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The accurate description of electronic properties and optical absorption spectra is a long-standing challenge
for density functional theory. Recently, the introduction of screened range-separated hybrid (SRSH) functionals
for solid-state materials has allowed for the calculation of fundamental band gaps and optical absorption
spectra that are in very good agreement with many-body perturbation theory. However, since solid-state SRSH
functionals are typically tuned to reproduce the properties of bulk phases, their transferability to low-dimensional
structures, which experience substantially different screening than in the bulk, remains an open question. In
this work, we explore the transferability of SRSH functionals to several prototypical van der Waals materials,
including transition-metal sulfides and selenides, indium selenide, black phosphorus, and hexagonal boron
nitride. Considering the bulk and a monolayer of these materials as limiting cases, we show that the parameters of
the SRSH functional can be determined systematically, using only the band-edge quasiparticle energies of these
extremal structural phases as fitting targets. The resulting SRSH functionals can describe both electronic band
structures and optical absorption spectra with accuracy comparable to more demanding ab initio many-body
perturbation theory (GW and Bethe-Salpeter equation) approaches. Selected examples also demonstrate that the
SRSH parameters, obtained from the bulk and monolayer reference structures, display good accuracy for band
structures and optical spectra of bilayers, indicating a degree of transferability that is independent of the fitting
procedure.
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I. INTRODUCTION

van der Waals (vdW) layered materials have been in the
spotlight for almost two decades [1–3], attracting an enor-
mous amount of attention since the experimental isolation of
graphene in 2004 [4,5]. These materials present an inherently
wide range of structural, electronic, and optical properties,
which is vastly enhanced by the possibility of combining lay-
ers (e.g., through heterostructuring, as well as relative twisting
or sliding) to allow for additional tuning of their physicochem-
ical properties [1–3,6–12].

As the space of vdW materials and their derivatives contin-
ues to expand, there is an ever growing need for a reliable
theoretical description of their electronic and optical prop-
erties, particularly band structures and optical absorption
spectra. Presently, state-of-the-art first-principles calculations
of these properties in crystalline materials are based mostly
on ab initio many-body perturbation theory (MBPT) [13,14].
Ab initio MBPT is usually employed in practice by using
the GW approximation [15] with input from a (general-
ized) Kohn-Sham eigensystem to obtain single quasiparticle
excitation energies and the Bethe-Salpeter equation (BSE)
[16,17] to calculate neutral excitation energies and optical
absorption spectra. Indeed, GW-BSE has been found to be

very successful in the interpretation and even prediction
of electronic and optical properties in vdW materials (e.g.,
Refs. [18–23]). However, GW-BSE calculations are relatively
expensive computationally [24–26]. GW-BSE calculations
can become prohibitively expensive especially when super-
cells are called for, e.g., in the calculation of defects or of
twisted multilayer structures. Therefore, there remains a need
for alternative computational approaches that can provide
results with similar accuracy at a substantially lower compu-
tational cost.

A first-principles alternative to MBPT is density functional
theory (DFT) [27,28], as well as its extension to excited states,
namely time-dependent DFT (TDDFT) [29,30]. However, it is
well known that (TD)DFT with common approximate func-
tionals often fails in the prediction of electronic and optical
excitations in solids [14]. One promising recent approach
within DFT is that of the tuned screened range-separated
hybrid functional (SRSH) [31,32]. This is important, because
although the formal scaling of GW and of DFT with a hybrid
functional is the same, in practice the latter can be markedly
faster and require substantially less memory [33,34], primarily
owing to the lack of explicit construction of the dielectric
matrix.
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Originally applied primarily to molecular solids [31,35–
37], tuned SRSH functionals have recently been found to be
extremely useful in the determination of fundamental gaps
and optical spectra of semiconductors and insulators [38–49].
Moreover, recently a nonempirical optimally tuned SRSH
approach that is applicable to a general semiconductor or
insulator has been found to be quantitatively predictive for a
wide range of materials, from narrow-gap semiconductors to
wide-gap insulators [41,42,50].

A key feature of SRSH functionals is the proper incor-
poration of dielectric screening in the long-range exchange,
which assures the correct asymptotic decay of the Coulomb
tail [31,32,35,51,52]. However, in vdW materials the dielec-
tric constant varies with the number of layers between its
bulk value and unity—formally, the correct asymptotic limit
for screening in a monolayer [53,54]—introducing a poten-
tially large structure dependence to the parameters of the
SRSH functional. Therefore, an open question remains as to
whether an SRSH functional that is optimally tuned, say, for
the bulk phase of a material, would be transferable to lower-
dimensional structures.

