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We develop the theoretical framework of nonequilibrium ultrafast photonics in monolayer quantum spin
Hall insulators supporting a multitude of topological states. In these materials, ubiquitous strong light-matter
interactions in the femtosecond scale lead to nonadiabatic quantum dynamics, resulting in topology-dependent
nonlinear optoelectronic transport phenomena. We investigate the mechanism driving topological Dirac fermions
interacting with strong ultrashort light pulses and uncover various experimentally accessible physical quantities
that encode fingerprints of the quantum material’s topological electronic state from the high-harmonic generated
spectrum. Our work sets the theoretical cornerstones to realize the full potential of time-resolved harmonic
spectroscopy for understanding nonequilibrium processes in quantum topological systems and identifying
topological invariants in two-dimensional quantum spin Hall solid state systems.
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Two-dimensional (2D) quantum spin Hall insulators
(QSHIs) are atomically thin materials that support counter-
propagating helical metallic spin edge states with zero net
electronic conductance [1–5]. This quantum state of matter
is protected by time-reversal symmetry and the robustness
of its chiral spin currents against disorder, perturbations, and
dissipation could serve as a route for coherent information
transport across the nodes of quantum networks, enabling new
technologies in quantum information science [6,7]. Kane and
Mele suggested that spin-orbit coupling (SOC) in 2D materi-
als produce a gap in the energy band structure that ultimately
results in a QSHI state [8,9]. Although the exfoliation of
graphene [10] paved the way for demonstrating various Hall
effects in monolayers [11–18], the realization of QSHI states
in graphene remains elusive due to its minimal SOC [19].
Various other 2D materials with stronger SOC [20–22]
that can serve as QSHIs have been proposed, such as an-
tiferromagnetic manganese chalcogenophosphates [23] and
perovskites [24], and realized experimentally, including sil-
icene [25], germanene [26], stanene [27], and plumbene [28],
and recently developed jacutingaite materials [29–32]. These
systems support topological phases that can be controlled
via external interactions and fields [33–41], providing an all-
in-one material platform for on-demand multioptoelectronic
functionalities.

Nonlinear optical spectroscopy has been a go-to method
to probe quantum systems with discrete energy levels, e.g.,
in atomic and molecular systems [42–47]. It has also been
extended to solid-state systems, in which case an intense
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laser excites charge carriers to highly nonequilibrium states
and the corresponding spectra, resulting from high-harmonic
generation (HHG), serves as a tool to examine material prop-
erties [48–55]. Single-atomic-layer solids have become an
attractive platform to elucidate the underlying mechanisms
governing HHG since they do not suffer from phase-matching
condition effects [56–61]. Recently, it has been proposed
that ultrafast spectroscopy could be used to study chiral
Hall states of quantum materials [62–65]. It has been shown
that subgap harmonic generation is significantly enhanced in
topological phases of finite-size one-dimensional chains of
nanoparticles [66–68] and Haldane nanoribbons [69]. More-
over, circular dichroism and helicity of the emitted harmonics
could be employed for sensing the topology of the electronic
band structure of 2D Chern insulators [70–72]. Furthermore,
noninteger HHG from surface states in three-dimensional
bismuth-telluride insulators has been observed [73].

Prior works on 2D QSHIs have investigated their interac-
tion with low-intensity monochromatic plane waves [33–41].
These studies consider only the weak-field regime and are
limited to the linear regime or the leading nonlinear har-
monic. Experimentally, more attractive strong-field dynamics
in 2D QSHIs interacting with high-intensity ultrafast light
pulses, thus leading to HHG and nonlinear signatures in the
time domain, remains uncharted to date. Here, we bridge this
knowledge gap by developing the theoretical cornerstones of
the nonequilibrium dynamics of Dirac-like fermions in 2D
QSHIs and use it to study topological phase transition fin-
gerprints in their ultrafast response. We unveil the physical
mechanisms driving the hot-electron population in a multitude
of topologically protected quantum states supported by these
materials. We show that competing intraband and interband
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FIG. 1. (a) Strong-field physics in a Kane-Mele quantum spin
Hall monolayer interacting with an ultrashort optical pulse. (b) Elec-
tronic phases supported by the system are the quantum spin Hall
insulator (QSHI), anomalous quantum Hall insulator (AQHI), band
insulator (BI), antiferromagnetic insulator (AFMI), and polarized-
spin quantum Hall insulator (PS-QHI) [33–41]. Their Chern, spin
Chern, valley Chern, and spin-valley Chern numbers are shown
in parentheses. (c) Longitudinal and (d) Hall currents for selected
phases. Contributions from intraband and interband transitions to
jL (t ) and jH (t ) are shown in (e) and (f) for the AQHI phase. The
parameters of the incident laser are evF A0/λSO = 5, h̄ω0/λSO = 5,
and τ = 8t0, where t0 = h̄/λSO. We assume an electronic relaxation
rate of h̄�/λSO = 0.05 and an equilibrium Fermi energy EF = 0.

transitions govern the trade-off between nonlinear Hall and
longitudinal currents, leading to emerging ultrafast effects due
to the backaction of charge carriers in the optical field. We
also demonstrate nonadiabatic quantum electronic transport
and discover various physical quantities, both in time and
frequency domains, that serve as metrological probes of the
energy band structure’s topology in these materials.

