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Point defects can strongly suppress the thermal conductivity κ of solid materials, which is crucial for a
broad range of applications, such as thermal management of electronic devices and thermoelectrics. Under-
standing thermal transport in materials containing point defects often relies on atomistic simulations based
on density functional theory (DFT) or empirical potentials (EPs). However, modeling thermal transport in
defective materials using DFT is very computationally expensive or even prohibitive due to the breaking
of crystal symmetry while EPs suffer from low accuracy. Recently, machine learning has been applied to
the development of interatomic potentials, offering opportunities to model defective systems accurately and
efficiently. Here, we present a Gaussian approximation potential (GAP) developed for crystalline cubic boron
arsenide (c-BAs) with vacancies, which can achieve DFT-level accuracy in predicting its κ and phonon
transport properties at four orders of magnitude reduced computational cost, especially for phonon-vacancy
and four-phonon scatterings. Particularly, we applied the GAP to investigate the effect of vacancies on the
κ of c-BAs by considering both three-phonon and four-phonon scattering. Special attention was paid to the
competition between phonon-vacancy and four-phonon scattering, which tend to decrease and increase the tem-
perature dependence of κ , respectively. Specifically, when the vacancy concentration is much lower than 0.07%
(2.56 × 1019 cm−3), four-phonon scattering plays stronger roles in determining the temperature dependence
of κ . As the vacancy concentration increases to 0.07%, the temperature dependence of κ becomes close to
that considering only three-phonon scattering, indicating the comparable effect of phonon-vacancy and four-
phonon scattering. As the vacancy concentration further increases, the phonon-vacancy scattering becomes more
dominant and pushes the κ towards a temperature-independent behavior. Our work deepens the understanding of
the phonon scattering landscape in c-BAs with vacancies and will be helpful for tailoring its thermal properties.
Atomistic simulations combined with machine learning interatomic potentials are expected to be able to greatly
advance the understanding of thermal transport in defective materials.
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I. INTRODUCTION

Point defects widely exist in solid materials and can
strongly affect material properties [1–3]. Particularly, doping
is commonly used to modulate the electronic and optoelec-
tronic properties of semiconductors [4–7]. However, the point
defects introduced by doping can largely suppress the thermal
conductivity κ of semiconductors, deteriorating heat dissi-
pation and thus the performance of devices. For instance,
the κ of cubic boron arsenide (c-BAs) is as high as 910–
1390 Wm−1 K−1 at room temperature in high-quality samples
[8–10], while the existence of point defects decreases its κ

to only 200 Wm−1 K−1 [11]. On the contrary, the reduction
of κ by dopants is beneficial for enhancing the heat-to-
electricity conversion efficiency of thermoelectric materials.
For example, the κ (1.4 Wm−1 K−1) of (Mg, Bi) codoped
polycrystalline GeTe at 700 K is reduced by 53% compared

*ruiqiang.guo@iat.cn

with its pristine value (3.0 Wm−1 K−1), resulting in 110%
improvement in its dimensionless figure of merit [12].

Phonons, i.e., quantized normal modes of lattice vibration,
are the major heat carriers in semiconductors and insula-
tors [13]. Tailoring the thermal conductivity of crystals with
point defects essentially requires a fundamental understanding
of phonon-defect interaction, which often relies on atom-
istic simulations that can provide detailed information on
energy transport and structural evolution at atomic level [14].
However, modeling crystals containing defects remains chal-
lenging for traditional atomistic methods based on density
functional theory (DFT) [15,16] or empirical potentials (EPs)
[17–20]. On one hand, although state-of-the-art DFT calcula-
tions can accurately describe interatomic interactions [21–23],
they are computationally expensive or even prohibitive for
materials with defects due to a large number of atoms and
the breaking of crystal symmetry. Particularly, accurate in-
teratomic force constants (IFCs) (including harmonic IFCs
of pristine and defective structures, as well as anharmonic
IFCs of pristine structures) are required for calculating the
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lattice thermal conductivity of materials containing point de-
fects using the Green’s function approach combined with the
Peierls-Boltzmann transport equation (PBTE) [24–26]. How-
ever, calculating the harmonic IFCs of defective structures by
DFT is often very expensive. Moreover, for materials with
strong phonon scattering beyond the third order (such as
c-BAs [27], aluminum antimonide (AlSb) [28], and indium
phosphide (InP) [29]), one also needs to calculate the fourth-
order and even higher-order IFCs of a large number of pristine
supercells, which further increases the computational cost. On
the other hand, EPs-based simulations are often computation-
ally acceptable and have been widely used to model complex
systems with defects [30–33]. However, EPs fitted by simple
functional forms are usually less accurate and less transferable
than ab initio calculations, which makes it difficult for EPs to
precisely describe the subtle high-dimensional features of po-
tential energy surfaces (PESs) of defective materials [34,35].