In this article, we expand our prior work [39] on assess-
ing and addressing this topic to encompass a broad range
of semiconducting and insulating vdW materials, exploring
both monolayers (2D materials) and bulk phases of Mo- and
W-based transition-metal dichalcogenides, indium selenide,
black phosphorus, and hBN, as well as bilayers of MoS2 and
hBN. We find that SRSH functionals can be tuned, using only
a single quasiparticle energy gap at the band edges of the 2D
and bulk phases, to produce band structures that are in excel-
lent agreement with GW calculations over the entire Brillouin
zone. Furthermore, we demonstrate that time-dependent (TD)
SRSH calculations can produce optical absorption spectra for
vdW semiconductors that are in very good agreement with
spectra from GW-BSE calculations without any input from
the latter in the tuning procedure, rendering the TD-SRSH
approach truly predictive. We also explore the transferability
of the SRSH parameters—derived for 2D and bulk phases—to
bilayers of MoS2 and h-BN and show that their band struc-
tures continue to be in good agreement with GW calculations.

II. THEORY OF THE SRSH FUNCTIONAL

In the SRSH approach, the Coulomb operator is parti-
tioned into short range (SR) and long range (LR) components
through the introduction of three parameters, α, β, γ , as
follows [51,52]:

1

r
= α + β erf (γ r)

r
+ 1 − [α + β erf (γ r)]

r
, (1)

where erf (·) is the error function, r is the interelectron dis-
tance, and γ is a range-separation parameter. The first term of
Eq. (1) is treated using exact exchange while the second term
is treated using a semilocal approximation. The parameter
α therefore sets the fraction of exact exchange in the short
range, the sum of parameters α + β sets the fraction of exact
exchange in the long range, and 1/γ provides a length scale
for the crossover from short- to long-range behavior, interpo-
lated smoothly by the error function [55]. To enforce a correct
asymptotic behavior of the screened Coulomb operator via

appropriate dielectric screening, we impose the condition α +
β = 1/ε∞, where ε∞ is the high-frequency scalar (orienta-
tionally averaged) dielectric constant [35]. Enforcing this limit
is essential to capturing excitonic effects in solid-state systems
[35,38,56]. The above relation fixes the value of β, given a
choice of α, in terms of ε∞, leaving two free parameters: α

and γ . This approach neglects anisotropy and approximates
the dielectric constant as a scalar, i.e., ε∞ = Tr[ε∞]/3. For
2D systems, we set ε∞ = 1, which is the correct asymptotic
limit of screening in the long range for an isolated 2D system
[53,54].

With these ingredients at hand, the exchange potential of
the SRSH functional, derived within generalized Kohn-Sham
theory [57–60], is represented by the nonmultiplicative poten-
tial operator

vSRSH
x = αvSR

XX + (1 − α)vSR
SL + 1

ε∞
vLR

XX +
(

1 − 1

ε∞

)
vLR

SL ,

(2)
where the subscripts “x,” “XX,” and “SL” denote exchange,
exact (Fock) exchange, and semilocal exchange, respectively.

In this work, we follow the approach of Ref. [39] to obtain
the parameters α, γ , and ε∞ that fully determine the SRSH
functional for a given material. First, the scalar dielectric
constant, ε∞, for bulk phases is determined nonempirically
using the random phase approximation [61] (RPA) that in-
cludes local-field effects at the Hartree level of a (semi)local
functional. Other approaches are equally valid, but we choose
to use the RPA to maintain consistency between the treatment
of the dielectric response in the DFT and the GW calculations.
The calculated values of ε∞ for the bulk phases of various
materials studied here are listed in Table I. For monolayers
and bilayers, we use a value of ε∞ = 1, as discussed above.
To determine suitable values of α and γ for each material,
we perform GW calculations to determine the quasiparticle
gaps for the bulk and monolayer structures. For monolayers,
these quasiparticle gaps are extrapolated to the limit of infinite
vacuum. Further details can be found in Secs. S1 and S2 of the
Supplemental Material (SM) [62]. We then perform a sweep
over the α − γ parameter space and calculate the correspond-
ing SRSH band gaps for pairs of values (α, γ ). We quantify
the error in the SRSH calculation, relative to the reference GW
result, by the difference between the quasiparticle and SRSH
band gaps at a particular k point, �Eg = EGW

g − ESRSH
g . We

find that it is generally sufficient to ensure that �Eg = 0 at
just one high-symmetry k point, which we pick to correspond
to the smallest direct band gap.

As noted in prior work [38–40,63], the choice of α and
γ is not unique for a particular material (or phase) and the
tuning procedure outlined above generally leads to a contin-
uum of values that lie on a “zero-crossing” line, �Eg = 0,
of the �Eg(α, γ ) surface. Given two phases—the bulk and
monolayer—the intersection of their individual zero-crossing
lines leads to a unique set of parameters, (α∗, γ ∗), that is
simultaneously optimal for both phases. It is this optimal
pair that is finally used for computing electronic and optical
properties of the various materials.