We consider a generalized two-dimensional quantum spin
Hall insulator interacting with an ultrashort optical pulse, as
shown in Fig. 1(a). For concreteness, we assume that the
energy band structured of the monolayer is described by a
generalized Kane-Mele Hamiltonian Hη

s (k) = h̄vF (ηkxτx +
kyτy) + �η

s τz, which captures all the topological properties
and dynamics of the full tight-binding model in the low-
energy regime [36]. Here, p = h̄k = h̄(kx, ky) is the particle
momentum, vF the Fermi velocity, τi the sublattice pseu-
dospin Pauli matrices, and η, s = ±1 the valley and spin
indices. The mass term �η

s = ηsλSO − λ0 − ηλη + sλs is the
half energy band gap for a particular Dirac cone. It is deter-
mined by the intrinsic SOC λSO as well as by three knobs
λ0, λη, λs representing interactions with external systems or
fields. The λ0 term describes, e.g., the staggered sublattice

potential induced by a static electric field applied normal to
a monolayer of the graphene family [33]. The λη compo-
nent corresponds to a second-neighbor hopping that arises
due to the coupling with a high-frequency off-resonant circu-
larly polarized laser that induces an anomalous quantum Hall
phase [34,74,75]. The λs term depicts the antiferromagnetic
exchange interaction due to an interaction of the 2D material
with a substrate [35]. On demand manipulation of λ0, λη, and
λs enables a wealth of topological phases and transitions, as
shown in Fig. 1(b).

The impinging light drives the monolayer out of equilib-
rium and photoexcites a nonthermal free carrier density. Fol-
lowing electron relaxation and electron-hole recombination
mechanisms leads to the emission of harmonics of the inci-
dent field, which encode signatures of the material’s energy
band structure. The transmitted optical pulse ET (t ) follows
from Maxwell’s equations subjected to boundary conditions
at the monolayer, and at normal incidence ET (t ) = −∂t A(t ) −
μ0cj(t )/2, where A(t ) = A0e−(4 log 2)t2/τ 2

cos(ω0t )x̂ is the vec-
tor potential of the linearly polarized incident field. The total
current can be explicitly expressed using longitudinal and Hall
surface currents, denoted respectively by jL(t ) and jH (t ), as
j(t ) = jL(t )x̂ + jH (t )ŷ. The quantum dynamics of 2D QSHIs
and their topology footprints in the optical field via j(t )
is obtained from the above Hamiltonian through a minimal
fermion-light coupling substitution [76] h̄k → �k(t ) = p −
eA(t ). The time dependence of the Hamiltonian through A(t )
prevents analytical solutions to the Dirac equation beyond
the weak-coupling regime [40,41]. Nonperturbative numer-
ical results can be obtained by extending the formalism of
Refs. [77,78] to massive topological fermions. It consists in
writing the electronic spinor |ψη,s

k (t )〉 as a linear combina-
tion of instantaneous eigenstates of Hη

s [�k(t )], enabling one
to derive coupled Dirac-Bloch differential equations for the
population difference and interband coherence. These equa-
tions can be made SOC invariant by expressing all physical
quantities in units of λSO, making their solutions and the
ensuing electronic currents universal to any Kane-Mele QSHI
monolayer [79].

We numerically solve the Dirac-Bloch equations to unveil
the mechanisms governing the ultrafast dynamics of topo-
logical Dirac-like fermions in the monolayer. We focus our
discussion to the (λ0, λη ) plane, but similar conclusions hold
for the entire phase diagram. Figures 1(c) and 1(d) show the
temporal evolution of jL(t ) and jH (t ) for selected points in the
phase diagram. The current components have a very distinct
behavior due to the nature of the quantum transitions that drive
each of them [see Figs. 1(e) and 1(f)]. Intraband transitions
dominate jL(t ) and lead to a longitudinal current nearly inde-
pendent of the chosen electronic phase and quasisymmetric
about the time t = 0, when the incident field reaches peak
intensity. In contrast, the Hall current is strongly influenced
by the choice of (λ0, λη ) and its magnitude is enhanced in
topological phases with nonzero Chern number C since jH (t )
is largely governed by interband transitions. The Hall current
is excited earlier in the ultrafast process, presents an asym-
metric temporal response with respect to the center of the
optical pulse, and has a longer duration than its longitudinal
counterpart. This is because the weight of contributions from
competing transitions varies as the strong field modulates the
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FIG. 2. (a) Comparison of jL (t ) and jH (t ) with the driving
field highlights the nonadiabatic quantum dynamics and anharmonic
evolution of the currents in the system for the AQHI phase. High-
harmonic spectrum due to (b) SL (ω) and (c) SH (ω) for the same
electronic phases in Fig. 1. For clear visualization we have ver-
tically shifted (105 arb. units) the curves’ baselines. The inset in
(b) schematically shows the relative frequency shift δωL,H

