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Endowing room-temperature ductility in refractory high-entropy alloys (RHEAs) is a challenge to their uses in
nuclear energy systems, biomedical, and high-temperature applications. Recently, transformation-induced plas-
ticity (TRIP) has been recognized as an effective strategy to simultaneously improve ductility and tensile strength
of RHEAs. Hitherto, the design for a TRIP mechanism in RHEAs through material-dependent parameters
typically follows empirical approaches. Here, we investigate the alloying effect of several body-centered cubic
(bcc) transition metal elements (TM=V, Nb, Cr, Mo, and W) on the phase stability and the micromechanical
properties of the TiZrHf alloy using a first-principles method. We show that the addition of the considered TM
elements increases the stability of the bcc phase relative to the hexagonal close-packed (hcp) phase and the
relative stability between these two phases can be tuned and inverted. We investigate the composition-dependent
single-crystal elastic constants for the (TiZrHf )1−xNbx and (TiZrHf )1−xMox alloys and analyze mechanical
stability, elastic anisotropy, and polycrystalline moduli. Our results show that the anisotropy of Young’s modulus
is more pronounced the closer the alloy composition is to the composition where the bcc phase or hcp phase
becomes mechanically unstable. We find that the hcp phase has higher shear and Young’s moduli than the bcc
phase below a critical composition for the Nb or Mo addition, while the bcc phase has larger moduli above the
critical composition. Furthermore, our results imply that the d-band filling has a dominant influence on the phase
stability and mechanical properties of the alloys.
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I. INTRODUCTION

Since the high-entropy alloy (HEA) concept was reported,
it has attracted great attention in the scientific community. Re-
fractory HEAs (RHEAs) are largely or entirely composed of
refractory elements, e.g., Zr, Ti, Nb, Cr, and W, and often form
a solid solution with single body-centered cubic (bcc) struc-
ture. Some RHEAs have excellent high-temperature strength
and high melting point [1–4], which render RHEAs interest-
ing for high-temperature applications. For example, the yield
stress values of the NbMoTaW and VNbMoTaW RHEAs are
much higher than those of Inconel 718 at temperatures above
1073 K, and the yield stress decreased from 561 to 405 MPa
and from 862 to 477 MPa for NbMoTaW and VNbMoTaW in
the temperature range from 873 to 1873 K, respectively. It was
recently suggested [5] that trapping of edge dislocations in the
random atomic environments of RHEAs plays an important
role in determining the retained strength at high tempera-
ture. Some RHEAs, such as ZrNbHf, are considered as a
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candidate structure material for nuclear energy systems [6–8]
due to their high resistance to irradiation damage. Moreover,
the potential of RHEAs as novel implant material has been
recognized recently [9–11], e.g., some RHEAs have superior
biocompatibility and strength compared to materials currently
used.

Lack of room-temperature ductility in most of the RHEAs
produced so far is a critical issue, limiting their forma-
bility. Several theoretical and experimental lines of study
were devoted to endow bcc RHEAs with enhanced ductil-
ity [12–19]. Based on the postulate that intrinsic ductility
of a material is controlled by its intrinsic fracture behavior
at an atomically sharp crack tip [12], theoretical investiga-
tions focused on identifying alloy compositions that exhibit
an intrinsic resistance to brittle failure [13,14]. An experi-
mental direction of approach, aimed at delaying plastic strain
localization, proposed to manage dislocation movement and
interactions via incorporating dispersed, nanoscale chemical
inhomogeneities, such as precipitate precursors in oxygen-
doped TiZrNbHf [15] and incipient spinodal decomposition
in TiVNbHf [16]. The benefit of deformation-induced phase
transformations [transformation-induced plasticity (TRIP)] to
enhance strain hardening capability in regions of strain local-
ization was successfully demonstrated in a proof of concept
for several TiZrHf-based RHEAs in bcc structure [17–19].
Instead of seeking to stabilize a single phase as in typical
HEA design processes, the basic concept of TRIP RHEAs
is to reduce the stability of the bcc phase by varying the
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composition until it becomes metastable at room temperature
without transforming spontaneously. The energy provided
under mechanical loading may drive a martensitic phase
transformation from the bcc phase into a compositionally
equivalent daughter phase, e.g., a hexagonal close-packed
(hcp) phase. For example, two TRIP alloys were developed
in the bcc TiZrHfTax alloy system [18] by tuning the compo-
sition x. Strain hardening capability, fracture toughness, and
ductility were significantly increased by altering the chem-
istry to destabilize the bcc structure, and the ultimate tensile
strength exceeded 1 GPa in TiZrHfTa0.4.