Using this procedure we determine transferable pairs,
(α∗, γ ∗), for various vdW materials and compare their elec-
tronic band structures against those obtained from GW
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TABLE I. Brillouin zone sampling, tuned SRSH parameters (α∗, γ ∗), average inverse macroscopic dielectric constant (ε−1
∞ ), GW band gap

(EGW), GW-BSE optical gap (EGW-BSE
opt ), SRSH band gap (ESRSH, fitted to an extrapolated GW quasiparticle band gap), and TD-SRSH optical

gap (ETD-SRSH
opt ), for the various materials studied in this article. Additional computational details are given in Secs. S1-S3 of the SM. Band gaps

and optical gaps are calculated at the K point for the TMDC materials (WS2, WSe2, MoSe2) and at the � point for black phosphorus (BP) and
InSe.

Material Phase k grid α∗ γ ∗ (Å−1) ε−1
∞ EGW (eV) EGW-BSE

opt (eV) ESRSH (eV) ETD-SRSH
opt (eV)

WS2 Bulk 12 × 12 × 4
0.102 0.019

0.093 2.32 2.22 2.29 2.21
1L 18 × 18 × 1 1.0 2.70 2.29 2.66 2.32

WSe2 Bulk 12 × 12 × 4
0.094 0.015

0.084 1.97 1.91 1.94 1.89
1L 18 × 18 × 1 1.0 2.34 1.98 2.28 1.99

MoSe2 Bulk 12 × 12 × 4
0.083 0.015

0.079 1.76 1.70 1.74 1.74
1L 18 × 18 × 1 1.0 2.06 1.72 2.04 1.78

BP Bulk 8 × 8 × 4
0.170 0.035

0.095 0.49 0.40 0.56 0.32
1L 15 × 15 × 1 1.0 1.89 1.37 1.95 1.38

InSe Bulk 9 × 9 × 4
0.149 0.021

0.121 1.15 1.05 1.21 1.10
1L 15 × 15 × 1 1.0 2.90 2.67 2.87 2.76

calculations. We also report optical absorption spectra ob-
tained from linear response [64] TD-SRSH calculations
[31,37,38] and compare the results against GW-BSE calcu-
lations within the Tamm-Dancoff approximation [65].

III. RESULTS AND DISCUSSION

In this section, we apply the methodology described in
Sec. II to representative vdW materials: these include the
transition-metal dichalcogenides (TMDCs) WS2, WSe2, and
MoSe2, black phosphorus (BP), and InSe. These materials
range from medium- to small-gap semiconductors.

A. Transition-metal dichalcogenides: WS2, WSe2, and MoSe2

WS2, WSe2, and MoSe2 are semiconductors that crystal-
lize in the trigonal prismatic 2H phase (space group P3̄m1) in
their ground state. Figures 1(a)–1(c) display contour plots of
the error in the band gap, �Eg, as a function of the SRSH
parameters for bulk and monolayers of the three materials.
Interestingly, the errors in the band gap present similar trends
across this group of materials: the bulk phases exhibit a
very small degree of acceptable variation in the fraction of
short-range exact exchange, α, whereas this parameter can
vary more widely for monolayers. It is also clear from these
figures that optimizing the SRSH for just one phase can lead to
rather large errors for the other phase. For example, selecting
acceptable values of (α, γ ) for bulk WS2 at the extremes of
the α − γ plot [Fig. 1(a)] leads to large errors in the pre-
dicted band gap of the monolayer, ranging from −0.122 eV
for (α, γ ) = (0.102, 0.010 Å−1) to 2.33 eV for (α, γ ) =
(0.116, 0.248 Å−1). Conversely, optimizing the SRSH purely
for monolayer WS2 results in errors in the bulk band gap
ranging from 0.030 eV for (α, γ ) = (0.011, 0.044 Å−1) to
0.049 eV for (α, γ ) = (0.113, 0.010 Å−1). The point of in-
tersection of the zero crossings of the gap deviation surfaces
(α∗, γ ∗) = (0.102, 0.019 Å−1) simultaneously renders the er-
ror in the band gap zero for both phases. Similar behavior is
observed for WSe2 and MoSe2.

Table I displays the optimal parameters, α∗ and γ ∗, along
with the RPA dielectric constants, ε∞, as well computed GW,

GW-BSE, SRSH, and TD-SRSH results. Our GW and GW-
BSE results are in good agreement with past literature—see
Tables I and II in Sec. S4 of the SM for a detailed comparison.
Figure 1 displays the corresponding SRSH band structures
along with the corresponding GW band structures. As the
SRSH functionals were tuned to reproduce GW band gaps
extrapolated to infinite interlayer separation and infinite k-
point sampling (see Sec. S2 of the SM), the outcome of a
particular unextrapolated GW calculation will always differ
to some extent from the SRSH result. For example, for WS2,
the unextrapolated GW band gap for the monolayer (at the
K point) is 40 meV larger than the SRSH band gap and the
unextrapolated GW band gap for the bulk (at the K point) is
30 meV larger than its SRSH counterpart. Similar differences
(∼20 meV) are found for MoSe2 and WSe2. The above small
differences notwithstanding, Figs. 1(d)–1(i) show very good
agreement between the GW and SRSH band structures for all
three, especially at the band edges. Qualitatively, the devia-
tions are somewhat larger for the bulk than for the monolayers,
particularly for the selenides. These deviations also become
more apparent deeper into the valence or conduction band,
which is generally expected when using SRSH eigenvalues
as approximate quasiparticle excitation energies [58,66,67].
These deeper bands, however, are less relevant to electronics
applications or to the low-energy optical absorption spectrum.
The mean absolute deviation between the GW and SRSH
results for the top-most valence band and bottom-most con-
duction band, over all k points, is 0.060 eV, 0.063 eV, and
0.103 eV for monolayers WS2, WSe2 and MoSe2, respec-
tively, and 0.059 eV, 0.074 eV, and 0.098 eV for the bulk.