Recently, machine learning has emerged as a powerful ap-
proach for developing interatomic potentials [36–41], offering
opportunities to model phonon transport in defective systems
accurately and efficiently. Extensive efforts have been devoted
to the development of machine learning interatomic poten-
tials (MLIPs), including the Gaussian approximation potential
(GAP) [36], the moment tensor potential (MTP) [37], the
spectral neighbor analysis potential (SNAP) [38], the neural
network potential (NNP) [39], the neuroevolution potential
(NEP) [40], deep potential (DP) [41], etc. To date, MLIPs
have been applied to understanding phonon transport and
predicting thermal conductivity in various material systems,
such as crystalline silicon with vacancies [35], bulk hexagonal
boron nitride [42], graphene/borophene heterostructures [43],
β-Ga2O3 [44], and amorphous silicon [45]. These MLIPs are
demonstrated to be as accurate as DFT, with orders of mag-
nitude reduced computational cost [35,43–46]. Despite the
great success of MLIPs, MLIPs that can accurately describe
both phonon-defect and phonon-phonon interactions beyond
the third-order anharmonicity have been rarely reported.

In this work we develop an accurate GAP-type MLIP
for crystalline c-BAs with vacancies, a typical example with
high thermal conductivity that is sensitive to both phonon-
defect and four-phonon scattering [11,27–29,47]. We show
that our GAP can predict the thermal conductivity and phonon
properties of c-BAs containing B or As vacancies with
DFT-level accuracy at four orders of magnitude reduced com-
putational cost. Specifically, the three-phonon, four-phonon,
and phonon-vacancy scattering rates calculated by the GAP
all agree well with the DFT benchmarks, demonstrating the
accurate descriptions of the harmonic IFCs of pristine and
defective crystals, as well as the anharmonic IFCs up to the
fourth order of pristine crystals. Using the trained GAP, we
study the effect of vacancies on the κ of c-BAs by considering
both three-phonon and four-phonon scattering. Particularly,
we look into the competition between phonon-vacancy and
four-phonon scattering, which can decrease and increase the
temperature dependence of the κ of c-BAs, respectively.
Specifically, when the vacancy concentration reaches 0.07%
(2.56 × 1019 cm−3), the phonon-vacancy and four-phonon
scattering play comparable roles in determining the tem-
perature dependence of κ . As the vacancy concentration
further increases, phonon-vacancy scattering becomes more

dominant in suppressing κ , leading to a much weaker temper-
ature dependence of κ . Our work offers a deep insight into
the phonon-scattering landscape in c-BAs with vacancies and
demonstrates that MLIPs can serve as a powerful tool to un-
derstand and predict thermal transport properties of defective
materials.

II. METHODOLOGY

A. Gaussian approximation potential

The Gaussian approximation potential method adopts the
Gaussian process regression to carry out the PES fit. In
this work, the atomistic structures are described by a set of
two-body (2B), three-body (3B), and many-body (MB) de-
scriptors. The total energy of the GAP is the sum of the 2B,
3B, and MB interactions [48]:

E = δ(2B)
∑

i j

ε(2B)
(
q(2B)

i j

) + δ(3B)
∑
i jk

ε(3B)
(
q(3B)

i jk

)

+ δ(MB)
∑

i

ε(MB)
(
q(MB)

i

)
, (1)

wherein the indices i, j, and k run over all atoms in the system,
and δ represents the weighting factor. The 2B descriptor is the
distance between two atoms in an atomic pair:

q(2B)
i j = |ri − r j |, (2)

where ri and r j represent the position vectors of the i and
j atoms, respectively. The 3B descriptor involves both in-
teratomic distances and the angular relationship, with the
expression given by

q(3B)
i jk =

⎛
⎝ ri j + rik

(ri j − rik )2

r jk

⎞
⎠. (3)

The many-body interactions are described by the smooth
overlap of atomic positions (SOAP) descriptor. The atomic en-
vironment of SOAP is represented by a local atomic neighbor
density ρi(r) resulting from the summation of the Gaussian
function placed on each neighbor atom within a cutoff radius
rcut. The density ρi(r) can be expanded in a basis set of the
radial function g(n)(r) and the spherical harmonic function
Ylm(r):

