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In recent years, complex concentrated alloys (CCAs), also referred to as medium- or high-entropy alloys,
have attracted substantial research interest due to their excellent mechanical properties including high strength,
ductility, and toughness. It is known that the chemical inhomogeneity of CCAs gives rise to spatial variations in
local properties such as the generalized stacking fault energy (GSFE) surface, which in turn affect their mechan-
ical properties, but how such an inhomogeneity affects dislocation nucleation and incipient plasticity remains
largely unknown and unexplored. Here, we develop a physics-informed statistical model for incipient plasticity in
CCAs by combining elasticity theory for dislocation nucleation and statistical modeling of nanoindentation. Our
model connects a material’s fundamental properties to the statistics of incipient plasticity and is validated by the
excellent agreement with the statistical data from molecular dynamics simulations of nanoindentation of CrCoNi
CCA samples. By accounting for the spatial variation in the local generalized stacking fault energy surface in
CCAs, our model captures the key difference in the nanoindentation-induced incipient plasticity response of
CCAs compared with a conventional metal (fcc Cu) and also reproduces the trends across CCA samples with
different degrees of short-range ordering. Our model also reveals a critical length scale for the underlying GSFE
fluctuations which controls the overall statistics of incipient plasticity during nanoindentation of CCAs, which
reflects the critical loop size of the underlying dislocation nucleation mechanism.
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I. INTRODUCTION

Complex concentrated alloys (CCAs), which include high-
entropy alloys and their derivatives, medium-entropy alloys,
have attracted substantial research interest due to their po-
tential as a new class of metallic structural materials with
superior mechanical properties [1–3]. Typically compris-
ing three to five principal elements in roughly equiatomic
ratios forming a single-phase solid solution, CCAs were
originally conceived to be completely random in order to
maximize configurational entropy (hence the name “high-
entropy alloys”) [4]. However, detailed microscopy [5,6]
and first-principles calculations [7–9] have since shown
that significant chemical short-range ordering (SRO) can
and often does exist in CCAs at the local level. Many
CCAs—including the original high-entropy alloy CrMnFe-
CoNi (Cantor alloy) [10] and one of its derivatives, the
medium-entropy alloy CrCoNi—have demonstrated excellent
mechanical properties, including high tensile strength, ductil-
ity, and toughness, as well as potential resistance to hydrogen
embrittlement [11–14]. This has motivated active research in
the area of CCAs in order to better understand the mechanisms
underlying their desirable mechanical properties and provide
insights into how to tailor new alloys with even more superior
properties.
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In recent years, there have been some efforts to under-
stand the mechanisms underlying the mechanical behavior
of CCAs and the role played by the chemical short-range
ordering (SRO) in these processes via atomistic simulations
and modeling. Some earlier efforts in atomistic modeling
of plasticity in high-entropy alloys have been reviewed by
Aitken et al. [15], while some of the unusual features of
dislocations and their slip behavior in CCAs are summarized
by Ma [16]. Density functional theory (DFT) calculations [8]
have shown that the intrinsic and extrinsic stacking fault en-
ergies in CrCoNi CCA vary significantly with the degree of
SRO, increasing from negative values in the random solid
solution to positive values in samples with high SRO. Li
et al. [17] developed an empirical embedded-atom method
(EAM) potential for CrCoNi which demonstrates the spatial
variation in planar fault energies in samples with different de-
grees of SRO, and using atomistic molecular dynamics (MD)
simulations, they showed that the rugged energy landscape
leads to a wavy dislocation line and dislocation glide via a
“jerky” nanoscale segment detrapping mechanism. MD simu-
lations can also provide insight into the interaction between
twin boundaries and dislocations during deformation [18],
competition between multiple deformation mechanisms [19],
and dislocation glide mechanisms in non-fcc CCAs [20,21].
The strengthening effect of SRO and fluctuations in the
generalized stacking fault energy (GSFE) landscape on dis-
location glide has also been modeled at higher length scales,
for example, within phase field dislocation dynamics [22],
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stochastic Peierls-Nabarro models [23], and a crystal plastic-
ity model [24].

While most of the studies have looked at the effect of SRO
on plasticity via dislocation glide, fewer studies have focused
on the processes governing incipient plasticity in CCAs, i.e.,
dislocation nucleation. DFT and MD simulations of CrCoNi
by Cao et al. [25] found that upon uniaxial compression,
dislocations nucleated preferentially at energetically unstable
bcc-like defect clusters in regions of weak Cr-Cr bonding.
Xiao et al. [26] performed MD simulations of dislocation
nucleation in CoNiCrFeMn and reported that the low stack-
ing fault energy (SFE) leads to lower activation energy and
activation volume but higher athermal stress for dislocation
nucleation compared with conventional metals. Jian et al. [27]
also performed MD simulations to investigate the roles of
chemical SRO and lattice distortion in dislocation nucleation
and propagation in CrCoNi.

