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Antiferroelectricity is a state of matter that has so far eluded a clear-cut definition. Even in the best-known
material realization, PbZrO3, the physical nature of the driving force towards an antipolar order has not been
settled yet. Here, by building a Landau-like continuum Hamiltonian from first principles via an exact long-wave
approach, we reconcile the existing theories in terms of a single physical mechanism. In particular, we find
that a formerly overlooked trilinear coupling between tilts, tilt gradients, and polarization provides a surprisingly
accurate description of the energetics and structure of the antiferroelectric ground state of PbZrO3. We discuss the
relevance of our findings to other ferrielectric and incommensurate polar structures that were recently observed
in perovskites.
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Antiferroelectric (AFE) materials have received increasing
attention recently, both for their potential applications (e.g.,
in energy storage) and for their fundamental interest [1–4].
PbZrO3 (PZO) is by far the best-studied example, and yet a
theoretical understanding of this material has so far proven to
be elusive [5–10]. During its AFE phase transition at ∼500 K,
PZO changes its crystalline symmetry from cubic Pm3̄m to
orthorhombic Pbam, with Pb ions forming the ↑↑↓↓ pat-
tern periodically repeated in a 〈110〉 direction [Fig. 1(a)].
This phase transition is accompanied by additional nontrivial
atomic distortions, including antiferrodistortive (AFD) O6 oc-
tahedra tilts [5,6,8], whose relationship to the antipolar pattern
is not well understood. Several models have been proposed to
explain the physical origin of antiferroelectricity in PZO.

In the first major model, Tagantsev et al. [5] rationalize
AFE as a manifestation of an incommensurate (IC) phase
transition driven by flexoelectricity. Flexoelectricity, describ-
ing the coupling between electrical polarization and strain
gradients [11–14], enters the continuum bulk Hamiltonian via
a Lifshitz invariant, which can stabilize modulated phases if
the coupling is sufficiently strong [5,15,16]. If, moreover, the
optimal period of the modulation is close to a multiple of the
cell parameter, it can spontaneously lock into a commensurate
phase [17], which would explain [5] the ↑↑↓↓ AFE pattern
of Pb displacements in PZO. This idea appears to be very
reasonable: IC phases have indeed been reported in PZO [18]
and closely related perovskites [9,19,20]. However, there are
conflicting experimental reports on whether flexoelectricity
is strong enough for such a mechanism to be viable [5,21].
Moreover, flexoelectricity alone does not explain the simulta-
neous condensation of the AFD octahedral tilt mode, whose
amplitude and contribution to the energetics are remarkably
large in the ground-state structure [6,22].
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The second model, proposed by Íñiguez et al. [6], in-
vokes a trilinear coupling between the antipolar displacement
of the Pb atoms [a �-point distortion with wave vector
q� = (1/4, 1/4, 0)], the AFD octahedra tilt mode [R-point,
qR = (1/2, 1/2, 1/2)], and a third S-point mode [qS =
(1/4, 1/4, 1/2)]. Such �–R–S interaction would lower the
energy when the three modes coexist and hence explain
their simultaneous condensation. Their first-principles-based
parametrization confirms that this coupling is indeed essential
for the Pbam structure to win over competing low-energy
phases [6]. The main conceptual issue is that � or S phonons
can hardly be regarded as “elementary fields” in the theoreti-
cal study of perovskite materials: Both of them correspond to
complex distortion patterns, whose physical interpretation is
(especially in the case of the S mode) unclear. In other words,
these modes are specific to the ground-state structure of PZO,
so their physical properties appear difficult to generalize to
other systems where the antipolar ordering occurs with differ-
ent symmetries and/or periodicities [9,22].