ρi(r) =
∑
nlm

c(i)
nlmg(n)(r)Ylm(r), (4)

where c(i)
nlm is the expansion coefficient for atom i. The SOAP

descriptor is given by the power spectrum elements of these
expansion coefficients:

q(MB)
i = P(i)

nn′l = 1√
2l + 1

∑
m

c(i)
nlm

(
c(i)

n′lm

)∗
. (5)

The local atomic energy contribution ε(d )(q(d )
i ) is given by

a linear combination of kernel functions K (d ) and its weight
coefficient α

(d )
t :

ε(d )
(
q(d )

i

) =
N (d )
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t=1

α
(d )
t K (d )

(
q(d )

i , q(d )
t

)
, (6)
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TABLE I. Hyperparameters for training GAP.

Hyperparameters 2B 3B SOAP

rcut (Å) 5.5 5.5 5.5
δ (eV) 10.0 3.7 0.07

Sparse method Uniform Uniform CUR
Sparse points 50 200 650
�r (Å) 1
nmax 12
lmax 12

σ energy
v (eV/atom) 0.0005

σ force
v (eV/Å) 0.001

where d is the corresponding descriptor, and the kernel func-
tion K (d )(q(d )

i , q(d )
t ) is a measure of the similarity between

the previously observed atomic environment q(d )
t and the

to-be-predicted atomic environment q(d )
i . The main hyperpa-

rameters used for training GAP in this work are summarized
in Table I. More details about the GAP methodology can be
found in Refs. [49,50].

B. Generation of the training and testing databases

The training and testing databases contain both configura-
tions of perfect c-BAs and those with vacancies. Specifically,
the training database includes 180 configurations of perfect
c-BAs, 55 configurations with a single B vacancy, and 55 con-
figurations with a single As vacancy. We constructed our train-
ing database using the total energy and atomic forces of each
configuration obtained from ab initio calculations. All DFT
calculations were performed using the projector augmented
wave (PAW) method [51] implemented in the Vienna Ab initio
Simulation Package (VASP) [52], with the Perdew-Burke-
Ernzerhof (PBE) form of generalized gradient approximation
(GGA) [53] for the exchange-correlation functional and a
cutoff energy of 400 eV. Firstly, the atomic configurations
for training datasets were selected by selecting one snap-
shot every 80 time steps from ab initio molecular dynamics
(AIMD) simulations, which were performed in the canonical
ensemble (NVT : constant number of atoms, constant volume,
and constant temperature) at 300 K with a 1 × 1 × 1 k-point
grid for Brillouin zone sampling. The time step was set to
0.5 fs. Then, self-consistent field (SCF) calculations were
performed to record the total energies and atomic forces of
the selected configurations with a 2 × 2 × 2 k mesh. Using the
same approach, we generated a testing dataset containing 42
configurations of perfect c-BAs, 35 configurations with a sin-
gle B vacancy, and 35 configurations with a single As vacancy.

C. Thermal transport calculations

The lattice thermal conductivity is calculated by iteratively
solving linearized PBTE:

καβ = 1

kBT 2N


∑
λ

f0( f0 + 1)(h̄ωλ)2vα
λ Fβ

λ , (7)

where α and β are Cartesian components, T is temperature, kB

is the Boltzmann constant, N is the total number of q points, 

is the volume of the unit cell, h̄ is the reduced Plank constant,

and f0 is the phonon distribution function. ωλ and vα
λ are the

frequency and the group velocity along α direction of phonon
mode λ, respectively. In this work, Fβ

λ is given by

Fβ

λ = τ 0
λ (νβ

λ + �
β

λ ), (8)

where τ 0
λ is the phonon lifetime, which is based on the re-

laxation time approximation (RTA), and �
β

λ is a correction
term obtained by the iterative scheme of PBTE that merges
the inelastic phonon-phonon scattering processes. In this work
the PBTE is solved using an iterative method for three-
phonon scatterings rates (τ−1

3ph) only, while four-phonon (τ−1
4ph),

phonon-isotope (τ−1
iso ), and phonon-vacancy (τ−1

ph-v) scattering
rates are treated under RTA.

