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Amplitude expansion of the phase-field crystal model for complex crystal structures
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The phase-field crystal (PFC) model describes crystal lattices at diffusive timescales. Its amplitude expansion
(APFC) can be applied to the investigation of relatively large systems under some approximations. However,
crystal symmetries accessible within the APFC model are limited to basic ones, namely triangular and square
in two dimensions, and body-centered cubic and face-centered cubic in three dimensions. In this work, we
propose a general, amplitudes-based description of virtually any lattice symmetry. To fully exploit the advantages
of this model, featuring slowly varying quantities in bulk and localized significant variations at dislocations
and interfaces, we consider formulations suitable for real-space numerical methods supporting adaptive spatial
discretization. We explore approaches originally proposed for the PFC model which allow for symmetries beyond
basic ones through extended parametrizations. Moreover, we tackle the modeling of non-Bravais lattices by
introducing an amplitude expansion for lattices with a basis and further generalizations. We study and discuss the
stability of selected, prototypical lattice symmetries. As pivotal examples, we show that the proposed approach
allows for a coarse-grained description of the kagome lattice, exotic square arrangements, and the diamond

lattice, as bulk crystals and, importantly, hosting dislocations.
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I. INTRODUCTION

The comprehensive modeling of crystalline materials often
requires mesoscale methods, which enable the study of large
systems and long timescales while retaining microscopic de-
tails. The phase-field crystal (PFC) model [1-3], or conserved
Swift-Hohenberg model [4], allows for studying phenomena
on atomic length and relatively large (diffusive) timescales.
It consists of a continuum field theory approach based on a
smooth order parameter i related to the atomic density. This
model may be derived from the classical density functional
theory [5—7] through approximations, at the cost of accuracy
loss in the description of microscopic details [8,9]. However,
it has been successfully exploited to describe mesoscale phe-
nomena such as elastic and plastic deformation in crystals,
including several features and phenomena such as multi-
component systems, anisotropies, crystal growth, dislocation
dynamics, and microstructure evolution [2,3,10-12].

The original PFC model contains two adjustable parame-
ters only, related to the temperature and the average density.
This poses some limitations to describing quantitative effects
and complex symmetries and precludes thorough comparisons
with experiments. Later formulations have been proposed
to allow for such extensions. In the so-called XPFC model
[13,14], more detailed descriptions and other phenomena such
as structural transformations have been achieved thanks to
a definition of the free energy containing a tunable corre-
lation function [15-18], typically defined in the reciprocal
(Fourier) space. Furthermore, PFC models similar to the

“marco.salvalaglio @tu-dresden.de

2475-9953/2023/7(3)/033804(13)

033804-1

original formulation have been devised to account for mul-
ticomponent systems [19], complex symmetries [20,21], and
quasicrystals [22] through extended parametrizations. Alter-
native approaches providing a microscopic description of
complex lattice symmetries and phase transformations at
diffusive timescales have also been proposed, such as the
quasiparticle method [23,24].

Computing the numerical solution of the equations en-
tering the PFC model or similar microscopic approaches
inherently requires a fine spatial resolution, specifically to
resolve Y on microscopic lengths, even when employing
efficient numerical implementations [25-28]. To overcome
this limitation, a coarse-grained approach, namely the am-
plitude expansion of the PFC model (APFC), has been
proposed [29,30]. In this approach, density fluctuations are
described by complex amplitudes of a small set of Fourier
modes reproducing the periodicity of the lattice. These am-
plitudes are constant in relaxed bulk crystals, vanish in the
liquid phase, and can be used to characterize liquid-solid
transitions. Importantly, lattice distortions and defects can
be described by complex amplitudes through their phases.
Such an amplitude formulation allows for the comprehensive
characterization of the elastic field in PFC models [31-34].
Obtained as a coarse-grained PFC model, the APFC model
is an approach reminiscent of classical phase-field methods
that simultaneously includes interfaces, lattice deformations,
defects, and retains details of the underlying lattice struc-
ture. As such, it is suitable for microscopically informed
mesoscale investigations approaching continuum lengthscales
[35,36]. Amplitudes oscillate significantly at defects and
interfaces, while elsewhere they vary slowly compared to
lattice periodicity. Therefore, numerical approaches featuring
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inhomogeneous spatial discretization have been developed
[37-39] and allowed the study of mesoscopic lengthscales,
also for three-dimensional systems [34]. For a recent review,
see Ref. [40].

To date, the APFC model has been exploited for simple
lattice symmetries only, namely triangular and square lattices
in two dimensions as well as body-centered cubic and face-
centered cubic (fcc) in three dimensions. In an attempt to
model more complex symmetries, an amplitude formulation
of the XPFC model has been proposed [41] that exploits the
same concept of tunable correlation functions as the original
XPFC model. However, while in principle this formulation
allows for modeling complex structures, it has so far only been
applied to the study of simple symmetries in two dimensions.
More importantly, numerical simulations based on this model
rely on spectral (Fourier) methods. Although feasible, simu-
lations are then generally limited to relatively small scales,
in particular for three-dimensional investigations. Indeed, effi-
cient numerical approaches exploiting spectral methods must
feature a uniform spatial resolution that resolves variables at
defects and interfaces, thus approaching the one required by
the PFC model in the first place.

