at a peculiar

interplay between polarons and orbital degrees of freedom in
LuFe2O4. This will be elaborated in the following section.

VI. ORBITAL ORDER

An interesting aspect of LuFe2O4 is the approximately
trigonal bipyramidal site shared by Fe3+ and Fe2+. A perfect
trigonal bipyramidal coordination would lead to a splitting
of the d-orbital energies as shown in Fig. 5(a). Assuming a
high-spin configuration, all orbitals would be singly occupied
in the case of Fe3+, while for Fe2+ there is an orbital degree of
freedom when it comes to selecting into which e′′ orbital the
additional d-electron goes. Thus, according to the Jahn-Teller
theorem, the electron configuration illustrated for Fe2+ in
Fig. 5(a) would be unstable with respect to a distortion of the
coordination environment [38]. As such, one might expect,
that the local structure in LuFe2O4 should reflect this in the
disordered state above TCO by favoring distorted coordination
environments for Fe2+. Correspondingly, the coordination en-
vironment for Fe3+ would be expected to be closer to that of a
perfect trigonal bipyramid. As demonstrated for the spin-glass
material bixbyite, single crystal diffuse scattering allows us
to probe this type of local structure [39]. Thus, to investigate
this further, the MC simulated atomic configurations used to
produce the 3D-�PDFs shown in Fig. 5(c) have been analyzed
using two different approaches.

In the first approach, the distortion of the Fe trigonal
bipyramids was estimated by calculating the CShM for all
bipyramids. The CShM provides a number between 0 and 100
that measures the distance between a (centered) polygon and a
(centered) reference polygon [40]. Values below 1 are usually
interpreted in terms of less significant distortions while higher
values indicate important distortions [40]. For our analysis,
the reference polygon was chosen to be an FeO5 trigonal
bipyramid from BaFe12O19 [41] since this should provide a
reasonable estimate for the ideal trigonal bipyramidal coor-
dination environment for Fe3+. The calculation of the CShM
was performed using SHAPE v2.1.1 [42]. The resulting values
are summarized in the histograms in the leftmost column of
Fig. 5(b); the values have been partitioned into two groups
based on whether the values are smaller (labeled Fe3+) or
larger (labeled Fe2+) than the median value.

The second approach was based on BVS analysis. For each
Fe bipyramid the BVS was calculated using the formula [16]

V =
∑

i

exp

(
d0 − di

0.37 Å

)
.

Here d0 is a reference value (here the Fe2+ value of 1.734 Å
is used since the use of other values did not alter the results
significantly) and di is the distance between the central ion
and the ith ligand. The resulting values are summarized in the
histograms in the rightmost column of Fig. 5(b); the values
have been partitioned into two groups based on whether the
values are smaller or larger than the median value since no
obvious way of partitioning the valences could be found by
simply inspecting the histograms. The group corresponding
to the lowest BVS is assumed to be Fe2+ while the group with
the highest BVS is assumed to be Fe3+.

Assuming a Jahn-Teller polaronic nature of the mo-
bile charges, one would expect the distribution of dis-
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FIG. 5. (a) Illustration of a perfect FeO5 trigonal bipyramid and
an orbital diagram illustrating the splitting of the d-orbital energies in
such a crystal field. The black arrows indicate the expected electron
configuration for a d5 ion such as Fe3+. The combination of the
red and black arrows shows the expected electron configuration for
a d6 ion such as Fe2+. The figure was drawn using vesta [20].
(b) Histograms of calculated CShM and BVS for the Fe-coordination
environments of the big boxes. The partitioning into Fe3+ and Fe2+

ions is based on the median of the CShM or BVS of all coordination
environments. (c) Comparison of representative charge distributions
in an Fe layer (orange is Fe3+ while blue is Fe2+) estimated based on
the CShM (left) and BVS (right) for both the JL = 0 and the JL = 10
models. The number above the arrow is the Pearson correlation
calculated for the full big box models.

torted/undistorted sites across the Fe sublattice to exhibit a
high correlation with the BVS-estimated Fe2+/Fe3+ distri-
bution, and this is in fact also observed. By assigning the
distorted and undistorted site values of −1 and +1, respec-
tively, and the BVS-estimated Fe2+ and Fe3+ site values of
−1 and +1, respectively, we can calculate the Pearson corre-
lation coefficient between the two distributions and find this
to be larger than 0.9 for both the JL = 0 and the JL = 10
models [see Fig. 5(c)]. This strong correlation is exemplified
in Fig. 5(c) where the assignment of Fe2+ and Fe3+ (blue and
orange) is shown for a representative Fe layer from big boxes
of the JL = 0 and JL = 10 models.

While it should be stressed that our models are only in
qualitative agreement with the experimental data, these results
strongly suggest that the orbital degree of freedom plays a
role when it comes to the local structure associated with the
polaron fluctuations above TCO. Interestingly, it has previously
been found by femtosecond pump-probe spectroscopy that
the relaxation rate associated with excitation of polarons and
resulting lattice relaxation becomes much slower close to the
Néel temperature (TN ∼ 240 K) [43]. Such coupling between
the polaron dynamics and magnetic order could be expected
in the case where orbital degrees of freedom play a role for the
polaron dynamics, as our results suggest. However, it should
be noted that resonant x-ray scattering and x-ray magnetic cir-
cular dichroism experiments do not support long-range orbital
order below TCO [15,44].

VII. CONCLUDING REMARKS

The structure and properties of LuFe2O4 have been studied
immensely due to the possibility of improper ferroelectricity
arising from charge order on the mixed valence Fe sublat-
tice. Previous studies have mainly focused on the structure
below the charge ordering temperature, TCO, where satellite
reflections indicate the onset of charge order. In comparison,
little effort has been made to understand the local structure as-
sociated with the polaron fluctuations above TCO from which
the charge ordered structure emerges.

Using the x-ray 3D-�PDF method, we directly observe the
atomic correlations associated with the polaron fluctuations.
The Lu-displacement correlations, which are responsible for
the main Fourier components of the diffuse scattering, can
be described analogously to a classical triangular Ising an-
tiferromagnet with the addition of short-range interplane
correlations. Using Monte Carlo simulations, we reproduce
the experimental scattering and 3D-�PDF with the weaker
features of the 3D-�PDF being described by correlations
involving Fe and O.

Previously, investigations of the anisotropy of the resonant
x-ray scattering signal have been conducted to investigate
whether long-range orbital order sets in below TCO. However,
the lack of anisotropy to the scattering signal suggested no
long-range orbital order to be present. While long-range or-
bital order appears to be absent in LuFe2O4 below TCO, our
Monte Carlo simulations show a strong correlation between
the distortion of the trigonal bipyramidal coordination of Fe
and the bond valence sum estimated oxidation states of Fe
suggesting a Jahn-Teller polaronic nature of the charge carri-
ers above TCO.
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