Here we develop a unified theoretical framework that
merges the two models into a single physical mechanism. In
particular, we show that the transition is driven by a trilin-
ear coupling term that is akin to flexoelectricity but involves
gradients of the AFD octahedral tilt modes, rather than of
the strain. Couplings of such symmetry are ubiquitous in
the physics of (multi)ferroics, their effects ranging from the
generation of polarity at the twin boundaries in SrTiO3 [23]
to polar textures in inversion-symmetry-broken magnets [24];
this and similar mechanisms have been discussed in the con-
text of IC and AFE phases [7,25]. Thus our interpretation
saves the idea of an incommensurate phase transition, while
endowing the S mode with a clear physical interpretation as
a modulated tilt mode. By establishing an exact mapping be-
tween continuum theory and first-principles simulations in the
long-wavelength limit, we validate the continuum approach,
qualitatively and quantitatively reproducing the energetics and
structure of the ground-state AFE structure within our model.
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FIG. 1. (a) Calculated atomic structure of the Pbam phase of
PZO. Only Pb atoms (spheres) and O6 octahedra are shown. Red
arrows indicate polar displacements of Pb atoms, and blue arrows
indicate O6 octahedra tilts. (b) Decomposition of the atomic distor-
tions shown in (a) over polarization Py, AFD octahedral tilts φx , φy,
and displacement field uy. Symbols and solid lines correspond to the
layer-by-layer and Fourier decompositions, respectively. One bohr
of amplitude corresponds to 174 µC/cm2 of polarization and 14.8◦

of octahedral tilt. (c)–(e) Atomic distortions described by the three
primary order parameters (Py, φy, φx).

Our results provide the missing link required for triggering the
IC phase transition in PZO and related materials and can be
regarded as a universal pathway towards incommensuration in
ferroics.

Structural analysis. In order to discuss the emergence of
modulated phases, we need first of all to establish a rigorous
mapping between spatially inhomogeneous order parameters
and the atomic structure of PZO. Following earlier works
[23,26], we identify the order parameters with the eigen-
vectors of the force-constant matrix calculated ab initio at
high-symmetry points of the parent Pm3̄m Brillouin zone
(see Supplemental Material Sec. S1 [27] and Refs. [28–30]
therein for the details of the density functional theory (DFT)
calculations). More specifically, we consider the following
two types of distortions: (i) zone-center modes, including the
“soft” polar mode (P) and the acoustic branch (u), and (ii)
out-of-phase AFD tilts of the oxygen octahedra (φ), located
at the R point of the cubic phase. To extract the continuum
fields from a given atomic distortion pattern, we then operate
either in Fourier space [via a decomposition into q points of
the Pm3̄m Brillouin zone and a subsequent projection onto the
basis of distortion (i) or (ii)] or in real space (by constructing,
starting from the cell-periodic patterns of distortion (i) or (ii),
a space-resolved basis of “local modes” centered on (110)
layers; see Supplemental Material Sec. S2 [27] for details). In
the following we test both approaches on the first-principles-
calculated Pbam phase of PZO [Fig. 1(a)] and check their
mutual consistency.

Our Fourier decomposition shows, in agreement with pre-
vious studies [6,8], that the qR, q�, and qS modes of the
Pbam phase account for 63.0, 33.2, and 3.8%, respectively,
of the total distortion. In Fig. 1(b) we show the spatially
resolved order parameters, plotted as functions of the x coor-
dinate (x corresponds to the [110] modulation direction, and
y corresponds to the antipolar displacement of the Pb atoms
along [11̄0]; see Fig. 1(a)). Both the layer-by-layer approach
and the Fourier approach result in similar field amplitudes,
confirming that our analysis is physically sound. The largest
distortion corresponds to a uniform AFD mode with the tilt
axis oriented along y, φy [Fig. 1(d)], accounting for the near
totality (99.8%) of the R mode. Next, we identify a sinusoidal
modulation of the polarization, Py [Fig. 1(c)], which reflects
the characteristic ↑↑↓↓ antiferroelectric displacement of the
Pb ions and constitutes the largest (92.0%) contribution to the
� mode. The remainder of the � distortion is predominantly
due to the acoustic mode, uy, whose amplitude describes the
local displacement of the unit cell along y. Finally, and most
importantly, our analysis reveals a secondary tilt mode, φx

[Fig. 1(e)], which has not been reported before. This mode has
the tilt axis oriented along x (longitudinal) and is modulated
with the same period as the polarization, its phase shifted by
90◦ [Fig. 1(b)]. A closer look shows that this modulated tilt
coincides to a high accuracy (92.9%) with the S mode that was
reported in the literature [6]. Together, the four modes plotted
in Fig. 1(b) amount to 99.0% of the total distortion amplitude.