Identifying suitable RHEA compositions in the associated
immense composition space that show the TRIP effect re-
quires large experimental efforts. Moreover, the mechanical
properties of individual phases, e.g., their elastic moduli and
composition dependencies, are highly demanded to achieve
desired final properties but may be challenging to measure
if the phases are not in equilibrium or dispersed in the al-
loys. Calculations are an approach to rapidly screen intrinsic
properties of materials and to identify promising target al-
loys. Density-functional theory (DFT) has become a widely
recognized tool in materials science to investigate properties
of materials. In particular, DFT has demonstrated to provide
successful guidance in developing TRIP HEAs [19–21] and
predict accurate values for elastic properties of HEAs [22,23].

In this work, we investigate the phase stability and mi-
cromechanical properties of (TiZrHf )1−xTMx (substitution
TM=V, Nb, Cr, Mo, and W) alloys with composition x from
0 to 55 at.% using a first principles method. On the one hand,
the results predicted here are expected to aid the development
of new high-performance TiZrHf-based TRIP alloys. On the
other hand, for some of the previously reported brittle bcc
RHEAs, this study would shed new light for manipulating
their phase stability by tuning composition to achieve ductile
behavior.

II. METHOD

We employed the exact muffin-tin orbitals (EMTO)
method [24,25] to solve the Kohn-Sham equations in
DFT [26]. The local-density-approximation functional [27]
was adopted to describe exchange and correlation. The total
energy was calculated by the full charge-density technique,
and the problem of chemical disorder was treated within the
coherent-potential approximation (CPA) [28,29]. The Greens
function was calculated for 16 complex energy points at the
valence states below the Fermi level. We tested convergence
carefully with respect to k points, and we used between 20
×103 and 25 ×103 uniformly distributed k points for the
calculations of total energy and elastic constants. For the bcc
phase, total energies calculated for seven different atomic
volumes were used to obtain the equilibrium volume by fitting
a Morse-type function to the calculated energy-volume data.
For the hcp phase, we calculated total energies on a grid of
eight different atomic volumes and seven hexagonal axial c/a
ratios, and then found the ground state by interpolation as
described in Ref. [29]. We employed the same approach to
compute the single-crystal elastic constants Ci j as in previous
work [29,30].

FIG. 1. The total energy difference of the hcp TiZrHf alloy as a
function of the Wigner-Seitz radius w and hexagonal axial ratio c/a.
The energy is relative to the equilibrium marked by the red star.

III. RESULTS AND DISCUSSION

A. Equilibrium lattice parameters

In Fig. 1, we show a contour plot of the calculated total
energies of the hcp TiZrHf alloy as a function of the Wigner-
Seitz radius w and the c/a ratio. An equilibrium configuration
with w and c/a values about 3.32 Bohr and 1.596 was de-
termined, respectively. Comparing to the recent experimental
data (w=3.254(4) Bohr [31], 3.204 Bohr [32], and c/a=
1.582(2) [31], 1.586 [32]), our theoretical values deviate by
about 2–4% for w and below 1% for c/a. Figures 2(a)–2(c)
show the calculated w and c/a ratios for (TiZrHf )1−xTMx

(TM=V, Nb, Cr, Mo, and W) alloys in their bcc and hcp
phases. One can see that the addition of any of the TM ele-
ments leads to a volumetric contraction with x in both the bcc
and hcp phases. The volumetric contractions are the strongest
with adding Cr and the weakest with Nb, and Mo and W
have similar, intermediate effects on the w. In Fig. 2(c) an
expansion of the c/a ratio with x in all the alloys is observed.
The relative increase of c/a is the largest for W and the
smallest for V.