Experimentally, incipient plasticity in various CCAs has
been probed via nanoindentation [28–30]. However, such
experiments do have limitations: It is difficult to identify
the dislocation nucleation mechanisms activated in each
case and practically impossible to isolate specific mecha-
nisms for detailed analysis. This is where MD simulations
have been able to provide further insights into the different
atomistic processes occurring during nanoindentation of met-
als [31–34], ordered intermetallics [35–37], and, in recent
years, even CCAs [38–43]. These studies have demonstrated
the formation and evolution of dislocation loops and com-
plex structures such as locks, have demonstrated the effect
of crystal anisotropy, surface orientation, and microstructural
elements such as nanotwins, and can be used to generate
statistical distributions of pop-in loads similar to experiments.
Schuh, Lund, and Mason [44–46] developed a statistical
model of incipient plasticity during nanoindentation, which
assumes a simple empirical form of the rate equation for acti-
vation of the dislocation nucleation process. This statistical
approach has been applied to experimental data but not to
analyzing data from simulations. Furthermore, such a model
would not be able to explicitly account for the effect of the
spatially varying properties in CCAs, or the length scale of
such fluctuations, which we believe are important parameters
that influence the statistics of nanoindentation-induced incip-
ient plasticity in CCAs.

In this paper, we have developed a physics-informed
statistical model which connects a material’s fundamen-
tal properties—and the spatial variations thereof—to the
statistics of incipient plasticity during nanoindentation and
validated the model against statistical data obtained from
MD nanoindentation simulations on fcc Cu and CrCoNi al-
loys. To simplify the problem, we consider nanoindentation
of defect-free, single-crystal CCA samples in which dislo-
cations nucleate homogeneously from the bulk rather than
heterogeneously from preexisting defects. The details of the
corresponding MD simulations are described in Sec. II A,
while the statistical models for nanoindentation-induced in-
cipient plasticity in conventional metals and CCAs are derived
in Secs. II B 1 and II B 2, respectively. The results presented
in Sec. III demonstrate that by accounting for the spatial
variation in the local generalized stacking fault energy surface
arising from the chemical inhomogeneity of CCAs, our model

captures the key difference in the response of CCAs compared
with a conventional metal (fcc Cu) and also reproduces the
trends across CCA samples with different degrees of SRO.
We provide further interpretation of our results and discuss
some of their wider implications in Sec. IV. Our model high-
lights that the critical length scale of the underlying GSFE
fluctuations, which controls the overall statistics of incipient
plasticity during nanoindentation of CCAs, is closely related
to the critical length scale of the dislocation nucleation mech-
anism.

II. METHODOLOGY

A. Molecular dynamics simulations

MD simulations were performed using the large-scale
atomic/molecular massively parallel simulator (LAMMPS)
[47] with embedded-atom method (EAM) interatomic poten-
tials for pure Cu [48] and equiatomic CrCoNi alloys with
varying degrees of SRO [17]. The dimensions of the samples
in our simulations are around 20×20×12 nm, and the samples
contain approximately 0.5×106 atoms each. Random solid
solution (RSS) CrCoNi samples were created by randomly
replacing two-thirds of the Ni atoms in a face-centered cubic
(fcc) Ni sample with an equal number of Co and Cr atoms.
RSS samples were subsequently annealed through hybrid
molecular dynamics and Monte Carlo simulations under the
variance-constrained semi-grand-canonical ensemble [49] at
600 and 900 K, respectively, to obtain samples with high and
low SRO. The variance constraint parameter was set as 1000
in our simulations, and 400 000 integration steps were used
to generate equilibrium configurations at each given tempera-
ture. Three representative samples were created from different
initial RSS alloys for each selected temperature. The degree of
the chemical short-range order in the annealed samples was
characterized by a pairwise order parameter [17],

αi j = pi j − Cj

δi j − Cj
, (1)

where pi j is the probability of finding a j-type atom in the
first-nearest-neighbor shell of i-type atoms, Cj is the nominal
concentration of j-type atoms, and δi j is the Kronecker delta
function. For pairs of different species (i.e., i �= j), a negative
αi j suggests a tendency for i- j clustering, while clustering
between pairs of the same species (i.e., i = j) is indicated by
a positive αi j .

The above samples were indented on the (111) surface as
shown in Fig. 1(b) by a virtual rigid spherical indenter with a
radius of 6 nm at the velocity of 3.5 m/s to study the effects
of local SRO on the incipient plasticity. Periodic boundary
conditions were applied in the [112] and [110] directions,
while the free surface boundary condition was applied in
the indentation direction. The samples were equilibrated at
300 K for 300 ps before indentation using an isothermal-
isobaric (N-P-T ) ensemble with zero pressure in the [112]
and [110] directions. During the nanoindentation process, the
rigid spherical indenter exerted a repulsive force of magnitude
K (r − R)2 when the distance, r, between the atom and the
center of the indenter was smaller than the radius of the
indenter R. The coefficient K was set at 10 eV/Å in our
simulations. The bottom few layers (1.5 nm) of the simulation
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FIG. 1. (a) Distribution of local intrinsic stacking fault energy (ISFE) and unstable stacking fault energy (USFE) for three CrCoNi samples
with different degree of Cr-Co ordering. (b) A typical CrCoNi sample with dimensions of 20×20×10 nm indented by a spherical indenter with
a radius of 6 nm. (c) Load and structure evolution of a typical sample during indentation. The abrupt increase in the number of hcp atoms in
the sample indicates dislocation nucleation.

cell were treated as the boundary layer and fixed during the
nanoindentation. The next few layers (1.5 nm) adjacent to
the boundary layer were set as a thermostat layer where the
canonical (N-V -T ) ensemble was adopted, and the tempera-
ture was kept constant at 300 K. The microcanonical ensemble
(N-V -E ) was used for the rest of the sample. A similar sim-
ulation setup has been adopted in the literature to investigate
the dislocation nucleation in nanoindentation for pure metal
and CCAs [34,43]. The total force on the indenter and the
indentation depth were recorded during each simulation. The
first significant load-drop event (corresponding to the first
pop-in event in nanoindentation experiments) indicates the
onset of dislocation nucleation, and the corresponding inden-
tation force was used to calculate the incipient strength. To
obtain a statistical representation of the incipient strength, 90
individual nanoindentation tests were performed for each of
the pure Cu and different CrCoNi alloys, respectively. The
contact surfaces between the indenter and the test samples
were shifted randomly among different indentation tests to
introduce different local chemical environments under the
indenter.