We note that the parameter γ is relatively small and similar
to the value for MoS2 reported in Ref. [39]. As a consequence,
one might be tempted to conclude that the SRSH functional
behaves almost as the corresponding limit of a global hybrid
[68]. However, in the γ → 0 limit, β would be irrelevant and
the exchange would be asymptotically screened by 1/α in-
stead of ε∞, with consequences for predicted exciton binding
energies. For example, in Chen et al. [63], the fraction of exact
exchange was tuned to fulfill the ionization potential theorem
in a system with a defect. It was concluded in that work that
using a global hybrid that is tuned to the band gap at only one k
point may lead to inaccurate electronic structure predictions.
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FIG. 1. [(a)–(c)] Contour maps of the gap deviation, �Eg, for WS2, WSe2, and MoSe2. The solid black lines represent the values for which
�Eg = 0 for bulk and monolayer structures and the intersection of the two lines yields a unique set of values (α∗, γ ∗) that are transferable
between the bulk and monolayer. [(d)–(f)] Band structures for bulk and [(g)–(i)] band structures for monolayers of WS2, WSe2, and MoSe2

from SRSH (solid lines) and G0W0@PBE (dashed lines). Here and throughout, special points in the Brillouin zone are defined explicitly in
Sec. S3 of the SM. γ has units of Å−1.

This underscores the importance of using a range-separated
hybrid rather than a global one.

Next, we consider optical absorption spectra for the same
materials, as shown in Fig. 2. These calculations were per-
formed without spin-orbit coupling, primarily due to the
computational cost of the reference GW-BSE calculations.
Insets provide corresponding TD-SRSH spectra for monolay-
ers that do include spin-orbit coupling. Recalling that SRSH
parameters are only tuned to reproduce the GW band gap
at a single k point, any further calculations with the same
parameters are true tests of the predictive capability of the
functional. As seen in Fig. 2, the overall agreement between
the GW-BSE and TD-SRSH spectra is highly satisfactory,
especially for the low-energy part of the spectrum. At higher
energies (�2.5 eV), some disagreement becomes more ap-
parent, most likely due to the above-noted larger deviations
between higher and lower lying SRSH and GW eigenvalues.

Nonetheless, the agreement between GW-BSE and TD-SRSH
spectra is particularly good for the bulk and the neglect of
the anisotropy of the dielectric constant does not seem to
have introduced qualitative failures in the monolayer calcula-
tions. For the latter, the positions of the low-energy peaks are
generally in good agreement between TD-SRSH and GW-
BSE (deviations smaller than 0.1 eV), whereas the discrep-
ancy in peak heights is more apparent.

Upon inclusion of spin-orbit coupling in the SRSH mono-
layer calculations (insets of Figs. 2(b), 2(d), 2(f)), we observe
the appearance of the characteristic A and B excitonic peaks
of TMDC monolayers. For WS2, the experimentally measured
A and B peaks are at 2.12 eV and 2.5 eV [69], respectively,
which compares excellently to the TD-SRSH peaks located at
2.05 eV and 2.38 eV. Likewise, for WSe2, the experimental
values are 1.74 eV and 2.16 eV [70], compared to TD-SRSH
values at 1.70 eV and 1.98 eV, which represent a slightly

104001-4



TRANSFERABLE SCREENED RANGE-SEPARATED HYBRID … PHYSICAL REVIEW MATERIALS 7, 104001 (2023)

FIG. 2. Optical absorption spectra calculated, without spin-orbit coupling, using TD-SRSH (red solid line) and GW-BSE (blue dashed line).
Rows correspond to WS2, WSe2, and MoSe2. Results for the bulk and for the monolayer are given in the left and right columns, respectively.
Insets: corresponding monolayer SRSH calculations that include spin-orbit coupling, in which the A and B peaks represent excitons of the
TMDCs. See Table I for specific parameters.

larger, but still small, deviation. Lastly, for MoSe2, the experi-
mentally measured A and B peaks are at 1.64 eV and 1.83 eV
[71], respectively, while the TD-SRSH peaks are located at
1.63 eV and 1.85 eV.