B. Phase stability

A fast and useful guidance to predict potential alloys with
TRIP behavior is to assess the chemical driving force for
the martensitic transition, which is governed by the Gibbs
energy difference of parent and daughter phases [33,34].
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FIG. 2. The Wigner-Seitz radius w of (TiZrHf )1−xTMx alloys in
the bcc and hcp phases and the hexagonal axial ratio c/a in the hcp
phase.

Focusing on the athermal limit, we investigate the total energy
difference of the bcc phase against the hcp phase for the
(TiZrHf )1−xTMx (TM=V, Nb, Cr, Mo, and W) alloys, i.e.,
�Ebcc-hcp = Ebcc − Ehcp as a function of concentration x. In
Fig. 3, �Ebcc-hcp of TiZrHf alloy is positive, indicating that
the hcp phase is more stable than the bcc phase, in agreement

FIG. 3. The total energy difference of the bcc phase relative to
the hcp phase for the (TiZrHf )1−xTMx (TM=V, Nb, Cr, Mo, and W)
alloys.

with the experimental result that hcp TiZrHf phase is stable at
ambient temperature and pressure [31,35]. With introducing
any of the TM elements, �Ebcc-hcp decreases with increasing
x and turns negative at a critical concentration. The calculated
critical concentrations are about 25 at.%, 22 at.%, 15 at.%, and
12 at.% for addition of V, Nb, Cr, and W/Mo, respectively.
The elements Cr, Mo, and W are stronger bcc stabilizers
than Nb and V based on how much �Ebcc-hcp changes with
x. These results indicate that the relative stability between
compositionally identical bcc and hcp phases can be tuned and
inverted. Relative to Cr, Mo, or W, addition of V or Nb offers a
larger composition interval where the bcc phase is metastable
and may transform to the hcp phase by mechanical loading.

C. Electronic structure

The volumetric contractions of the Wigner-Seitz radius
and expansions of the hcp c/a ratio (Fig. 2) and the relative
stabilization of the bcc phase (lowering of �Ebcc-hcp, Fig. 3)
increase with the addition of TM that have more filled d
bands than Ti, Zr, and Hf (electronic configuration d2s2).
Cr, Mo, and W with two additional electrons (d4s2) have
larger alloying effects than V and Nb (d3s2) due to their
relatively larger filling of the d band. The calculated trends
are congruent with the canonical band picture of the transition
metal series [36–38], which predicts structure parameters and
structural energy differences of unaries as a function of the
electronic d-band filling. The canonical picture is expected to
describe transition metal alloys: which constituent elements
have similar electronic configuration more closely than alloys
which constituent elements vary starkly in electronic configu-
ration.

To obtain a rough understanding of the electronic structure
of TiZrHf and the effect of alloying, below we look into the
electronic density of states (DOS). We focus on the bcc phase
and the quaternaries with 10 at.% Nb and Mo. Choosing two
substitutions from the same transition metal series simplifies
the discussion of band-filling effects on the DOSs compared
to substitutions from different series, where disorder effects
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FIG. 4. (a) The total DOS (in units of 1/Ry) of TiZrHf,
(TiZrHf )90Nb10, and (TiZrHf )90Mo10 alloys in the bcc phase. (b) The
total DOS of pure bcc Mo calculated at the equilibrium volume of
(TiZrHf )90Mo10, the local DOS of Mo in (TiZrHf )90Mo10 normal-
ized to 100 %, and the total DOS of (TiZrHf )90Mo10 alloy.