The statistical distributions of local stacking fault energy
(SFE) and unstable stacking fault energy (USFE) are two key
input parameters for the theoretical model and were calculated
with a resolution of 1.6×1.6 nm. The whole sample was
divided into columns with the same cross-sectional area of
around 1.6×1.6 nm at the slip plane and displaced for a

√
6/2

along the [112] direction, where a is the lattice parameter. The
local SFE and USFE were obtained by calculating the change
in the potential energy of each column after the displacement
and dividing it by the unit surface area. For each type of
CrCoNi alloy with SRO, the distributions of SFE and USFE
were obtained from 30 different slip planes in three individual
annealed samples.

B. Model development

1. Model I: Conventional metal

We first combine the homogeneous dislocation nucleation
model developed by Aubry et al. [50] with Schuh, Lund,
and Mason’s statistical model of incipient plasticity during
nanoindentation [44–46], to develop a model to describe the
statistics of incipient plasticity driven by homogeneous dislo-
cation nucleation during nanoindentation of a pure metal. By
replacing the empirical expression for the nucleation energy
barrier in Schuh, Lund, and Mason’s model with an expression
for homogeneous dislocation nucleation derived from elastic-
ity theory, we are able to more explicitly and quantitatively
connect the statistical behavior of the material to the underly-
ing physical mechanism and fundamental material properties.
In the following section, we will then modify the model to de-
scribe these statistics in a random complex concentrated alloy
(CCA) by accounting for the spatial variation in mechanical
properties present in such alloys.

Following Aubry et al. [50], we consider the homogeneous
nucleation of a Shockley partial dislocation with Burgers
vector �bp = 〈112〉/6 on the {111} plane. In a defect-free crys-
tal, dislocations nucleate homogeneously via the formation
of a dislocation loop bounding a stacking fault; hence the
energetics of this process involves the elastic energy of the
dislocation, the stacking fault energy, and the work done by
an applied shear stress.

In the simplest model, the magnitude of the Burgers vector
is assumed to be a constant b = | �bp|, such that the energy of a
circular dislocation loop is given by [50]

E (R; τres) = 2πR
μb2

8π

[
2 − ν

1 − ν

(
ln

8R

rcut
− 2

)
+ 1

2

]

+ γISFπR2 − bτresπR2, (2)
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where R is the radius of the dislocation loop, rcut is the dis-
location core cutoff radius, and μ, ν, and γISF are the shear
modulus, Poisson ratio, and intrinsic stacking fault energy
of the system, respectively. τres is the resolved shear stress
on the slip plane of interest, which is related to the applied
shear stress τappl by the Schmid factor m, τres = mτappl. In this
paper, we chose rcut = 1.0b. The energy barrier for dislocation
nucleation at a given τres is determined by the maximum of
Eq. (2).

By allowing the magnitude of the Burgers vector to be a
variable b f , the energy of the dislocation loop may instead be
written as

E (b f , R; τres ) = 2πR
μb2

f

8π

[
2 − ν

1 − ν

(
ln

8R

rcut
− 2

)
+ 1

2

]

+ [γGSF(b f + u0) − γGSF(u0)]

×πR2 − b f τresπR2, (3)

where γGSF is a function describing the generalized stacking
fault energy curve and u0 is the slip which occurs prior to dis-
location nucleation when shear stress is applied. u0 is solved
numerically from the condition ∂γGSF(u)/∂u|u=u0 = τres. In
this paper, we have chosen to use Eq. (3) to describe the
energetics of a single homogeneous dislocation nucleation
process. To obtain the energy barrier for dislocation nucle-
ation at a given applied stress, we evaluate Eq. (3) on a fine
grid in (b f , R) space and then perform a numerical search
for the saddle point of this two-dimensional function, which
corresponds to the value of b f that minimizes the maxima (i.e.,
the energy barrier for dislocation nucleation) along R.

In order to connect this to the observations of incipient
plasticity during nanoindentation, we employ a similar statis-
tical approach to that detailed in Refs. [44–46]. The local rate
at which a single homogeneous dislocation nucleation event
occurs per unit volume of material, ṅ, may be described by an
Arrhenius rate equation of the form

ṅ = η exp

(
− Eb

kBT

)
, (4)

where Eb is the nucleation energy barrier now obtained from
Eq. (3), kB is the Boltzmann constant, T is the temperature,
and η is a preexponential frequency factor. The global rate at
which nucleation events occur, Ṅ , is obtained by integrating
the local nucleation rate over the volume of stressed material
under the indenter (
),

Ṅ =
∫∫∫




ṅ d
. (5)

Full evaluation of this integral would require that we know
the stress distribution under the indenter, which may not have

an analytical solution. As a simplification, we assume that
the dislocation nucleation events occur within a small region
directly beneath the indenter which experiences the maximum
shear stress. Within the Hertzian framework for spherical con-
tact [51], the volume 
 is assumed to scale with the cube of
the contact radius a,


 ≈ Ka3 ≈ π

(
3PRi

4ER

)
, (6)

where K is a proportionality constant on the order of π , P is

the applied load, Ri is the indenter radius, and ER = ( 1−ν2
ind

Eind
+

1−ν2
sp

Esp
)−1 is the reduced modulus of the indenter-specimen

system. Within this small volume, the applied shear stress is
assumed to be a constant, at a maximum value of

τappl = 0.31

π

(
6E2

R

R2
i

)1/3

P1/3 = αP1/3, (7)

where for simplicity of expression the constant terms have
been collected into the parameter α.