The τ−1
iso is calculated as [54]

τ−1
iso = 1

N

∑
λ′

[
πω2

2

∑
i∈u.c.

g(i)|e∗
λ(i) · eλ′ (i)|2δ(ωλ − ωλ′ )

]
,

(9)

where g(i) = ∑
s fs(i)[1 − Ms(i)/M(i)]2 is the Pearson devi-

ation coefficient of the masses Ms(i) of isotopes s of atom
i (found with relative frequency 0 < fs(i) � 1), and M(i) =∑

s fs(i)Ms(i) represents the average mass.
We adopted an exact Green’s function approach to calcu-

late τ−1
ph-v [22–25]:

τ−1
ph-v = − f 


ωVd
Im{〈λ|T+(ω2)|λ〉}. (10)

Here, the T+ matrix is expressed as T+ = (I − VG+
0 )−1V. For

a vacancy, V is simply the perturbation matrix of IFCs, which
is defined as VK

iα, jβ = (K ′
iα, jβ − Kiα, jβ )/(MiMj )1/2 (K ′

iα, jβ and
Kiα, jβ are the harmonic IFCs of the defective and perfect struc-
tures, Mi and Mj are the pristine atomic masses at lattice sites
i and j, respectively). The volume fraction of point defects f
is defined as the ratio of the volume of defect atoms to total
volume of the supercell, and Vd is defined as the volume of a
point defect. ω and G+

0 is the frequency of the incident phonon
and the retarded Green’s function of the unperturbed crystal,
respectively.

Calculating the lattice thermal conductivity κ requires har-
monic and anharmonic IFCs. Here, we calculated the IFCs
using both the GAP and DFT. For the DFT calculations
implemented in VASP, we first relaxed the primitive c-BAs
unit cell using a 12 × 12 × 12 k mesh, with the energy and
force convergence criteria set to 10−8 eV and 10−6 eV/Å,
respectively. The cutoff energy was set to 400 eV. Based on
the relaxed pristine c-BAs, we calculated the harmonic and
anharmonic IFCs for a 4 × 4 × 4 supercell (128 atoms) using
the finite-displacement approach [55]. Specifically, the inter-
action distance was restricted to the fifth- and second-nearest
neighbors for calculating the third- and fourth-order IFCs of
pristine c-BAs, respectively. The defective supercell contain-
ing 127 atoms was constructed by removing an atom in a
4 × 4 × 4 supercell. We relaxed the defective supercell using
the same settings and then calculated the harmonic IFCs for
the relaxed defective supercell using the finite-displacement
approach. All the DFT calculations of IFCs were performed
using the PBE with a 3 × 3 × 3 k mesh.
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FIG. 1. Comparisons of atomic energies, atomic forces on B and As atoms calculated by the GAP and DFT for the (a) perfect, (b) B-
vacancy-containing, and (c) As-vacancy-containing c-BAs in the training database.

Similarly, using the GAP implemented in the LAMMPS

code [56], we relaxed the pristine and defective structures,
and calculated all the harmonic and anharmonic IFCs. After
obtaining the IFCs, the lattice thermal conductivity of c-BAs
was calculated by iteratively solving linearized PBTE with a
16 × 16 × 16 q mesh using the SHENGBTE [57] and the FOUR-
PHONON module [58]. We show the convergence of the lattice
thermal conductivity of c-BAs predicted by DFT with respect
to the q mesh in Fig. S1 in the Supplemental Material [59].

III. RESULTS AND DISCUSSION

A. Evaluation of the GAP

We first validated the accuracy of the GAP model. As
shown in Fig. 1, for both perfect c-BAs and that with va-
cancies in the training database, the atomic energies and
forces predicted by the GAP are all in good agreement with
the DFT benchmarks. Also, we calculated the root-mean-
square errors (RMSEs) of atomic energies and forces between
the GAP predictions and DFT benchmarks. For perfect c-
BAs in the training database, the RMSE of atomic energies
is 0.032 meV/atom, and the RMSEs of atomic forces are
0.007 eV/Å for the B atom and 0.008 eV/Å for the As atom
[Fig. 1(a)]. For c-BAs containing vacancies in the training
database, the RMSEs of atomic energies and forces increase
to 0.142 meV/atom, 0.024 eV/Å, and 0.030 eV/Å for c-
BAs with B vacancy, and 0.116 meV/atom, 0.013 eV/Å, and
0.016 eV/Å for that with As vacancy, as shown in Figs. 1(b)

and 1(c). This is expected considering that the inclusion of
vacancies makes the PES more complex and increases chal-
lenges in fitting the PES. The small RMSE values demonstrate
the high accuracy of the GAP for the in-domain data.