due to different band width are more pronounced. The total
DOS of TiZrHf alloy in the bcc phase presented in Fig. 4(a)
is governed by an spd valence band and features two domi-
nant peaks associated with the d states, a first peak at lower
eigenenergies arising from mainly the eg states, and a second
peak at higher eigenenergies from states with predominantly
t2g character. The position of the Fermi level is placed near
the top of the t2g peak and lies approximately 0.1 Ry below
the bcc pseudogap, which roughly separates d bonding states
from antibonding states. Comparison with the DOS of bcc
Mo shown in Fig. 4(b) suggests that the typical characteristics
of a bcc transition metal DOS are preserved in TiZrHf while
also showing disorder induced smearing. Alloying with Nb
or Mo broadens the eg peak and shifts it to lower eigenen-
ergies, see the vertical lines indicating eg peak positions in
Fig. 4(a). Alloying also shifts spectral weight from the top of
the t2g peak to its lower energy flank. All in all this suggests
an increase of the cohesive energy due to alloying with Nb
or Mo.

We further interpret the total alloy DOS in terms of
common-band and split-band models [39,40]. In pure metal
form, the d-electron DOSs of Ti, Zr, and Hf are centered at
similar energies ε due to similar electronic configurations. ε is
related to atomiclike d energy levels. The d bandwidths of Ti,
Zr, and Hf are different and follow a well-known macrotrend,
ωTi < ωZr < ωHf [41]. Upon Ti, Zr, and Hf forming a solid
solution, we assume charge neutrality and imagine aligning
the Fermi energies. As the energy separation of the d-band
centers of Ti, Zr, and Hf is much smaller than their bandwidths
(�ε/ω � 1), one expects a common band like alloy DOS
with significant hybridization between states associated with
the Ti, Zr, and Hf atoms [Fig. 4(a)]. The alloy’s d bandwidth
adjusts toward the average over the constituent elements to
maximize hybridization.

The d-electron centers of Nb and Mo are lower in energy
relative to the TiZrHf ternary in accordance with their higher
d-occupation numbers. In bcc Mo, the Fermi level is placed
near the top of the pseudogap, see Fig. 4(b), and in bcc Nb
near the bottom of the pseudogap (not shown). Within a d-
block series, there is a microtrend in the d bandwidths, i.e.,
ωZr > ωNb > ωMo [41], but this variation is less pronounced
than the macrotrend across the 3d , 4d , and 5d blocks. As
before in TiZrHf we assume charge neutrality and imagine
aligning the Fermi levels. The energy separation between the
d-band centers of Mo and TiZrHf is still smaller than their d
bandwidths, suggesting mainly a common-band type behav-
ior in (TiZrHf )1−xMox, but more pronounced alloy disorder
effects are expected. This is illustrated in Fig. 4(b) for the
DOS associated with Mo atoms in (TiZrHf )90Mo10. Disorder
effects on Mo are most significant for the t2g peak. There is
also a shift of the electronic states to higher eigenenergies,
apparent from the positions of the band bottom and eg and
t2g peaks, which benefits hybridization with the TiZrHf states.
This upshift of the valance band is, in parts, compensated by
spectral weight redistribution within the t2g peak toward lower
energies. Effectively, there is a slight charge transfer from Mo
to the host states. Similar but less pronounced effects occur
upon alloying TiZrHf with Nb.

D. Mechanical stability

The elastic properties of a single-crystal solid can be de-
scribed by the elastic constants Ci j . Cubic structures have
three independent single-crystal elastic constants, i.e., Cbcc

11 ,
Cbcc

12 , and Cbcc
44 , whereas there are five independent single-

crystal elastic constants for hexagonal structures, namely Chcp
11 ,

Chcp
12 , Chcp

13 , Chcp
33 , and Chcp

44 .
Here, we choose and compare the weak bcc sta-

bilizer Nb and the strong bcc stabilizer Mo as two
representative substitutions and calculate the composition-
dependent single-crystal elastic constants of (TiZrHf )1−xNbx

and (TiZrHf )1−xMox in both the bcc and hcp phases.
Figures 5(a) and 5(b) present the Ci j in the bcc phase. We can
see that the addition of Nb or Mo hardens Cbcc

11 and softens
Cbcc

44 , while alloying has a weak effect on Cbcc
12 . Comparing

with the Nb addition, the addition of Mo has a stronger effect
on the Ci j . The composition dependence of Ci j in the hcp
phase is displayed in Figs. 5(c) and 5(d). The values of both
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FIG. 5. The calculated composition dependence of single-crystal elastic constants for the (TiZrHf )1−xNbx and(TiZrHf )1−xMox alloys in
their bcc and hcp phases. Composition intervals where the alloys are mechanically unstable are highlighted.