Now considering a series of indentations performed under
nominally identical conditions, the cumulative probability for
dislocation nucleation at time t , F (t ), is then derived as fol-
lows. The rate of change of F (t ) depends on the amount of
unyielded sample and the rate at which dislocations nucleate
within one of these unyielded samples,

Ḟ (t ) = [1 − F (t )] Ṅ (t ). (8)

Integrating this yields the following expression for the cumu-
lative probability function:

F (t ) = 1 − exp

(
−

∫ t

0
Ṅ (t ′) dt ′

)
. (9)

In the molecular dynamics simulations, indentation is car-
ried out in displacement-controlled mode, meaning that the
speed of the indenter, ḣ, is a constant. Assuming that the
system exhibits a Hertzian elastic response where the load and
displacement are related by

P = 4

3
ER

√
Rih3 = βh3/2, (10)

the loading rate can then be expressed as

Ṗ = 3

2
β2/3P1/3ḣ = 3

2
β2/3 τappl

α
ḣ. (11)

Using the above expressions for the loading rate and the
relationship between shear stress and load, we can rewrite the
cumulative probability function as a function of the applied
stress as

F (τappl ) = 1 − exp

(
−

∫ τappl

0
Ṅ (τ ′)

1

Ṗ

dP

dτ ′ dτ ′
)

= 1 − exp
(

−
∫ τappl

0
πa3η exp

(
−Eb(τ ′)

kT

)
2α

3β2/3τ ′ḣ
3τ ′2

α3
dτ ′

)

= 1 − exp
(

−πη

α3

(
3Ri

4ER

)
2α

3β2/3ḣ

3

α3

∫ τappl

0
exp

(
−Eb(τ ′)

kT

)
τ ′4 dτ ′

)

= 1 − exp
(

3πηRi

2α5β2/3ḣER

∫ τappl

0
exp

(
−Eb(τ ′)

kT

)
τ ′4 dτ ′

)
. (12)
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We demonstrate the application of this model, “model I,” to
describe the statistics of incipient plasticity during nanoinden-
tation of an fcc Cu single crystal in Sec. III B 1.

2. Model II: Complex concentrated alloy

The above model I assumes that the dislocation nucleates
in a homogeneous material with uniform mechanical proper-
ties. However, this assumption may not be valid in complex
concentrated alloys (CCAs), which typically comprise three to
five elements in roughly equiatomic concentrations in a single
solid solution. CCAs (also referred to as medium- or high-
entropy alloys) are expected to exhibit some inhomogeneity
in their properties due to the lack of long-range order in
their chemical structure, although some degree of short-range
order (SRO) may exist. In this section, we modify model I
to account for unequal nucleation rates within a CCA sample
due to the spatially varying generalized stacking fault energy
(GSFE) surface.

First, we construct a simple model by assuming that a
dislocation loop starts nucleating in a region of the material
with some given local GSFE. Outside of this region of radius
r0, the GSFE approaches the macroscopic average for the
system. This transition from a local GSFE γ loc

GSF to average
GSFE γ av

GSF is described by a simple logistic (smooth step)
function:

γGSF(r) = γ av
GSF − γ loc

GSF

1 + exp (−k(r − r0))
+ γ loc

GSF, (13)

where r is the distance from the center of the “local region”
where the dislocation begins nucleating and the parame-
ter k (we used k = 5×1010) controls the steepness of the
transition.

The local (average) GSFE function γGSF(u) is approxi-
mated using a simple analytic expression parametrized by the
local (average) intrinsic and unstable stacking fault energies,

γGSF(u) = 1

2

(
γUSF − γISF

2

)(
1 − cos

(
2πu

b

))

+ γISF

(
−2

(
u

b

)3

+ 3

(
u

b

)2)
, (14)

where u is the slip vector and b is the Burgers vector.
Hence we replace the one-dimensional γGSF(u) function in

Eq. (3) by a two-dimensional γGSF(u, R) function to represent
the spatially varying GSFE landscape encountered by the dis-
location loop as it expands (i.e., as its radius R increases). As
before, we reevaluate Eq. (3) with this modified γGSF(u, R)
function on a fine grid in (b f , R) space and then perform a
numerical search for the saddle point of this two-dimensional
function, which gives the local energy barrier for dislocation
nucleation. Based on this model, the energy barrier and hence
the local nucleation rate clearly depend on both the value of
the local GSFE and the size of the local region.

The second modification we make to the model is to weight
the local nucleation rates based on the volume fraction of the
material with a given γ loc

GSF (i.e., a given combination of γ loc
ISF

and γ loc
USF). As shown in Fig. 1(a), the distributions of both γ loc

ISF
and γ loc

USF in a CrCoNi CCA sample may be approximated by
normal distributions with mean values γ av

ISF and γ av
USF and stan-

dard deviations σISF and σUSF. γ loc
ISF and γ loc

USF were not found

to be significantly correlated; hence for simplicity they are
treated as two independent distributions. Then, the weighted
local nucleation rate can be expressed as

ṅCCA = ηAISFAUSF

∑
γ loc

ISF

∑
γ loc

USF

{
exp

(
−Eb

(
τres, γ

loc
ISF, γ

loc
USF

)
kT

)

× exp

(
−1

2

(
γ loc

ISF − γ av
ISF

σISF

)2
)

×exp

(
−1

2

(
γ loc

USF − γ av
USF

σUSF

)2
)}

, (15)

where AISF and AUSF are the normalization constants of the
respective normal distributions.