In Fig. 2, we show the atomic energies and forces pre-
dicted by the GAP and DFT for the testing databases. The
RMSEs are 0.026 meV/atom, 0.006 eV/Å, and 0.008 eV/Å
for perfect c-BAs in the testing database. These RMSEs are
comparable to those of the training databases and smaller than
those of previous GAP models for other crystalline materi-
als, such as Si (0.027 eV/Å) [45] and Li (0.01 eV/Å) [60],
indicating that the GAP has high accuracy in predicting the
out-domain data. In comparison, the RMSEs of c-BAs con-
taining vacancies in the testing database are relatively larger,
which is expected considering vacancies complicate the
PES. Specifically, the RMSEs increase to 0.130 meV/atom,
0.024 eV/Å, and 0.030 eV/Å for c-BAs with B vacancy, and
0.134 meV/atom, 0.017 eV/Å, and 0.017 eV/Å for that with
As vacancy. We notice that these RMSEs of atomic forces
are comparable to or smaller than those of reported GAP
models for other crystals with vacancies, such as tungsten with
vacancies (0.023 eV/Å) [61] and quinary MoNbTaVW alloy
with vacancies (0.09 eV/Å) [62].

We continue to evaluated the performance of the GAP by
comparing the lattice constants of the primitive unit cell. The
lattice constant (a = 4.79 Å) predicted by the GAP is in good
agreement with the DFT result (a = 4.82 Å). Also, the results
predicted by both the GAP and DFT agree well with previous
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FIG. 2. Comparisons of atomic energies, atomic forces on B and As atoms calculated by the GAP and DFT for the (a) perfect, (b) B-
vacancy-containing, and (c) As-vacancy-containing c-BAs in the testing database.

DFT (a = 4.82 Å) and experimental (a = 4.78 Å) results
[11,47]. All these results demonstrate the high accuracy of the
GAP in reproducing the ab initio PESs of perfect c-BAs and
c-BAs with vacancies.

B. Accuracy of the GAP in Predicting Phonon
Transport in c-BAs

We now move on to evaluate the accuracy of the GAP
in predicting the phonon transport properties and thermal
conductivity of pristine c-BAs. In Fig. 3(a) we compare the
phonon dispersions predicted by the GAP and DFT. The
phonon dispersion predicted by the GAP almost overlaps
with the DFT result, indicating that the GAP can accurately
reproduce the second-order IFCs of c-BAs. In Fig. 3(b) we
present the κ of pristine c-BA predicted by the GAP and
DFT as a function of temperature along with the experimental
data [8–10]. As shown in Fig. 3(b), the κ considering only
phonon-isotope and three-phonon scattering (κ3ph) and that
further considering four-phonon scattering (κ3+4ph) predicted
by the GAP agree reasonably with the DFT benchmarks.
Meanwhile, the κ3+4ph predicted by the GAP falls within
the range of the experimental values [8–10]. Particularly, the
κ3+4ph predicted by the GAP and DFT both peaks at 20 K. We
notice that the deviation between the κ3ph (κ3+4ph) predicted by
the GAP and DFT for temperatures around 20 K is relatively
larger compared to that at higher temperatures. The maximum
deviation of the κ3ph (κ3+4ph) is 19.96% (19.97%) within 10–

90 K, while that is 4.08% (1.83%) for the temperatures above.
The larger deviation for thermal conductivity around the peak
value is expected considering that they are dominated by the
contribution of low-frequency phonons, which can produce a
larger error as temperature decreases. For example, a small
deviation in the frequency can result in a larger change in the
phonon population at lower temperatures.

Beyond the overall κ , the GAP also accurately predicts the
spectral thermal conductivity of pristine c-BAs. Specifically,
Fig. 4 shows the cumulative κ with respect to phonon MFP

FIG. 3. (a) Phonon dispersion of c-BAs predicted by the GAP
and DFT. (b) The κ of c-BAs with considering only three-phonon
scattering (3ph) and both three-phonon and four-phonon scattering
(3+4ph) as a function of temperature from the GAP and DFT, along
with the experimental results reported by Kang et al. [8], Li et al. [9],
and Tian et al. [10]. Insert: the κ3ph and κ3+4ph predicted by the GAP
and DFT within the temperature range 10–150 K.
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FIG. 4. Cumulative κ of c-BAs at 300 K predicted by the GAP
and DFT as a function of phonon MFP with considering (a) only
three-phonon scattering and (b) both three-phonon and four-phonon
scattering. (c), (d) The same as (a), (b) but at 1000 K.

at 300 and 1000 K predicted by the GAP and DFT, which
mostly overlap with each other. Moreover, the τ−1

iso [Fig. 5(a)],
τ−1

3ph, and τ−1
4ph [the results at 300 K are shown as an example

in Fig. 5(b)] predicted by the GAP show good agreement
with the DFT benchmarks, demonstrating that the GAP can
accurately reproduce phonon-isotope and high-order phonon-
phonon interactions.