Chcp
12 and Chcp

13 increase with increasing the content of Nb or
Mo, whereas Chcp

11 and Chcp
44 decrease. The value of Chcp

33 re-
mains nearly constant with changing Nb or Mo composition.

Using the above calculated Ci j , we assess the mechan-
ical stability of each phase using the well-known Born

criteria [42,43]. In the case of cubic structures, elastic stability
requires that

Cbcc
11 − ∣∣Cbcc

12

∣∣ > 0, Cbcc
11 + 2Cbcc

12 > 0, and Cbcc
44 > 0.

(1)
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For the hexagonal structures, elastic stability requires that

Chcp
11 >

∣∣Chcp
12

∣∣, Chcp
33

(
Chcp

11 + Chcp
12

)
> 2

(
Chcp

13

)2
,

and Chcp
44 > 0. (2)

Compositions where the bcc structure or hcp structure is
elastically unstable according the above criteria are high-
lighted in Fig. 5. In the bcc phase, alloys with low Nb or
Mo content are unstable with respect to a tetragonal shear as
C′ = (Cbcc

11 − Cbcc
12 )/2 < 0. Mechanical stability is predicted

above xC′
bcc=10 at.% for Nb, and xC′

bcc=4 at.% for Mo. In the
hcp phase, elastic stability is predicted for concentrations of
Nb below 19 at.% in (TiZrHf )1−xNbx and concentrations of
Mo below 10 at.% in (TiZrHf )1−xMox. The alloys with Nb or
Mo content above these thresholds are predicted to be elasti-
cally unstable due to violation of Chcp

66 = (Chcp
11 − Chcp

12 )/2 <

0. Moreover, it is found that, at the same composition x,
C′ of the bcc (TiZrHf )1−xMox alloy is larger than that of
bcc (TiZrHf )1−xNbx, and vice versa for Chcp

66 . These results
demonstrate that the bcc elastic hardening and hcp softening
effects of Mo are more pronounced than those of Nb. Fur-
thermore, our obtained results imply that the relative effect
of the alloying elements on the mechanical stability is mainly
dominated by the d-band filling.

From the above phase stability and mechanical stability
study, our results suggest that the addition of the group three
transition metals, e.g., Nb, may offer a larger composition
interval to develop TRIP (TiZrHf )1−xTMx alloy compared to
the addition of group four ones.

E. Micromechanical properties

Based on the results of phase stability and mechanical
stability studied above, we further investigate the mechanical
properties of (TiZrHf )1−xNbx and (TiZrHf )1−xMox alloys. We
first compute the single-crystal Young’s modulus Y[hkl] in sev-
eral high-symmetry directions and the anisotropy factors fY
as defined in Ref. [44], which are listed in Table I:

f hcp
Y = Chcp

33 Chcp
11 − (

Chcp
13

)2

(
Chcp

11

)2 − (
Chcp

12

)2

and f bcc
Y = 2Cbcc

44

(
Cbcc

11 + 2Cbcc
12

)

Cbcc
11

(
Cbcc

11 + Cbcc
12

) − 2
(
Cbcc

12

)2 . (3)

The calculated directional dependence of single-crystal Y[hkl]

and fY for the selected alloys in the bcc and hcp phases are
shown in Table I. In the bcc phase, one can see that the [100]
and [111] directions have the lowest and highest single-crystal
Young’s modulus, respectively. The observed trend is that
the single-crystal Young’s modulus in the [100] and [110]
directions increases as the concentration of Nb/Mo increases,
whereas it slightly decreases in the [111] direction. In the
hcp phase, the single-crystal Young’s modulus in the [210]
direction is sharply reduced by the addition of Nb and Mo,
while it remains approximately constant in the [001] direction
with Nb addition and slightly decreases with Mo.