B. Black phosphorus and phosphorene

Among the allotropes of phosphorus, black phosphorus
(BP) is one of the most stable forms under ambient condi-
tions [72]. In its ground state, BP is composed of puckered
monolayers arranged in an AB stacked structure (space group
64, Cmce) and is very sensitive to changes in pressure [73,74].
It is also characterized by strong in-plane anisotropy that pro-
vides an opportunity for exploiting its orientation-dependent

optoelectronic properties in a variety of applications [74–76].
The band gap of BP varies from about 0.3 eV in the bulk
to around 2.0 eV for the monolayer (phosphorene), covering
much of the range between semiconducting TMDCs and gap-
less graphene [74,75,77].

Because BP is a narrow-gap semiconductor, semilocal
functionals such as PBE [78] predict an incorrect metallic
ground state for this material, creating a qualitatively incor-
rect starting point for “single-shot” GW calculations [79–81].
Therefore, here we employed the HSE06 short-range hybrid
functional [82,83] to produce a gapped (0.317 eV direct
gap at � [84]) starting point for the GW calculation. The
use of hybrid functionals as a starting point for perturba-
tive GW calculations is a topic of ongoing research (e.g.,
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(a) (b) (c)

(e)(d)

FIG. 3. (a) Gap deviation, �Eg, exhibited as a color map in the α − γ plane, for black phosphorus. The solid black lines represent the
values for which �Eg = 0 for bulk and monolayer structures and the intersection of the two lines yields a unique set of values (α∗, γ ∗) that
are transferable between the bulk and monolayer. (b) Band structures for bulk and (c) monolayer of black phosphorus from SRSH (solid lines)
and G0W0@HSE06 (dashed lines). (d) Optical absorption spectra for bulk and (e) monolayer of black phosphorus from TD-SRSH (solid red
lines) and G0W0-BSE (dashed blue lines). γ has units of Å−1.

Refs. [50,81,85–88]). In the present case, this approach
yielded a G0W0@HSE06 extrapolated band gap of 0.56 eV,
in good agreement with Refs. [88,89].

Figure 3(a) displays contour plots of the error, �Eg, in
the SRSH band gap relative to the GW (G0W0@HSE06)
fitting target (see SM for details). The zero crossing lines
of the �Eg surfaces for BP and phosphorene intersect at
(α∗, γ ∗) = (0.170, 0.035 Å−1), which furnishes the optimal
set of parameters for further SRSH/TD-SRSH calculations.
The complete set of parameters is listed in Table I.

Using these parameters, Figs. 3(b)–3(e) display corre-
sponding band structures and optical absorption spectra for
BP and phosphorene. Once again, owing to the tuning to ex-
trapolated GW band gaps, there is a small deviation between
unextrapolated GW and SRSH values, but beyond that, once
again we find excellent agreement between the GW and SRSH
band structures, both for BP and phosphorene, not just at
the band edges but also up to ∼2 eV into the valence and
conduction bands. Again, the mean absolute deviation for the
highest valence band and lowest conduction band across the
entire Brillouin zone is a mere 0.054 eV for the bulk phase
and 0.071 eV for the monolayer. For the optical spectra, we
find excellent agreement between the two approaches, with
deviations in peak positions being at most 60 meV in the low-
energy part of the spectrum (� 2.5 eV). The first excitonic
peak for phosphorene is located at 1.37 eV, in agreement
with a previous BSE study [77]. Here, TD-SRSH and GW-
BSE peak heights are also in better agreement than for the
TMDCs.

C. Indium selenide

As a final example, we consider β-InSe (space group
P63/mmc). This is a transition-metal monochalcogenide that
is part of a larger group of similar materials composed of
a Group IIIA element (In, Ga) and a chalcogen (S, Se, Te)
[90]. This material exhibits a band gap that changes from
2.87 eV (indirect gap) for a monolayer (theoretical) [91] to
1.20–1.28 eV (direct gap) for the bulk [92–94], as well as
high-carrier mobility [90,95], making it a desirable candidate
for optoelectronics [90,96–98].

Figure 4(a) displays the contour plots of the gap deviation,
�Eg, in the SRSH band gap relative to the GW fitting targets
for the bulk and monolayer structures (see Sec. S2 of the SM).
Similar to the TMDCs, we observe that the bulk phase exhibits
a very small degree of acceptable variation in the fraction of
short-range exact exchange, α, whereas this parameter can
vary more widely for the monolayer. The optimal set of SRSH
parameters, (α∗, γ ∗) = (0.149, 0.021 Å−1), is again obtained
from the point of intersection of the zero-crossing lines of
the �Eg surfaces for bulk and monolayer InSe. The complete
set of parameters for InSe is listed in Table I. Using this
tuned SRSH functional, Figs. 4(b) and 4(c) show the band
structures of bulk and monolayer InSe, along with reference
band structures from GW calculations. Once again, owing
to extrapolation the SRSH gaps differ from the GW ones
by 60 meV for the bulk and 30 meV for the monolayer. As
seen in the figure, the agreement between the SRSH and
GW band structures is quite satisfactory across the chosen
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(a) (b)

(d) (e)

(c)

FIG. 4. (a) Gap deviation, �Eg, exhibited as a color map in the α − γ plane, for InSe. The solid black lines represent the values for which
�Eg = 0 for bulk and monolayer structures and the intersection of the two lines yields a unique set of values (α∗, γ ∗) that are transferable
between the bulk and monolayer. (b) Band structures for bulk and (c) monolayer of InSe from SRSH (solid lines) and G0W0@PBE (dashed
lines). (d) Optical absorption spectra for bulk and (e) monolayer of InSe from TD-SRSH (solid red lines) and G0W0-BSE (dashed blue lines).
Inset: TD-SRSH calculation with SOC. γ has units of Å−1.

high-symmetry paths, with a mean absolute deviation for the
top valence band and the bottom conduction band of 0.163 eV
for the bulk and 0.085 eV for the monolayer.