The above analysis unambiguously identifies the main dis-
tortions of the Pbam phase, including the “exotic” � and S
modes of the standard decomposition, as spatial modulations
of polar and tilt modes. This constitutes a drastic conceptual
simplification, since it allows us to describe a structure as
complex as the AFE ground state of PZO in terms of “ele-
mentary” fields that are ubiquitous in perovskite materials. It
presents practical advantages, too: In combination with recent
developments in first-principles theory [13,23,26,31,32] that
enable systematic calculation of gradient-mediated couplings,
the aforementioned mapping between lattice modes and con-
tinuum fields allows for a quantitative (i.e., free of fitted
parameters or phenomenological assumptions) validation of
the physical mechanisms that were proposed so far as the
driving force towards the antiferroelectric state.

Flexoelectricity. In general, the gradient coupling between
a strain ε and a polar mode P can be written as

Efxe = − f P
∂ε

∂x
, (1)

where f is the flexoelectric coupling coefficient [12,14,26].
This expression is typically discussed in conjunction with the
standard Landau-Ginzburg-Devonshire (LGD) free energy of
a ferroelectric, which in its simplest form contains the ho-
mogeneous Landau potential Ehom(P) = AP2/2 + BP4/4, the
correlation energy Ecorr (P) = G(∂P/∂x)2/2, and the elastic
energy Eelas(ε) = Cε2/2 [12]. A strong flexoelectric coupling
may trigger a transition to a modulated phase if the following
criterion is satisfied [5,15]:

G∗ = G − f 2

C
< 0, (2)

where G∗ is the renormalized correlation coefficient after im-
posing the stationary condition on the strain [12]. Whenever
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Eq. (2) holds, domain walls can spontaneously form, making
the homogeneous ferroelectric phase unstable; thus G∗ can be
regarded as a useful indicator of the proximity to the unstable
regime. To check whether Eq. (2) is satisfied in PZO, we
extract the relevant modulation-direction-dependent material
parameters from first principles via a perturbative expansion
of the energy around the cubic phase with respect to both
phonon mode amplitudes and wave vector q̂ [32] (see Sup-
plemental Material Sec. S1 [27] for details) and obtain the full
anisotropic G∗(q̂) dependence. We find the absolute minimum
of G∗(q̂) at q̂ = 〈110〉, 82% smaller than its maximum at
q̂ = 〈100〉, which matches well the modulation direction of
the observed Pbam structure. However, though G∗ is signif-
icantly smaller than in other well-known perovskites such as
BaTiO3 and SrTiO3 (see Supplemental Material Sec. S5 [27]
and Refs. [23,26,33] therein), it is still positive, meaning that
a modulated state cannot form spontaneously in PZO due to
flexoelectricity alone.

Rotopolar coupling. There are other Lifshitz-like invariants
that are allowed by symmetry in perovskites [25]: for exam-
ple, the “rotopolar” coupling [23], whereby gradients of the
AFD tilt modes, rather than of the elastic strain, couple to the
polarization. In the context of the Pbam phase of PZO, such
coupling can be written as

Erp = −W Pyφy
∂φx

∂x
. (3)