The weighted ṅ defined in Eq. (15) may be thought of as
a spatially averaged local nucleation rate. The constant ṅ in
Eq. (4) is replaced by the weighted ṅ, and the rest of the
statistical model is constructed as before. We demonstrate the
application of this model, “model II,” to describe the statistics
of incipient plasticity during nanoindentation of CrCoNi CCA
samples in Sec. III B 2.

III. RESULTS

A. Atomistic mechanism of dislocation nucleation

Four material systems are studied in detail in this pa-
per including single-crystal Cu, random solid solution (RSS)
CrCoNi, and CrCoNi alloys with low and high degrees of
short-range order (SRO). The low- and high-SRO samples
were obtained by performing Monte Carlo simulations at 900
and 600 K, respectively. The CoCr order parameter αCoCr is
−0.36 for the low-SRO sample and −0.58 for the high-SRO
sample. Figure 1(a) shows the microstructure of CrCoNi sam-
ples with different degrees of SRO and the distributions of the
intrinsic stacking fault energy (ISFE) and USFE. As discussed
in previous studies [17], we can observe a higher tendency
for Ni segregation and CrCo clustering with increasing SRO,
and the distributions of ISFE and USFE were both shifted to
higher values. The increase in ISFE and USFE with degree of
SRO is understood as greater energy is required to disrupt the
more energetically stable SRO configurations.

Negative local ISFEs are predicted primarily in the RSS
sample, in line with ab initio predictions in CrCoNi and other
CCAs, and have been shown to correspond to structures in
which hcp stacking is (at least locally) more energetically
stable than fcc [8,52–58]. Meanwhile, experimental estimates
of ISFEs are always positive [5,59,60]. Various reasons for the
discrepancies have been suggested, including that experimen-
tal samples contain SRO [8], SFEs have strong temperature
dependence [55], or the elasticity theory models underlying
experimental estimates of SFE neglect solute and dislocation
interactions [58] or lattice friction forces [61], although no
consensus has been reached. Hence it is difficult to know the
“true” distribution of ISFEs in a given sample, and we cannot
discount that there may be regions with negative local ISFE,
even in a sample with positive average ISFE. However, even in
regions of negative ISFE, this does not mean that dislocations
can nucleate spontaneously since the USFE is still positive,
and the same physics governing dislocation nucleation should
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FIG. 2. Typical dislocation nucleation process in Cu (a) and two CrCoNi samples [(b) and (c)]. The fcc atoms are removed from the system,
and the remaining atoms are colored by their structure types. Blue atoms have bcc structure, red atoms have hcp structure, and white atoms
have unknown coordination structure.

still apply. We consider different sets of samples ranging from
RSS to low SRO to high SRO to demonstrate that our model
is generally applicable to systems with both positive and/or
negative ISFEs.

Nanoindentation tests were performed on the four material
systems to obtain the distribution of critical pop-in strength
using the setup shown in Fig. 1(b). Figure 1(c) shows a typ-
ical indentation force-depth curve from MD simulation. At
the initial stage of the indentation, the material undergoes
elastic deformation which can be described very well by the
Hertzian elastic response [51] [Eq. (10)]. We obtained the
reduced modulus ER for each indentation test by fitting the
force-depth curve before the pop-in event to this expression,
and the averaged values are listed in Tables S1–S3 in the
Supplemental Material [62]. The pop-in event is indicated
by the sudden load drop in the force-indentation depth curve
which coincides with the rapid increase in the number of
“hcp-like” atoms found in stacking faults generated by the
nucleation of partial dislocations.

Figure 2 shows the typical dislocation nucleation process
in pure Cu and CrCoNi alloys. In all the indented Cu sam-
ples, Shockley partial dislocations nucleated from embryos
with distorted lattice structure under the indenter as shown
in Fig. 2(a). The nucleated dislocation loop can propagate
along the (111) plane tilted to the indentation surface and
immediately induce the load drop. For the CrCoNi alloys, two
distinct nucleations are observed regardless of the degree of
SRO of the samples. The first type as shown in Fig. 2(b) is
similar to the dislocation nucleation process in pure Cu where
the pop-in event corresponds to nucleation of the first dislo-
cation loop. The other dislocation nucleation pattern observed
in CrCoNi alloys involves the nucleation of a dislocation loop

that lies on the (111) plane parallel to the indentation surface
as shown in Fig. 2(c). This type of dislocation loop has a
typical diameter of around 2 nm in current MD simulations
(Fig. S2) and does not expand further. With further loading,
new dislocation loops subsequently nucleate near the existing
loop and propagate on inclined (111) planes, which induces
the pop-in event.

B. Theoretical modeling of the pop-in load distribution

1. fcc Cu

We identify the loads corresponding to the first pop-in
events from the load-displacement curves of each nanoinden-
tation simulation and plot them as a cumulative probability
distribution in Fig. 3(a). These data can also be converted into
the applied shear stress at first pop-in, binned into a probabil-
ity density histogram, and smoothed using a Gaussian kernel
density estimate (KDE), as depicted in Fig. 3(b). Fluctuations
in the statistical distribution—which are amplified in the prob-
ability density representation—may arise due to the relatively
small data sets; hence we caution against overinterpreting
them. In the following discussion, we focus mainly on fitting
the overall shape of the cumulative probability distributions
predicted by the model to that obtained from the correspond-
ing MD simulations.