TD-SRSH optical absorption spectra for bulk and mono-
layer InSe are displayed in Figs. 4(d) and 4(e), along with
reference GW-BSE spectra. The TD-SRSH and GW-BSE
spectra are in good agreement below ∼3 eV, with the largest
error in the energies of the first two peaks being of the order of
0.2 eV, albeit with some differences in the oscillator strength.
The agreement between the TD-SRSH and GW-BSE optical
spectra is not as good above 3 eV. The remaining discrepan-
cies may be partly due to computational limitations in k-point
sampling in the GW calculations. The inset of Fig. 4(e)

displays the TD-SRSH absorption spectrum for the monolayer
with the inclusion of spin-orbit coupling; the first excitonic
peak (labeled A) appears at 2.6 eV and agrees well with the
value of 2.57 eV obtained from Ref. [99].

IV. ASSESSMENT OF SRSH FUNCTIONALS
FOR BILAYER MoS2 and h-BN

Motivated by the promising results of the SRSH/TD-
SRSH approach for bulk and monolayer structures, we now
seek to understand how well these functionals perform for
bilayers of vdW materials. In general, one could expect
that as long as the characteristic length scale for switching

TABLE II. Brillouin zone grid, tuned SRSH parameters (α∗, γ ∗) for bulk monolayer, tuned SRSH parameters (α′, γ ′) for bulk bilayer,
average inverse macroscopic dielectric constant (ε−1

∞ ), GW band gap (EGW), GW-BSE optical gap (EGW-BSE
opt ), SRSH band gap (ESRSH, fitted to

an extrapolated GW quasiparticle band gap), and TD-SRSH optical gap (ETD-SRSH
opt ) for MoS2 and h-BN. Additional computational details for

the calculations are given in Secs. S1-S3 of the SM. Band gaps and optical gaps are calculated at the K point for all phases.

Material Phase k grid α∗ γ ∗ (Å−1) α′ γ ′ (Å−1) ε−1
∞ EGW (eV) EGW-BSE

opt (eV) ESRSH (eV) ETD-SRSH
opt (eV)

MoS2 Bulk 12 × 12 × 4a

0.107 0.038 0.105 0.008
0.085 2.07a 2.00a 2.03a 1.91

2L 15 × 15 × 1 1.0 2.20 1.90 2.18 1.97
1L 18 × 18 × 1a 1.0 2.50a 2.00a 2.65a 2.02

h-BN Bulk 12 × 12 × 4a

0.201 0.072 0.204 0.041
0.25 6.58a 5.48a 6.66a 5.82

2L 18 × 18 × 1 1.0 6.79 5.29 6.95 5.91
1L 18 × 18 × 1a 1.0 7.20a 5.31a 7.26a 5.92

aFrom Ref. [39].
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from short-range exact exchange (α) to long-range exact
exchange (1/ε∞), namely 1/γ , is greater than the thickness
(t) of the bilayer/few-layer slab, the interaction between two
charges separated across the slab thickness will be governed
largely by the (tuned) short-range exchange. In this scenario,
it is reasonable to hypothesize that the SRSH/TD-SRSH
formalism ought to retain its accuracy for bilayer/few-layer
structures, even when merely employing the simply functional
form of the SRSH with asymptotic long-range screening of
ε∞ = 1. In the following, we test this hypothesis for bilayer
MoS2 and h-BN, bulk and monolayers of which were studied
previously in Ref. [39].

A. MoS2

Tuned SRSH parameters, (α∗, γ ∗), for bulk and monolayer
MoS2 were reported previously in Ref. [39] and are listed in
Table II. In principle, one could use these parameters directly
to make a prediction for bilayer MoS2. It is also possible to
retune the SRSH using bilayer MoS2 and the bulk as reference
structures. To this end, we first perform GW calculations for
MoS2 bilayers to determine the reference quasiparticle band
gaps (see Sec. S2 of the SM and Table II). We then apply
our tuning procedure (Sec. II) to obtain the error, �Eg, for
the bilayer as a function of α and γ . Figure 5(a) displays the
�Eg contour plots for monolayer, bilayer, and bulk MoS2.
As seen in the figure, the optimal parameters for the bilayer
and bulk, labeled α′ and γ ′, are not identical to those of the
monolayer and bulk (α∗, γ ∗). Specifically, α′ and α∗ do not
vary substantially, as the bulk constrains these values to a
rather small window, and the main distinction is manifested
in the values of γ ′ and γ ∗. In addition, the �Eg surfaces of the
monolayer and bilayer and, consequently, the zero-crossing
lines are nearly parallel to each other. This indicates that it is
not possible to render �Eg = 0 simultaneously for the mono-
layer and bilayer, though this does not rule out simultaneous
minimization of a different metric, an issue we do not explore
further here.