This means that in the presence of a uniform transverse tilt
(φy), the gradient of the transverse polarization (Py) couples
to the longitudinal tilt (φx) and vice versa. This fits nicely
with the physical picture that emerges from Fig. 1(b): Both the
observed 90◦ phase shift between the two modulated modes (a
feature of an IC phase transition driven by gradient couplings
[16]) and the Cartesian components of the distortions are con-
sistent with Eq. (3). For a quantitative assessment, we extract
the numerical value of W from first principles by following
the same procedure as in Ref. [23], i.e., by taking the long-
wavelength limit of the third-order force constants within the
cubic reference structure (see Supplemental Material Sec. S1
[27] and Ref. [34] therein for details). Similar to G∗, the
stationary condition on ε6 = ∂uy/∂x leads to the renormal-
ization of the rotopolar coefficient, W ∗ = W + f R/C, where
R quantifies the rotostrictive coupling, Ers = −Rφxφyε6; see
Supplemental Material Sec. S4 [27] for details. We find that
W ∗ in PZO is about as large as in SrTiO3; its anisotropy
analysis gives the absolute maximum of W ∗(q̂) along 〈110〉,
2.3 times stronger than W ∗(〈100〉) (see Supplemental Material
Sec. S5 [27] and Refs. [23,26,33] therein), consistent with the
geometry of the AFE ground state.

As can be seen from Eq. (3), Erp is manifestly a trilin-
ear function of the mode amplitudes, which suggests some
close connection to the model of Ref. [6]. Indeed, as we
identified above, �-, R-, and S-point distortions are largely
composed of, respectively, Py = Q� cos(qx), φy = QR, and
φx = QS sin(qx), where q = π/(

√
2a0) is the modulation

wave vector and a0 is the lattice constant of the cubic unit cell.
Using this in Eq. (3), we obtain 〈Erp〉 = −(W ∗q/2)Q�QRQS ,
thus recovering the trilinear �–R–S coupling described in
Ref. [6]. After converting to the unit conventions of Ref. [6],
we obtain a coupling energy between �, R, and S modes

TABLE I. Energies of various phases in PZO compared with
the cubic Pm3̄m structure in meV/f.u., with lattice parameters con-
strained to the Pm3̄m phase values.

Structure Phase DFT Landau

Imcm uniform φ||〈110〉 −226 −226
Ima2 uniform P, φ||〈110〉 −257 −259
R3c uniform P, φ||〈111〉 −275 −275
FiE modulated P, φ||〈110〉 −273 −265
Pbam modulated P, φ||〈110〉 −269 −273
4 ↑ 4 ↓ modulated P, φ||〈110〉 −263 −268

amounting to 63.3 meV per five-atom formula unit (f.u.); this
compares well with their reported value of 48.4 meV/f.u.

Continuum functional. To make the above arguments more
quantitative, we construct an LGD functional that incorporates
the main physical ingredients discussed so far (see Supple-
mental Material Secs. S3 and S4 and Ref. [35] therein for
details),

F = F ∗
hom(P,φ) + 1

2
G∗

(
∂Py

∂x

)2

+ 1

2
D11

(
∂φx

∂x

)2

+ 1

2
D66

(
∂φy

∂x

)2

− W ∗Pyφy
∂φx

∂x
. (4)

Here, F ∗
hom(P,φ) is the eighth-order expansion with respect

to homogeneous P and φ, obtained via a least-squares fitting
to the first-principles energy landscape of PZO at the Pm3̄m
lattice parameters (the fixed-strain approach is justified for
the purposes of this Research Letter, which will be shown
below); its description of the metastable nonmodulated phases
observed ab initio is essentially exact (<3 meV/f.u.; see
Table I and Supplemental Material Sec. S3 [27]). The re-
maining terms in Eq. (4) are specific to the Pbam and other
modulated phases of PZO, defined by the correlation coeffi-
cients for the polarization (G∗), for the longitudinal (D11) and
the transverse (D66) tilts, and by the rotopolar coupling (W ∗).