In the case of pure fcc Cu, we apply model I above,
with the following material and indentation parameters: ma-
terial properties calculated using the Mishin EAM potential
for Cu [48] (see also Table S1) μ = 39 GPa, ν = 0.41,
γISF = 44 mJ/m2, and γUSF = 170 mJ/m2, reduced modulus
of indenter-specimen system ER ≈ 171.1 GPa as estimated
from the elastic part of the force-displacement curves,
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(a)

(b)

FIG. 3. Comparison between our theoretical model (red curves)
and MD statistics of dislocation nucleation during nanoindentation of
the fcc Cu (111) surface (blue symbols or curve). The model shows
good agreement with the MD data both (a) when visualized in terms
of the cumulative nucleation probability and (b) when visualized in
terms of its derivative, the nucleation probability density.

indenter radius Ri = 6 nm, indenter speed ḣ = 3.5 m/s, and
temperature T = 300 K.

As done by Schuh, Lund, and Mason [44–46], we treat the
preexponential frequency factor η as a fitting parameter for the
model. For a simple atomic process (e.g., vacancy hop), the
frequency prefactor of the rate equation may be approximated
from the atomic vibration frequency and the atomic den-
sity, i.e., η0 ≈ 1013 s−1×(a3

0/4)−1 m−3 ≈ 1042 s−1 m−3. For
a complex process such as dislocation loop formation, this
frequency prefactor is difficult to define but is expected to
be of a comparable order of magnitude but smaller than
η0 as it involves the simultaneous activation of multiple
atoms.

The result from our theoretical model is plotted in red
in Figs. 3(a) and 3(b). A fitting parameter value of η ≈
5×1040 s−1 m−3 gives a good fit between the model and
MD results, as shown. Based on the reasoning above, this
value for η appears to be physically reasonable, and the good

FIG. 4. Comparison between two different theoretical models
and MD statistics of dislocation nucleation during nanoindentation
of the fcc CrCoNi (111) surface. The black dotted lines indicate the
prediction of model I, which assumes a uniform average SFE, while
the green solid lines indicate the prediction of the modified model II,
which accounts for a distribution of ISFE and USFE. In the legend,
2E-3 and 6E-5 mean 2×10−3 and 6×10−5, respectively.

fit between the model and the MD data validates our ap-
proach to constructing the model and the choice of model
parameters.

2. fcc CCA CrCoNi

Figure 4 shows the cumulative probability distributions of
the first pop-in load during nanoindentation simulations on
three types of CrCoNi samples: random solid solution (RSS),
low degree of short-range order (low SRO), and high degree
of short-range order (high SRO). As expected, the samples
with higher SRO are found to exhibit higher yield strength,
as evidenced by the rightward shift of the cumulative prob-
ability distribution curves. Meanwhile, the overall shapes of
the curves appear similar across all three sets of samples.
These are the key features that we aim to reproduce using our
model.

We apply the modified model II, which accounts for a
spatially varying distribution of local GSFE, and carry out
a similar procedure to that followed before to fit the model
prediction to the corresponding MD data. The material pa-
rameters including the means and standard deviations of the
ISFE and USFE distributions are listed in Table S2. While
there are slight differences in the elastic constants across the
CrCoNi samples, the largest and most significant differences
are in the means of the ISFE (and USFE) distributions, which
increase from −16 (310) to 34 (335) to 70 (348) mJ/m2 with
increasing degree of SRO, while the widths of the distribu-
tions remain similar. The indentation parameters are the same
as those used for the nanoindentation of fcc Cu (Ri = 6 nm,
ḣ = 3.5 m/s, T = 300 K).

In addition to varying the parameter η, this time we also
evaluate the model II for different values of r0 (size of local
region) to find a good fit to the MD data. The dependence
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of the model results on r0 is illustrated in Fig. S3. When
evaluated with r0 less than ≈0.3 nm, model II approaches
model I, i.e., the uniform SFE case, as the dislocation loop
is unable to fully nucleate within the small local region;
hence the nucleation barrier is determined by the average
GSFE outside of the local region. On the other hand, when
r0 is greater than ≈0.6 nm, the model also converges as
the dislocation loop can now almost always fully nucle-
ate within the local region. The model is very sensitive
to r0 in the intermediate range, where depending on the
combination of local GSFE and applied stress, the critical
loop size rcrit may sometimes fall within r0 and sometimes
exceed r0.

The comparison between our models and the MD data is
plotted in Fig. 4, showing that our model II reproduces the key
trends and features in the MD data well. Each set of CrCoNi
samples (RSS, low SRO, and high SRO) was independently
fitted to a corresponding model, and interestingly, we found
that similar values of η ≈ 6×1037 s−1 m−3 and r0 ≈ 0.6 nm
yielded good fits in each case. For comparison, the results
from model I (evaluated with η ≈ 2×1039 s−1 m−3) are also
shown, but it is clear that the simple uniform SFE model
is not able to capture the width of the distributions or the
relative positions of the curves as well as the modified model
II. This demonstrates that our simplified model accounting for
the spatial variation of the GSFE surface is able to capture the
key differences in the statistics of incipient plasticity during
nanoindentation of complex concentrated alloys versus con-
ventional metals. Small discrepancies mostly at low loads may
be due to the nucleation of dislocations prior to first pop-in as
shown in Fig. 2(c), which effectively releases the local stress
concentration and increases the pop-in load for subsequent
dislocation nucleation.