Figures 5(b) and 5(c) display the SRSH band structure
and TD-SRSH optical absorption spectrum for bilayer MoS2,
using the optimal values of α′ and γ ′, along with their GW
and GW-BSE counterparts. As before, there is an intrinsic
20 meV extrapolation difference. The overall agreement be-
tween the two approaches is excellent: the mean absolute
error in the energy eigenvalues, considering the lowermost
conduction band and the uppermost valence band, is a mere
0.087 eV. Similarly, we also find good agreement between
the GW-BSE and TDSRSH optical spectra [Fig. 5(c)] with
differences of less than 0.1 eV in peak positions for the low-
energy part of the spectrum (�2.5 eV). The inset of Fig. 5(c)
displays the TD-SRSH absorption spectrum with spin-orbit
coupling included. We observe the characteristic splitting of
the valence band into A and B excitonic peaks at 1.88 eV and
2.23 eV, respectively, that are in excellent agreement with the
reported experimental values of 1.91 eV (A peak) and 2.12 eV
(B peak) [100].

Returning to the issue of the transferability of the SRSH
functional, we sought to understand the implications of mod-
eling the MoS2 bilayer using a functional specifically tuned
for the monolayer and bulk (parameters α∗ and γ ∗) and,

FIG. 5. (a) 2D contour plots of the gap deviation, �Eg, for mono-
layer, bilayer, and bulk MoS2. Solid black lines represent values
for which �Eg = 0. The intersections of the solid lines yield a set
of values (α∗, γ ∗) that are transferable between the monolayer and
bulk and a somewhat different set of values (α′, γ ′) that are trans-
ferable between the bilayer and bulk. (b) Band structures for bilayer
MoS2 from SRSH (red solid lines), using the parameters (α′, γ ′),
and from G0W0@local density approximation (G0W0@LDA, blue
dashed lines). (c) Optical absorption spectra for bilayer MoS2 ob-
tained with TD-SRSH (red solid line) and GW-BSE (blue dashed
line). Inset: TD-SRSH calculation with SOC. γ has units of Å−1.
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FIG. 6. (a) Band structures of MoS2 in the bilayer, bulk, and monolayer phases, calculated using the parameters indicated in Table II and
with (α∗, γ ∗) = (0.107, 0.038 Å−1) and (α′, γ ′) = (0.105, 0.008 Å−1), obtained from the intersections between zero crossings indicated in
Fig. 5. The former pair is optimal for the monolayer and the latter for the bilayer. The choice of optimal versus nonoptimal parameters leads to
a near constant error of ∼0.5 eV in band gaps along the indicated high-symmetry k path for bilayer and monolayer. The band structure of the
bulk is not sensitive to the choice of optimal parameters. (b) Optical absorption spectra for the phases and band structures in (a).

conversely, modeling the monolayer using a functional specif-
ically tuned for the bilayer and bulk (parameters α′ and γ ′).
Figure 6(a) presents the outcome of such a comparison for
the bilayer, bulk, and monolayer, with Fig. 6(b) displaying
the corresponding TD-SRSH spectra. For the bulk structure,
we find that the band structure and optical spectrum is es-
sentially insensitive to the choice of parameters, as may be
expected given that both sets of values are optimal for bulk
MoS2 (�Eg = 0). For the monolayer and bilayer, using the
nonoptimal set of parameters leads to nearly rigid shifts of
the band structure by ∼0.5 eV. The optical absorption spectra
display lower sensitivity to this choice of parameters. For the
bilayer, the only noteworthy change is in the amplitudes of the
spectral features, whereas for the monolayer the differences
in the energies of the spectral features (∼0.1 eV) is somewhat
more noticeable. Thus use of nonoptimal parameters, (α∗, γ ∗),
for the bilayer will overestimate exciton binding energies by
∼0.5 eV. Mitigating these errors may require a more complex
multiobjective error function or the development of alternative
dielectric screening models that explicitly account for the
thickness of the two-dimensional (2D) layer/slab [101–103].

B. h-BN

The tuned SRSH parameters, (α∗, γ ∗), for bulk and mono-
layer h-BN were reported in Ref. [39] and are listed in Ta-
ble II. Following the same tuning procedure, we first perform
GW calculations to determine the reference quasiparticle band
gaps for h-BN bilayers (see Sec. S2 of the SM and Table II).