Compared with the pristine case, the ab initio PES of c-BAs
with vacancies becomes more complicated as the structural
disorder increases, placing a higher requirement for the pre-
cision of the GAP. As shown in Fig. 6, the τ−1

ph-v for 0.01%
(3.65 × 1018 cm−3) As or B vacancy predicted by the GAP
are in good agreement with the DFT benchmarks, indicating
that the GAP can accurately predict the κ of c-BAs with
vacancies. Also, the accurate prediction of the GAP for τ−1

ph-v
demonstrates its accuracy in predicting the harmonic IFCs
of c-BAs with vacancies. In contrast to the τ−1

iso that results
from only mass difference, the τ−1

ph-v is caused by only IFC
perturbation, as indicated by Eqs. (9) and (10). We notice that
the frequency dependence of both τ−1

iso and τ−1
ph-v is close to ω4

at low frequency, indicating a typical behavior of Rayleigh

FIG. 5. (a) Phonon-isotope scattering rates of c-BAs predicted
by the GAP and DFT. (b) Three-phonon scattering rates and four-
phonon scattering rates of c-BAs predicted by the GAP and DFT at
300 K.

FIG. 6. Phonon-vacancy scattering rates for 0.01% (3.65 ×
1018 cm−3) (a) As or (b) B vacancy concentration predicted by the
GAP and DFT.

scattering in the long-wavelength limit (see Fig. S2 in the
Supplemental Material [59]).

C. Computational Efficiency of the GAP

To evaluate the computational efficiency of the GAP, we
performed AIMD simulations for a supercell of c-BAs con-
taining 128 atoms in the NVT ensemble at 300 K with a time
step of 0.5 fs. Employing one Intel Xeon Gold 5120 CPU
(14 CPU cores), the computational time per time step was
171 (3152) s for AIMD simulations based on a 1 × 1 × 1
(2 × 2 × 2) k mesh. In contrast, the classical MD simulations
based on the GAP only take 0.228 s for one time step, which
is 2–4 orders of magnitude faster than the AIMD simulations.
Although the present GAP is considerably more efficient than
DFT, it is still several orders of magnitude slower than em-
pirical potentials, which typically provide six to eight orders
of magnitude speed-up compared to ab initio calculations
[63]. To expand the time and space scales of GAP, further
improvements to its computational efficiency are necessary.

D. Competition between phonon-vacancy
and four-phonon scattering

Using the developed GAP, we investigate the effect of
vacancy on the κ and phonon scattering of c-BAs. Figure 7(a)
shows the κ3ph and κ3+4ph of c-BAs predicted by the GAP
as a function of vacancy concentration at 300 K. The values
of κ3ph agree well with the previous DFT predictions [47].
Throughout the range of vacancy concentrations, the suppres-
sion of the κ3ph (κ3+4ph) by B and As vacancies is almost
the same. Note that the conventional models (such as the
Ratsifaritana and Klemens model [64]) consider vacancies as
effective mass perturbation and fail in predicting its effect on
κ [22,47]. Specifically, the Ratsifaritana and Klemens model
substantially underestimates (overestimates) the reduction of
the κ by the B (As) vacancy, because the B vacancy is
assumed to produce smaller mass perturbation than the As
vacancy, as shown in the previous study [47]. As shown in
Fig. 7(a), the κ3+4ph is much lower than the κ3ph for vacancy
concentrations below 0.025% (9.13 × 1018 cm−3), indicat-
ing a significantly stronger effect of four-phonon scattering
than phonon-vacancy scattering. As the vacancy concentra-
tion increases above 0.07% (2.56 × 1019 cm−3), the κ3+4ph

gets close to the κ3ph, indicating phonon-vacancy scattering
becomes stronger than four-phonon scattering.
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FIG. 7. (a) The κ of c-BAs with B or As vacancies predicted
by the GAP as a function of vacancy concentration considering
only three-phonon scattering and both three-phonon and four-phonon
scattering at 300 K. The κ3ph and κ3+4ph of pristine c-BAs at 300 K
is marked by black dotted lines. (b) The κ3ph and κ3+4ph of c-BAs
with As vacancies as a function of temperature. The black solid
(dashed) curve gives the κ3ph (κ3+4ph) of vacancy-free c-BAs. The
red, blue, and green solid (dashed) curves give the κ3ph (κ3+4ph) of
c-BAs with 0.01% (3.65 × 1018 cm−3), 0.07% (2.56 × 1019 cm−3),
and 1% (3.65 × 1020 cm−3) vacancies, respectively. The black dotted
lines represent the temperature dependence of the κ of c-BAs.