Turning to the anisotropy factors fY , a larger deviation
of it from one indicates a larger dependence of Y on the
loading direction. One can see from Table I, f bcc

Y of most

TABLE I. The calculated single-crystal Young’s modulus in sev-
eral high-symmetry directions (in units of GPa) and the calculated
anisotropy factor, fY . Entries denoted by . . . were omitted due to
elastic instability.

bcc phase hcp phase

RHEA Y[110] Y[100] Y[111] f bcc
Y Y[210] Y[001] f hcp

Y

TiZrHf ... ... ... ... 118.5 171.4 1.5
(TiZrHf )90Nb10 32.0 9.4 159.9 19.6 69.6 173.4 2.5
(TiZrHf )87Nb13 47.6 15.4 157.3 11.7 50.1 172.3 3.4
(TiZrHf )84Nb16 62.9 22.5 157.2 7.9 27.7 171.3 6.2
(TiZrHf )81Nb19 66.9 24.9 152.9 6.9 1.5 169.9 112.0
(TiZrHf )75Nb25 86.9 38.6 148.7 4.2 ... ... ...
(TiZrHf )84Nb40 106.9 64.9 136.1 2.2 ... ... ...
(TiZrHf )93Mo7 43.0 13.5 157.9 13.4 45.3 163.6 3.6
(TiZrHf )91Mo9 46.0 14.8 154.0 11.8 15.0 160.5 10.3
(TiZrHf )90Mo10 50.8 16.8 156.3 10.6 ... ... ...
(TiZrHf )81Mo19 103.0 55.0 145.2 2.8 ... ... ...
(TiZrHf )75Mo25 107.5 63.5 139.9 2.3 ... ... ...
(TiZrHf )60Mo40 123.6 115.1 126.7 1.1 ... ... ...

of the considered alloys are much larger than one, implying
strong anisotropy in Y , and the addition of Nb introduces a
larger effect on f bcc

Y compared to that of Mo. We find that
the value of fY is reduced with increasing Nb or Mo in the
bcc phase, whereas it is enlarged in the hcp phase. In either
phase, the anisotropy of fY is more pronounced the closer the
alloy composition is to the point where the phase becomes
mechanically unstable (Fig. 5).

Figure 6 presents the full directional dependence of Y[hkl]

for (TiZrHf )90Nb10 and (TiZrHf )87Nb13 alloys in the hcp
and bcc phases. A clear correlation between the magnitude
of the fY and the shape of the Young’s modulus surface
is apparent, i.e., (TiZrHf )90Nb10 is more (less) anisotropic
than (TiZrHf )87Nb13 in the bcc (hcp) phase. A similar situ-
ation is observed for the (TiZrHf )1−xMox alloys (not shown).
Using the Voigt-Reuss-Hill averaging method [45], we deter-
mine the polycrystalline Young’s modulus Y , bulk modulus
B, and shear modulus G from the calculated single-crystal
elastic constants. For the hcp TiZrHf, our obtained Y is
123.7 GPa, which is in good agreement with the available
experimental data 116.51 ± 2.82 GPa [31]. Figure 7 displays
the derived elastic moduli for the selected (TiZrHf )1−xNbx

and(TiZrHf )1−xMox alloys in their bcc and hcp phases. For
both (TiZrHf )1−xNbx and(TiZrHf )1−xMox alloy systems, one
can see that all the moduli in the bcc phase increase with
increasing Nb or Mo composition. Turning to the hcp phase, it
can be seen that Y and G drop sharply, and B weakly increases
with the addition of Nb or Mo. For example, the decrease in
G and Y are about 74% and 71%, respectively, when 19 at.%
Nb is added. For (TiZrHf )1−xNbx, we observe that the alloys
with x � 13 at.% have larger G and Y in the hcp phase than
in the bcc phase, while the bcc phase has larger moduli above
the critical content 13 at.%. For the (TiZrHf )1−xMox alloys,
its G and Y behave similarly to those of the (TiZrHf )1−xNbx

alloy and the critical concentration x is about 7 at.%. For
all considered alloys, the bulk modulus B in the hcp phase
is slightly larger than that in the bcc phase. Overall, the
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FIG. 6. The full directional dependence of single-crystal Young’s modulus Y[hkl] (in units of GPa) for the (TiZrHf )Nb10 and(TiZrHf )Nb13

alloys in the bcc and hcp phases.