Figure 7(a) exhibits �Eg contour plots for monolayer, bilayer,
and bulk h-BN. Also in this case, the optimal parameters
for the bilayer and bulk, labeled α′ and γ ′, are not identical to
those optimized for the monolayer and bulk (α∗, γ ∗), differing
mostly in the range-separation parameter γ . The SRSH band
structure for the bilayer is displayed in Fig. 7(b), along with
the reference GW calculation. Here the extrapolation differ-
ence is 160 meV. The two results are in good agreement.
Considering the lowermost conduction band and the upper-
most valence band, the mean absolute error is 0.207 eV. The
TD-SRSH spectrum for the bilayer is displayed in Fig. 7(c),
along with the reference GW-BSE spectrum. Clearly, the for-
mer is blueshifted by approximately 0.6 eV relative to the
latter. This is a known issue, discussed previously in Ref. [39],
and it is not pursued further here.

Finally, in Fig. 8 we assess the transferability of the param-
eters (α∗, γ ∗) and (α′, γ ′) between monolayer, bilayer, and
bulk h-BN, as done in Fig. 6 for MoS2. For bulk h-BN, the
band structure and optical spectrum is insensitive to the choice
of parameters. For the monolayer and bilayer, in contrast,
using the nonoptimal set of parameters leads to nearly rigid
shifts of the band structure by ∼0.35 eV. We also display in
Fig. 8 the TD-SRSH absorption spectra for the monolayer
and bilayer using the two different sets of parameters for α

and γ . Noting that the absorption spectrum suffers from a
large blueshift, as discussed above, we only seek to under-
stand relative differences between the TD-SRSH spectra. For
both monolayer and bilayer h-BN, the position of the first
excitonic peak changes only slightly by about 0.03 eV and the
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(a)

(b)

(c)

FIG. 7. (a) 2D contour plots of the gap deviation, �Eg, for mono-
layer, bilayer, and bulk h-BN. The solid black lines represent the
values for which �Eg = 0 for these structures. The intersections of
the solid lines yield a set of values (α∗, γ ∗) that are transferable be-
tween the monolayer and bulk and another set of values (α′, γ ′) that
are transferable between the bilayer and bulk. (b) Band structures for
bilayer h-BN from SRSH (solid lines), using the parameters (α′, γ ′),
and G0W0@local density approximation (G0W0@LDA, blue dashed
lines). (c) Optical absorption spectra for bilayer h-BN obtained with
TD-SRSH (solid line) and GW-BSE (dashed line). γ has units of
Å−1.

peak heights are also only slightly affected. The exciton bind-
ing energy, however, does not change by the same amount.
This may be attributed to the approximation of ε∞ = 1.0
for the bilayer, showing a limitation of this approximation in
the case of the bilayer phases. Beyond the first peak though,
the absorption spectra show more significant changes with
the appearance of additional satellite peaks and/or shoulders.
It is therefore likely that the comparison between GW-BSE
and TD-SRSH for h-BN (and possibly other large-gap layered
insulators) needs to be revisited, which is an issue we will take
up elsewhere.

V. CONCLUSION

In conclusion, we have demonstrated a facile approach for
the construction of transferable SRSH functionals for bulk
and mono-/bilayer vdW materials. By tuning the SRSH func-
tional to reproduce just one (GW) quasiparticle energy, we
have demonstrated the ability to achieve excellent agreement
between SRSH and GW band structures of bulk and mono-
/bilayers TMDCs, black phosphorus, InSe, and h-BN, at a
fraction of the computational cost of GW calculations. We
have also shown that TD-SRSH calculations of excited-state
properties, which do not enter at any stage into the functional
tuning procedure, are generally in good agreement with the
BSE approach, thus lending credence to the predictive capa-
bility of the SRSH/TD-SRSH formalism. The one exception
to this finding is h-BN, the optical spectra of which are at
variance with their BSE counterparts. As no such deviations
have been reported before for SRSH studies of bulk insulators
[37], it remains to be understood if this is a generic prob-
lem posed by large-gap 2D insulators which manifests in all
phases of such materials and, if so, how to incorporate missing
physical effects into the SRSH exchange-correlation kernel.
Furthermore, more research must be carried out in the case
of few-layered materials, where the approximation ε∞ = 1.0
may present limitations in capturing some physical properties
quantitatively.

One difficulty arises if the exciton binding energy is very
small. The expected level of agreement between GW and
SRSH, and also between GW-BSE and TD-SRSH, is of the
order of 0.1–0.15 eV. This is usually within the experimental
accuracy of the measurements and also results in errors much
smaller than the value itself, either for the band gap energy
and the optical gap. An error of 0.1 eV, which is an excellent
outcome in itself, can still lead to a 50% error in the exciton
binding energy. For the case of small band gap materials, for
example, BP, the error may be even bigger. Therefore, in-
terpretation of exciton binding energies should be performed
with caution.

Our results suggest that the SRSH/TD-SRSH approach is
robust for 2D semiconductors, opening up a range of opportu-
nities for accurate calculations of the optoelectronic properties
of layered materials with defects, heterolayers/-junctions,
twisted or shifted layers, and more.
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