To investigate the effect of vacancies on the temperature
dependence of thermal conductivity in c-BAs, we calcu-
lated the κ3ph and κ3+4ph of c-BAs with vacancies as a
function of temperature [Fig. 7(b)]. The comparison of the
κ3ph and κ3+4ph in pristine c-BAs indicates that four-phonon
scattering greatly increases the temperature dependence of
thermal conductivity. Specifically, the temperature depen-
dence of the κ3+4ph (T −1.72) is substantially stronger than
that of the κ3ph (T −0.88) above 700 K (the calculated De-
bye temperature of c-BAs [65,66]) for the pristine material.
In contrast to the four-phonon scattering, phonon-vacancy
scattering can strongly decrease the temperature dependence
of thermal conductivity, especially at low temperatures. This
is expected, considering that three-phonon and four-phonon
scattering become stronger with increasing temperature,
whereas phonon-vacancy scattering is temperature indepen-
dent. As the vacancy concentration increases to 0.01%
(3.65 × 1018 cm−3), the temperature dependence of the κ3+4ph

above 700 K becomes relatively weaker (T −1.41) but still
much stronger than that of the pristine κ3ph (T −0.88), indicating
stronger roles of four-phonon scattering in suppressing the
thermal conductivity than phonon-vacancy scattering. When
the vacancy concentration increases to 0.07%, the temperature
dependence of the κ3+4ph above 700 K (T −0.85) becomes close
to that of the pristine κ3ph (T −0.88), indicating a comparable
effect of phonon-vacancy and four-phonon scattering. As the
vacancy concentration further increases, the phonon-vacancy
scattering becomes more dominant and results in a much
weaker temperature dependence of thermal conductivity. For
example, the κ3+4ph and κ3ph for 1% (3.65 × 1020 cm−3) As
vacancies mostly overlap with each other and exhibit a very
weak temperature dependence (∼ T −0.34) throughout the en-
tire temperature range from 150 to 1000 K.

We continue to look into the spectral κ at 150 and 1000 K
to understand the effect of vacancies on the temperature de-

FIG. 8. (a) The spectral κ of c-BAs as a function of phonon
frequency. The results at 150 K and 1000 K are given by the solid and
dashed curves, respectively. Insert: zoom in for the spectral κ3+4ph of
c-BAs within the frequency range 0–10 THz. (b) Modal phonon scat-
tering rates as a function of frequency. Black (red) circles represent
the τ−1

3ph (τ−1
4ph) at 150 K, and the blue (green) squares represent the

τ−1
3ph (τ−1

4ph) at 1000 K. The τ−1
ph-v for 0.01% (3.65 × 1018 cm−3) and 1%

(3.65 × 1020 cm−3) As vacancy concentrations is plotted by pink and
orange triangles, respectively.

pendence of the κ in c-BAs. As shown in Fig. 8(a), the
κ of c-BAs is mainly contributed by acoustic phonons <

9.8 THz. For the pristine case, four-phonon scattering results
in ∼15% reduction of the spectral κ3+4ph mainly within a
small frequency range 4.5–7.5 THz at 150 K. In contrast,
a much larger reduction (∼82%) is observed for the spec-
tral κ3+4ph at 1000 K, which occurs within a much broader
frequency range from 2.0 to 9.8 THz. The sharp difference
between the reduction at 150 and 1000 K can be explained
by the temperature dependence of three-phonon and four-
phonon scattering rates. As shown in Fig. 8(b), the τ−1

4ph is

about two orders of magnitude lower than the τ−1
3ph, except

for the frequency range 4.5–7.5 THz at 150 K, accounting
for the corresponding reduction of spectral κ3+4ph. As the
temperature increases to 1000 K, τ−1

3ph and τ−1
4ph increase by

about two and one orders of magnitude, respectively. As a
result, the τ−1

4ph becomes comparable to or even larger than

the τ−1
3ph at 1000 K within 3.0–9.8 THz. This observation

agrees with the scaling law of scattering rates derived in
Ref. [27], i.e., τ−1

4ph ∝ T 2 vs τ−1
3ph ∝ T . When 0.01% vacancy is

introduced, phonon-vacancy scattering leads to a remarkably
larger reduction in the spectral κ3+4ph at 150 K (∼74% mainly
within the frequency range 1.4–9.8 THz) than that at 1000 K
(∼13% within 3.0–7.6 THz), which can be attributed to the
relative strength of the τ−1

ph-v as compared to the τ−1
4ph and τ−1

3ph.