influence of Mo on the moduli in both bcc and hcp phases
is more significant than that of Nb, e.g., the polycrystalline
elastic moduli Y and G in the hcp phase decrease faster with
increasing Mo concentration than with the Nb addition. At
these particular Nb and Mo contents (≈ 13 at.% and 7 at.%,

respectively), B, G, and Y of the hcp phase are nearly identical
to the respective moduli of the bcc phase. The are two reason
for this. First, there are only two independent elastic moduli in
homogeneous isotropic linear elastic materials, e.g., B and Y .
Second, Bhcp and Bbcc have similarly magnitude and alloying

FIG. 7. The calculated composition dependence of polycrystalline elastic moduli for the (TiZrHf )1−xNbx and(TiZrHf )1−xMox alloys in the
bcc and hcp phases. Composition intervals where both the bcc and hcp phases are mechanically stable are highlighted.
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trends, while Y hcp and Y bcc have opposite alloying trends (see
Fig. 7).

Considering that newly formed hcp phase during deforma-
tion may share the load at late deformation stage [18], the hcp
phase may be preferred to have a higher Young’s modulus
than the bcc phase. According to our predicted composition
dependence polycrystalline Young’s modulus Y in the bcc and
hcp phases (Fig. 7), the content of the TM alloying elements
has to be carefully chosen to develop desired properties.

IV. CONCLUSION

In summary, a first-principles investigation of the crystal
lattice parameters, the phase stability, and the micromechan-
ical properties of the (TiZrHf )1−xTMx (TM=V, Nb, Cr, Mo,
and W) alloys was presented. It was found that the addition
of the TM elements leads to a decrease in the Wigner-Seitz
radius w in both the bcc and hcp phases and an increase in
the hexagonal c/a ratios. In both the bcc and hcp phases,
the reduction of the w is the strongest with adding Cr
and the weakest with Nb. The calculated �Ebcc-hcp indicated
that the relative stability between compositionally equivalent
bcc and hcp phases can be tuned and inverted. The results sug-
gested that Mo and W are stronger bcc stabilizers compared
to V and Nb, while Cr has an intermediate effect, indicating
that the addition of V or Nb offers the largest composition
interval where the bcc phase is metastable. Our calculated
results for the (TiZrHf )1−xNbx and (TiZrHf )1−xMox alloys
suggested that the bcc phase is mechanically stable above the

critical concentration x = 10 at.% for Nb, and x = 4 at.% for
Mo. The critical concentration above which the hcp phase
becomes the unstable phase was found to be around 19 at.%
and 10 at.% for (TiZrHf )1−xNbx and (TiZrHf )1−xMox, respec-
tively. The calculated elastic constants demonstrated that the
bcc elastic hardening and the hcp softening effects of Mo are
more pronounced than those of Nb. The obtained fY indicated
that the bcc phase is more elastically anisotropic than the
hcp phase. For both the (TiZrHf )1−xNbx and (TiZrHf )1−xMox

alloy systems, all the derived polycrystalline moduli in the
bcc phase increased with increasing Nb or Mo composition,
whereas the Young’s and shear moduli were starkly reduced
in the hcp phase. Our results revealed that the hcp phase has
higher shear and Young’s moduli than the bcc phase below a
critical composition for the Nb or Mo addition, while the bcc
phase has larger moduli above the critical composition. Fur-
thermore, we found that the phase stability and the mechanical
properties are mainly determined by the d-band filling.
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