IV. DISCUSSION

This work connects a material’s fundamental properties de-
rived from atomistic simulations with statistical analysis of its
mechanical response, specifically applied to model incipient
plasticity during nanoindentation. In the original formulation
and subsequent applications of the statistical model, it was
fit to experimental data for which the underlying nucleation
mechanism(s) were not known and could only be inferred
from the model fitting parameters. Meanwhile, MD simula-
tion studies of nanoindentation tend to focus on details of
a few individual dislocation nucleation events, which while
useful for providing atomistic details of the process, may not
capture the whole picture of an inherently statistical process
as presented in this paper. By combining statistical analysis
with a physically informed model describing the underlying
mechanism and validating this approach against statistical
data obtained from MD simulations, we directly link the ma-
terial’s fundamental properties at an atomistic scale to the
observable statistical behavior of a macroscopic sample un-
der nanoindentation. By replacing the empirical expression
for the activation energy for nucleation assumed in previous
works with one derived from elasticity theory and informed by
fundamental material properties (e.g., GSFE, shear modulus,
Poisson ratio), we also reduce the reliance of the statistical
model on empirical parameters. By constructing the model

this way, it is relatively straightforward to extend our model
to explicitly account for the spatial variation of the GSFE
in CCAs and predict the effect on the overall statistics of
incipient plasticity in good agreement with MD simulations.

Incipient plasticity in CCAs differs from that in the pure
metals because of their unique microstructural features in-
cluding chemical inhomogeneity, SRO, and residual stress.
Unlike the homogenous pure metal, material properties of
CCAs such as SFE demonstrate large spatial variations, which
can induce unexpected mechanical behavior such as disloca-
tion self-pinning and enhanced strength [17,63]. The direct
consequence of this spatial variation in our nanoindentation
simulations is the widening of the statistical distribution of
the pop-in force of CrCoNi samples compared with pure Cu.
Dislocation nucleation under the indenter is governed by the
combined effects of the stress field and the local material
properties. Thus the favorable nucleation sites in CrCoNi sam-
ples can deviate from the site with the maximum shear stress
[Figs. S1(c) and S1(f)], and the distribution of the pop-in force
shows larger scatter. Cr-rich regions [Figs. S1(b) and S1(e)]
are observed to be the favorable nucleation sites, which is at-
tributed to the weak Cr-Cr bonding [25]. With increased SRO
in the sample, the averaged values of the SFE and USFE both
increase due to the extra energy required to break the local
ordered clusters, which increases the overall pop-in forces.

In order to obtain the local ISFE and USFE distributions
as inputs to our model, we averaged them over cross-sectional
areas of 1.6×1.6 nm in this paper. This choice of averaging
cross section may be thought of as a “spatial resolution”
through which the GSFE surface is viewed. In the extreme,
one may consider fluctuations of the GSFE surface which
exist on an atomic length scale; however, such fluctuations
may not ultimately have a significant impact on the material
behavior of interest. For the purposes of our model, the rel-
evant length scale which we are interested in is the length
scale over which the dislocation loop interacts with the GSFE
landscape as it expands. The local SFE averaged over this area
determines the average energy barrier for loop nucleation, and
hence the nucleation probability. Hence the local SFE distri-
butions which are input into the model as weighting functions
should reflect a spatial resolution roughly corresponding to the
critical loop diameter for dislocation nucleation, which is on
the order of 1–2 nm under the given conditions. This justifies
our choice of averaging cross-sectional area of 1.6×1.6 nm
employed in this paper to obtain the local ISFE and USFE
distributions, which ensures that the weighting in the model
reflects the likelihood of encountering local regions of a
critical size sufficient for nucleation. The value of r0 which
emerges from the model fitting is also consistent with this
length scale, which further supports the argument for the
appropriate choice of spatial resolution of the GSFE surface
and its physical origin.

While SRO has a general strengthening effect, we note that
the overall widths of the cumulative probability distribution
curves from our MD simulations look similar across the three
CrCoNi samples considered in this paper. The rightward shift
of the curves corresponding to higher pop-in loads in samples
with higher SRO can be clearly understood as a higher energy
barrier (USFE) has to be overcome to initiate slip in a structure
that contains energetically favorable SRO. However, in our
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simulations, the degree of SRO does not appear to have a
significant impact on the shape of the statistical distribution
of pop-in load. Although the atomic-level fluctuations in the
GSFE surface may differ between our RSS and SRO sam-
ples, when averaged over a length scale of ≈1.6 nm, the
distributions of locally averaged ISFE and USFE have shifted
mean values but small deviations in the overall shape across
all samples (Fig. 1), thus giving rise to the similar overall
shapes of the cumulative probability distribution curves. This
trend suggests that the nucleation statistics are not sensitive to
differences in the fluctuations at the atomic level; otherwise,
we might expect to see clear differences in the shape of the
distributions when comparing samples without and with SRO,
e.g., multimodality corresponding to nucleation from different
SRO domains, which was not evident in our simulations.