Minimization of Eq. (4) via numerical finite-element meth-
ods yields a locally stable modulated phase whose energy
(−273 meV/f.u.) and equilibrium structure [see Fig. 2(a)]
accurately reproduce our DFT simulations of the AFE Pbam
phase. Moreover, the optimal period of modulations following
from our Landau potential lies within 5% from the experimen-
tally observed 2

√
2a0 [Figs. 2(a) and 2(b)], which supports

the umklapp lock-in mechanism [17] that was proposed in
earlier works [5]. The overall agreement between the DFT
and continuum description of the Pbam phase is exceptional,
given the fact that the modulations occur on the scale of a
few unit cells, i.e., in a regime where the continuum approxi-
mation is usually regarded as unreliable. We emphasize that
such a close correspondence was obtained by constructing
the Landau potential of Eq. (4) via a series of well-defined
approximations to the reference DFT model (i.e., by taking a
rigorous long-wave limit of the low-energy Hamiltonian) and
without introducing any phenomenological fitting parameter
to the gradient terms.

By its nature, rotopolar coupling is not limited to the
Pbam phase, but is of high relevance in the whole range
of modulated structures. To show this, we have performed
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FIG. 2. (a) Spatial distribution of polarization Py, AFD tilts φx ,
φy, and displacement field uy in the IC Pbam phase described by
Eq. (4) (solid lines), compared with the layer-by-layer decomposition
shown in Fig. 1(b) (symbols). One bohr of amplitude corresponds to
174 µC/cm2 of polarization and 14.8◦ of octahedral tilt. (b) Energy
of the IC Pbam phase at different periods of modulations described
by Eq. (4) with gradient coefficients extracted in the Pm3̄m phase
(red solid line) and in the presence of a φy = 0.7 bohr distortion
(gray dashed line), compared with the energies of the FE Ima2
phase (black dotted line) and of the modulated phases observed ab
initio (red circles). (c) Phase diagram between the Pbam (red region)
and Ima2 (white region) phases described by Eq. (4) at varying
correlation G∗ and rotopolar W ∗ coefficients. The blue dashed line
follows the analytical expression in Eq. (5). The black symbols and
line correspond to the ones shown in (d). (d) G∗ and W ∗ coefficients
extracted from DFT at varying frozen uniform tilt φy (symbols), and
their quadratic fits (solid lines).

additional ab initio and Landau-based analysis of the ↑↑↓
ferrielectric (FiE) structure, which has recently been described
theoretically [10] and observed experimentally [36], and of
the “four-up–four-down” (4 ↑ 4 ↓) modulated phase having
modulation period twice as large as in Pbam (Table I). For
the FiE phase, the first-principles calculations show strong
structural similarities with the ↑↑↓↓ Pbam phase, including
uniform transverse and modulated longitudinal AFD tilts (see
Supplemental Material Sec. S7 [27]), allowing its treatment
as a modulated phase. Our continuum theory matches well
the ab initio energies of the three modulated phases (Table I),
though the energy-vs-period curve [red solid line in Fig. 2(b)]
is shifted towards larger modulation periods compared with
the first-principles data points. Note that our description of
modulated phases is not merely theoretical: The available
x-ray data on the real IC structures (e.g., in PbHfO3 [37],
a closely related perovskite) show all the features discussed
in this Research Letter, including the modulated longitudinal
tilts; see Supplemental Material Sec. S7 [27] for details.

Stability analysis. To formalize the role of the gradient
couplings in the formation of modulated structures, we study
the stability of the ferroelectric (FE) Ima2 phase against an
IC transition as a function of the main physical parameters
at play, W ∗ and G∗. Ima2, characterized by 〈110〉-oriented
uniform polarization and AFD tilts, is essentially the modu-
lationless “parent phase” of Pbam; therefore the Pbam–Ima2

phase diagram will provide the necessary condition for the
IC phase to exist. Note that strain relaxation (which is not
included in our model potential) plays virtually no role in this
context: Our ab initio calculations show that FE Ima2, AFE
Pbam, and FiE phases gain the same amount of energy at elas-
tic equilibrium compared with the Pm3̄m lattice parameters,
−6 to −7 meV/f.u. Figure 2(c) shows the Pbam–Ima2 phase
boundary (red solid line) emerging from our direct study of
the Pbam phase energetics via minimization of Eq. (4) with
respect to the order parameters and periodicity.