n of each
harmonic with respect to their nominal value nω0 [79]. (d) Effects of
the topological phase transitions in δωH

n for the fifth harmonic in the
Hall field.

hot-electron population, and we assume that the material is
originally in thermal equilibrium with Fermi energy EF = 0.
Initially, only interband transitions are possible and lead to the
early excitation of Hall currents. As the conduction band gets
populated, interband transitions near the band gap become en-
ergetically forbidden while intraband transitions are enabled.
This results in a small decrease in jH (t ) and excitation of late
longitudinal currents. Finally, as electron-hole pairs relax and
recombine, low-energy interband transitions resume, leading
to a second peak in the envelope of jH (t ) before the interac-
tion with the optical pulse vanishes. This complex dynamics
in jL(t ) and jH (t ) is only possible due to the ultrafast and
strongly nonlinear nature of the laser-monolayer interaction.

In Fig. 2 we investigate the backaction of the hot-electron
population on the light pulse. Because the monolayer mass
gaps are significantly smaller than the energy of the incident
photons, the impinging pulse near instantaneously photogen-
erates free carriers. The carriers synchronously follow the
electric field oscillations during the leading edge of the pulse
[Fig. 2(a)] with the longitudinal (Hall) current in (out of)
phase with the incident field. The excitation of electron-hole
pairs occurs in a timescale faster than the duration of the
optical pulse, which results in a switch from a semiconduct-
ing to a metal-like response with a time-dependent plasma
frequency as the interaction evolves. Consequently, the trail-
ing edge of the light pulse envelope probes a transient and
rapidly changing electronic population. This causes nonadi-
abatic quantum evolution of the fermionic currents, which
develop a temporal lag with respect to the driving field at
later times in the interaction [Fig. 2(a)]. Figures 2(b) and 2(c)
show that the anharmonic response of the monolayer results

FIG. 3. Time-resolved harmonic emission. Gabor transform
SL (ω; t ) and SH (ω; t ) of the (a) longitudinal and (b) Hall currents
for the AQHI phase. (c) Dynamics of emission of the third harmonic
for two energetically equivalent, but topologically distinct, points
in the phase space: (λ0, λη, λs ) = (0.3, 1.5, 0) and (λ0, λη, λs ) =
(1.5, 0.3, 0). (d) Phase diagram of the average time delay of emis-
sion [79] for the third harmonic for the Hall current.

in odd-order HHG in the scattered field. We mention that
the full tight-binding Hamiltonian of 2D QSHIs may include
also higher-energy contributions that break spatial inversion
symmetry, thus leading to some generation of even harmon-
ics. For the parameters in our calculations we checked that
even-order harmonics can be neglected. We can distinguish
up to the ninth harmonic in the emission spectra SL,H (ω) =
|ω jL,H (ω)|2, where jL,H (ω) are the Fourier transforms of
jL,H (t ). HHG spectra for varying intensities of the incident
laser are shown in the Supplemental Material [79]. Consistent
with Figs. 2(c) and 2(d), the intensity SL(ω) of each harmonic
(unshifted baselines, not shown) is quasi-independent of the
electronic phase of the system, while SH (ω) is strongly phase
dependent. Note that the shape of SH (ω) corresponding to
the QSHI and BI phases vary slightly from each other even
though they have C = 0. This is because the HHG intensity
depends on both the energy landscape (magnitude of the gaps,
|�η

s |) as well as the topology [sign of Dirac gaps, sgn(�η
s )] of

the band structure. Note also that 2D QSHIs emit harmonics
at frequencies which are slightly shifted with respect to their
nominal value [inset in Fig. 2(b)]. This shift has been reported
for other materials [60,80,81], and may encode signatures of
nonlinear dynamics in the system. In Fig. 2(d) we show that
the underlying topological phase of two-dimensional QHSIs
affects the relative frequency shift of SH (ω), being enhanced
(suppressed) in phases with C = 0 (C �= 0).