Specifically, at 150 K the τ−1
ph-v is comparable to or even larger

than the dominant phonon-phonon scattering term τ−1
3ph, partic-

ularly within the frequency range 4.0–7.5 THz. In contrast, at
1000 K the τ−1

ph-v is substantially lower than both the τ−1
4ph and

τ−1
3ph within almost the entire frequency range, which explains

the small influence of 0.01% vacancy on the temperature
dependence of κ3+4ph above 700 K. As the vacancy concen-
tration increases to 1%, phonon-vacancy scattering dominates
over the phonon-phonon scattering within 2.0–9.8 THz at both
150 and 1000 K, resulting in ∼99% and ∼91% reduction
of the spectral κ3+4ph, respectively. Specifically, the τ−1

ph-v is

more than one order of magnitude larger than the τ−1
4ph and

τ−1
3ph for most phonon modes within this frequency range even
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at 1000 K. As a result, the corresponding spectral κ3+4ph

at the two temperatures almost overlap with each other, as
shown in the inset of Fig. 8(a). For the frequency range <

2.0 THz, the reduction of spectral κ3+4ph at 150 K (∼89%)
is substantially larger than that at 1000 K (∼48%), because
the τ−1

ph-v for 1% vacancy is relatively larger than the τ−1
3ph at

150 K but smaller than the τ−1
3ph at 1000 K. Because of the

dominance of phonon-vacancy scattering, 1% vacancy results
in strongly suppressed thermal conductivity, exhibiting a close
to temperature-independent behavior.

IV. CONCLUSIONS

In summary, we have developed a high-quality MLIP
within the GAP framework for c-BAs with vacancies. The
constructed GAP exhibits DFT-level accuracy in predicting
the lattice thermal conductivity and phonon transport proper-
ties for c-BAs with vacancies, while its computational cost can
be four orders of magnitude cheaper than DFT. Specifically,
the GAP can accurately predict three-phonon, four-phonon,
and phonon-vacancy scattering rates, demonstrating its ac-
curacy in reproducing the harmonic IFCs of pristine and
defective crystals, as well as the anharmonic IFCs up to fourth
order of pristine crystals.

Using the developed GAP, we investigate the effect of
vacancies on the thermal conductivity of c-BAs. Special at-
tention was paid to the competition between phonon-vacancy
and four-phonon scattering, which can decrease and increase
the temperature dependence of κ , respectively. When the va-
cancy concentration is much lower than 0.07%, four-phonon
scattering plays stronger roles in determining the temperature
dependence of κ . For example, four-phonon scattering dom-

inates over the phonon-vacancy scattering at 0.01% vacancy
concentration, resulting in a temperature dependence of the
κ3+4ph (T −1.41) close to that of the pristine κ3+4ph (T −1.72)
above 700 K. As the vacancy concentration increases to
0.07%, the temperature dependence of the κ3+4ph (T −0.85) gets
very close to that of the pristine κ3ph (T −0.88) above 700 K,
indicating comparable roles of phonon-vacancy and four-
phonon scattering. As the vacancy concentration increases
further, phonon-vacancy scattering becomes more dominant,
resulting in a much weaker temperature dependence of κ . For
instance, the κ3+4ph and κ3ph for 1% vacancy concentration ex-
hibits an extremely weak temperature dependence (∼ T −0.34)
within the temperature range 150–1000 K, because the τ−1

ph-v is

more than one order of magnitude larger than the τ−1
3ph and τ−1

4ph
for most phonon modes within 2.0–9.8 THz at temperatures
up to 1000 K.

These results deepen the understanding of the phonon-
scattering landscape in c-BAs with vacancies and will benefit
the manipulation of its thermal properties. Atomistic simula-
tions based on MLIPs can serve as a powerful tool to promote
the understanding of thermal transport in defective materials.
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