In the small-G∗ regime, the condition for the IC instability
of Ima2 is well described [blue dashed line in Fig. 2(c)] by

γ (φy0W
∗)4 > D11G∗, (5)

where φy0 is the spontaneous tilt of the Ima2 phase and γ ∼
1/[(∂2F ∗

hom/∂P2
y )(∂2F ∗

hom/∂φ2
x )] is a well-defined “softness”

parameter (see Supplemental Material Sec. S6 [27] for its
exact expression and derivation). Equation (5) generalizes the
classic criterion for the IC phase formation shown in Eq. (2),
recovering it for vanishing φy0 or W ∗. The calculated G∗ and
W ∗ coefficients clearly satisfy Eq. (5) in PZO [the (1,1) point
in Fig. 2(c)], consistent with the conclusions that we have
reached via numerical minimization of Eq. (4).

A potential limitation of our approach consists in having
calculated G∗ and W ∗ in the Pm3̄m reference structure. This
raises the obvious question of whether the (large) uniform
O6 tilts may modify the value of such coefficients, possibly
affecting the stability regime. To verify such a possibility,
we have recalculated both coefficients several times in the
presence of a φy distortion of increasing amplitude, ranging
from zero to the ground-state value of Fig. 1(b). The results,
plotted in Fig. 2(d), show a significant decrease of both coef-
ficients for increasing φy. Remarkably, after plotting G∗(φy)
and W ∗(φy) in Fig. 2(c), the resulting line lies well within
the unstable region of the phase diagram, meaning that the φy

dependence of these coefficients, not taken into account in our
Landau potential, is largely irrelevant for the tendency towards
a modulated state. At the same time, using the coefficients
extracted at φy = 0.7 bohr in our potential [Eq. (4)] gives a
closer match of the optimal periodicity of the IC phase [gray
dashed line in Fig. 2(b)].

It is interesting to note that G∗ in Fig. 2(d) transitions
to negative values for tilt amplitudes that are only slightly
larger than our calculated φy0. Such a critical behavior sug-
gests that the antiferroelectric state of PZO may, in fact,
originate from a triggered IC transition [governed, at leading
order in φy, by Etr = Kφ2

y (∂Py/∂x)2], thus questioning the
necessity of the rotopolar mechanism that we propose here.
(Note that this same coupling term, Etr , was proposed re-
cently as a driving force towards incommensuration in closely
related materials [38].) To confirm the role of the rotopolar
mechanism in the Pbam phase formation, we have performed
constrained-DFT relaxations where the secondary tilt φx (and
hence the rotopolar coupling) is suppressed by hand. This can
be done cleanly as the modulated φx distortion has a different
symmetry compared with the other active modes in the sys-
tem. The energy of the resulting AFE Pbam-like structure is
−256 meV/f.u., i.e., slightly higher than Ima2, meaning that
there is no driving force towards incommensuration in the ab-
sence of the rotopolar coupling, consistent with Fig. 2(c). This
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result conclusively demonstrates the necessity of the rotopolar
coupling for stabilizing the AFE state in PZO, making it the
prime candidate for the “missing” mechanism alluded to in
Ref. [5].

Discussion and outlook. To conclude, we have validated
the continuum theory approach for the description of the
AFE, FiE, and other modulated structures of PbZrO3 and
have demonstrated the crucial role played by the trilinear
gradient rotopolar coupling between polarization and antifer-
rodistortive tilts in the stabilization of modulated structures
in tilted perovskites. We can further speculate that either the
rotopolar mechanism or such higher-order couplings may be
involved in the formation of the recently discussed Pnma–
80 phase [39,40] (the additional distortions take indeed the
form of two-dimensional modulated polarization and tilts),
and thereby we provide a unified framework to explain the
emergence of spatially modulated structure in tilted per-

ovskites. Application of these ideas to the many examples
that have been recently discussed in the literature [9,19,40,41]
constitutes, in our view, an exciting avenue for further
study.
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