In Figs. 3(a) and 3(b) we show the time-resolved emis-
sion spectrum of harmonics for a representative phase with a
nonzero Chern number. The plots reveal that higher harmonics
are more likely to be excited in SH (ω) than in SL(ω). They
show that while the fundamental harmonic is continuously
excited, HHG occurs at later times during the interaction. Our
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FIG. 4. Topology fingerprints in the polarization state. Phase dia-
gram of the Stokes parameters (a), (c) V for circular and (b), (d) Q for
linear polarization for the third (top) and fifth (bottom) harmonics.

results also demonstrate that the initial time of excitation of a
harmonic and its duration scale inversely with the frequency
of emission. Thus, HHG is generally confined to time intervals
when the incident field approaches its maximum intensity
and only lower-order harmonics appear near the leading and
trailing edges of the optical pulse. Figure 3(c) reveals that
quantum states in 2D QSHIs with contrasting topological
properties lead to different temporal dynamics in the emission
of each spectral component of the Hall current. We note that
harmonics are emitted at later times for topologically trivial
phases when compared with states with C �= 0. The time delay
associated to the generation of a harmonic and its dependence
on the topology of the monolayer can be quantified via the
mean time of emission δtH

n (see Supplemental Material [79]).
Figure 3(d) shows that δtH

3 has a serendipitous dependence
on the external parameters λ0, λη. It evidences that the third
harmonic is emitted with a delay with respect to the inci-
dent pulse peak power, with larger (smaller) temporal lags
occurring for phases with C = 0 (C �= 0). Similar results hold
for other harmonics. This topology-dependent time delay in
harmonic emission stems from the cross-coupling between
the band structure’s Berry curvature and the time-varying in-
cident field, which offsets from the Dirac points K and K ′ the
optimum momentum for valence-to-conduction band charge
carrier injection, similar to the case of Chern insulators [70].
These findings indicate the potential of time-resolved har-
monic spectroscopy for identifying topological invariants in
solid state systems.

In Fig. 4 we investigate the polarization state of the emitted
harmonics, which strongly depends on the intrinsic topology
of the energy band structure via the coupling constants λ0, λη,
and λs. For concreteness we consider the normalized Stokes
parameters V = −2 Im[ jL(ω) j∗H (ω)]/I and Q = [| jL(ω)|2 −
| jH (ω)|2]/I , where I = | jL(ω)|2 + | jH (ω)|2 is the frequency-
resolved intensity of the field. Note that V is also referred to in
the literature as helicity and has been previously employed to

distinguish between topologically trivial and nontrivial phases
in the Haldane model via circular polarization harmonic emis-
sion [70–72], while Q represents the asymmetry between
harmonics generated with linear polarization parallel to either
the longitudinal or the Hall currents. Figure 4(a) shows that
the Stokes parameter V varies significantly across various
phase boundaries and clearly distinguishes phases with zero
Chern and nonzero Chern numbers. The changes in V high-
light that in topologically trivial (nontrivial) phases the state
of the generated harmonics is primarily dominated by right
(left) circular polarization. As evidenced by the phase diagram
for the fifth harmonic shown in Fig. 4(c), this behavior of
V is robust and holds for higher harmonics as well. Note,
however, that V fails to differentiate between two nontrivial
topological phases, e.g., the AQHI (C = −2) and the PS-QHI
(C = −1) phases. This can be resolved by noticing that the
Stokes parameter Q [Figs. 4(b) and 4(d)] not only separates
topologically trivial and nontrivial electronic states, but it also
enables one to distinguish between phases with nonzero Chern
numbers. This is due to the increase of the nonlinear Hall
current with the Chern number, enhancing the emission of
high harmonics polarized orthogonally to the incident light.
This provides a mechanism to investigate the topology of the
monolayer beyond the linear response regime. The results in
Figs. 4(b) and 4(d) suggest that Q is a suitable observable,
of easy access experimentally, to quantify topological finger-
prints in the HHG spectra.

We have developed a comprehensive theoretical and
numerical framework for investigating topological phase tran-
sitions in monolayer topological quantum spin Hall materials
via ultrafast nonlinear photonic processes. As a prototype
example, we considered systems described via a generalized
Kane-Mele Hamiltonian which includes a diversity of knobs
that can be controlled externally to drive the system across
a multitude of topological phase transitions. We unveiled
the full dynamics of the 2D QSHIs when interacting with
strong ultrashort light pulses and showed that various phys-
ical quantities can be used to identify and characterize the
materials’ electronic state. Recent progress in the synthesis
of various topological semiconductors, e.g., graphene family
monolayers and jacutingaite materials, together with advances
in nonlinear characterization photonic techniques implies that
our results can be accessed experimentally with current tech-
nologies. For example, measurement of Stokes parameters can
be realized by employing commercially available polarizers.
The frequency shift and time delay are ∼10–50 THz and
∼1–10 fs for the third harmonic when we consider an incident
laser pulse with intensity 3000 GW/cm2, ω0/2π = 360 THz,
τ = 30 fs, and a monolayer with λSO = 0.3 meV, all within
existing measurement capabilities.
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