For further comparison, an additional system, RSS
Cu60Ni40, which has narrower SFE distributions was also
computed, and the data and model fit are shown in the Sup-
plemental Material, Table S3 and Fig. S4(b). A comparison
across all three material systems clearly shows that the width
of the statistical distribution of pop-in loads is largely influ-
enced by the width of the local SFE distributions, which is
determined more by the nominal chemical composition than
the degree of SRO, especially since the typical SRO domains
in such alloys tend to be on this length scale or smaller [5]. In
systems where the SRO length scale is larger, or the critical
length scale of the underlying mechanism is comparatively
smaller, we might expect the degree of SRO to have a greater
effect on the shape or width of the statistical distribution of
pop-in loads.

A new dislocation nucleation pathway can also be triggered
in CCAs due to the interaction of stress field and material
inhomogeneity as shown in Fig. 2. Shear stress [Fig. S2(b)]
under the indenter is sufficient to facilitate the nucleation of
the dislocation loop on the parallel plane to the surface when
the local chemical environment of the parallel plane is easier
for dislocation nucleation than that of the inclined plane. A
Shockley dislocation loop first nucleates from the Cr-rich
region and grows to a steady state with a diameter of around
2 nm in our simulations [Fig. S2(c)]. Further expansion of the
dislocation loop is not observed with increased indentation
depth in our simulation, given the lack of driving force away
from the indenter. Instead, new dislocation loops nucleate
on the inclined planes near the parallel loop and induce the
sudden load drop. The nucleation of parallel loops prior to
the pop-in event can release the local stress concentration and
effectively increase the pop-in force. This is not considered in
our current model and could be a source of some discrepancies
between the model and data, especially at low loads.

In our models, the parameter η appears as the prefactor
in the Arrhenius rate equation governing the dislocation loop
nucleation. As discussed earlier in Sec. III B 1, the exact value
of this prefactor for a complex process such as dislocation
loop formation is difficult to define. Furthermore, as the main
fitting parameter in our models, η effectively encompasses
other approximations as well, e.g., indenter stress distribution;
hence it is not possible for us to ascribe a definitive meaning
to the value of this parameter. That said, we do believe that
this parameter should be related to physical properties of the
system, albeit not in a straightforward manner. Our obser-

vation that a similar value of this fitting parameter appears
to fit our data for CrCoNi across the three types of samples
suggests that it is not arbitrary and that it is related to some
fundamental material properties which are seemingly not very
sensitive to the degree of SRO. We note that Schuh, Lund,
and Mason [44–46] did not attempt to justify the value of this
parameter in their works either, but simply treated it as a fitting
parameter similar to what we have done.

Given its simplicity, there are certainly some aspects of the
nanoindentation process which are not fully captured by our
current model. One simplifying approximation that we made
was to assume that the homogeneous dislocation nucleation
events occur only within a small spherical region directly
beneath the indenter which experiences the maximum shear
stress. Mason, Lund, and Schuh [46] found that their sim-
pler analytical model using this same simplifying assumption
loses little accuracy when compared with a more mathemati-
cally complex numerical model incorporating the entire stress
field within the Hertzian framework. Therefore we have also
adopted this approximation in our models.

Direct comparison of our model with experiments is chal-
lenging due to the differences in length scale and hence
dominant mechanisms at play. In nanoindentation experi-
ments, the indenter tip tends to be at least hundreds of
nanometers in radius, which makes it difficult to observe
homogeneous dislocation nucleation, as it is more favorable
for dislocations to nucleate heterogeneously at defects which
are present at that length scale. Indeed, the relatively lower
pop-in stresses (<10 GPa) and small activation volumes (0.5–
3 atomic volumes) observed in nanoindentation experiments
on CCAs suggest heterogeneous dislocation nucleation as the
dominant mechanism in these experiments [28–30]. However,
we believe that the insight that the spatial variation in the
SFE leads to the broadening of the statistical distribution of
the pop-in force during homogeneous dislocation nucleation
also applies to other dislocation nucleation mechanisms. For
example, it may explain the broader distribution of pop-in
loads observed by Mridha et al. in CrCoNi compared with
Ni [29]. The broadening of these distributions may also sup-
port Zhao et al.’s suggestion that the bimodality observed in
their pop-in strength distributions may be due to overlap in the
strength distributions associated with different mechanisms in
CCAs [30].

V. CONCLUSION

In this paper, we have combined elasticity theory and statis-
tical modeling into a single theoretical model which connects
a material’s fundamental properties to the statistics of incipi-
ent plasticity during nanoindentation, and validated the model
against statistical data obtained from MD simulations on fcc
Cu and CrCoNi alloys. By accounting for the spatially varying
local ISFE and USFE in CCAs, our theoretical model captures
the key features of the statistics of incipient plasticity in CCAs
with varying degrees of local short-range order. The spatial
variation of material properties in CCAs widens the statis-
tical distribution of the pop-in load during nanoindentation
and triggers new dislocation nucleation activities. Our work
shows that the length scale over which the local fluctuations
in material properties affect the statistics of incipient plasticity
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in CCAs is determined by the critical length scale of the un-
derlying mechanism, in this case, the critical loop size during
homogeneous dislocation nucleation. The insights from our
work on dislocation nucleation complement previous studies
which have demonstrated the effect of local fluctuations in
material properties and short-range order on dislocation glide
behavior in CCAs, which leads to wavy dislocation lines and
a nanoscale detrapping mechanism [16,17,22,27]. We expect
that the spatial variation of other material properties, including
solution energy, grain boundary energy, surface energy, etc.,
would also affect other deformation mechanisms in CCAs
and should be accounted for accordingly when developing
physics-based models for such systems.
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