In this work, we provide a general framework for modeling
lattice symmetries within the APFC model, suitable for real-
space numerical methods. We begin with the basics of the
PFC and APFC model in Sec. II. In Sec. III we then intro-
duce novel model extensions together with their assessment
through proofs of concept and comparisons to known results.
In particular, we present the multimode amplitude expansion
for the PFC model (Sec. III A), the amplitude expansion fea-
turing a local structure on Bravais lattice sites (Sec. III B), and
an additional stabilizing term filtering out nonphysical phases
in solid-state crystalline systems (Sec. III C). In Sec. IV we
then apply the framework, providing novel mesoscale simula-
tions of crystal structures hosting dislocations, and showing
the capabilities of the model in both two and three spatial
dimensions. A few representative cases are addressed, such
as the kagome lattice, different triangular and square lattices
with a basis, and the diamond lattice. We finally draw our
conclusions and remarks in Sec. V.

II. PFC AND APFC MODEL

The PFC model is based on the Swift-Hohenberg energy
functional, which can be written as [1-3]

(|2 Burp Cyrp Bys
Fw—fﬂ[zwzwzvf +3v +4w}dr, M

where £ = (¢* + V?)?, A, B, C, and D are parameters [6] and
q is the length of the principal (shortest) wave vector for pe-
riodic minimizers of Fy,. Under the assumption of dissipative
dynamics driven by the minimization of F, conserving the
order parameter, the evolution law for ¥ is given by
W _ vz‘sﬂ. )
at Sy
This approach allows for describing crystalline systems over
diffusive timescales [3]. Different dynamics and extensions
have been proposed to provide advanced modeling of elastic
relaxation [42-45].

The coarse-graining achieved by the APFC model is based
on the approximation of ¥ by a sum of plane waves with
complex amplitudes 7; [29,30,40]:
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where n_, = n¥, no = ¥ is assumed to be constant for the
purposes of this work, k,, are the reciprocal space vectors re-
producing a specific lattice symmetry [40], with k_, = —k,,
ko = 0, and c.c. referring to the complex conjugate. Usually
a small set of modes, with “mode” referring to a family of
equal-length k,,, are considered.

The APFC model describes crystalline phases by focusing
on slowly varying complex amplitudes. A free-energy func-
tional F;, depending on 1, can be formally obtained through
a renormalization group approach [29] or, equivalently, by
substituting Eq. (3) into (1) and integrating over the unit cell
under the assumption of constant amplitudes therein [30,40].
For a one-mode approximation of ¢ with |k,| = g, the free
energy reads

N
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with G, = V2 +2ik, - V, and g* a polynomial in the ampli-
tudes whose terms depend on the lattice symmetry. It takes
the form:
/ ’ D/
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with I(N):=1{ieZ:0<|i| <N}, and =1 if Q=
0 and O elsewhere. The coefficients relate to those en-
tering Eq. (1) as follows: A’ = A, B' = B + 2CV{ + 3Dv/2,
C'=C+3DVy, D'=D, and E' = (A/2)¥%% + (C/3)V> +
(D/4)y*. Explicit forms of g* can be found in Ref. [40]. The
dynamics of the amplitudes approximating Eq. (2) is given by
[29,30]
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which may be supplied by a conservative dynamic for the
average density [46] and further extensions to account for
proper elastic relaxation [32,47,48].

Simulations reported in the following are performed
exploiting the adaptive Finite Element Method toolbox
AMDIS [49,50]. Such an approach, described in detail in
Refs. [34,39,51], allows us to efficiently solve the APFC equa-
tions with optimized mesh refinement. Minor changes have
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been implemented to include the extensions reported in the
next section.

III. APFC MODELING OF COMPLEX SYMMETRIES

A. Multimode approximation

One-mode approximations, as considered in Eq. (4), only
allow for a few crystal symmetries. Even the basic fcc lattice
symmetry is typically described by the APFC model only
when considering a two-mode approximation [51,52]. To ex-
tend the APFC modeling toward complex lattice symmetries,
we consider the amplitude formulation for an arbitrary num-
ber of modes by exploiting the multimode Swift-Hohenberg
free-energy functional [20]. In this approach, the differential
operator L entering the free energy (1) may be written as

M

M
Lo =[] Ln= T2+ +bal. ®)
m=1

m=1

where the parameters b,, control the relative stability of the
corresponding modes at wave numbers ¢,,. For M = 1, ¢| =
g, and by =0, we recover Ly = £, = L as appearing in
Eq. (1). Such an energy term is the generalization of the
gradient term in two-mode PFC or Swift-Hohenberg models
that has been successfully exploited to model diverse crystal
symmetries such as fcc, square, and quasiperiodic lattices
[53,54]. Although not rigorously derived from microscopic
descriptions, it phenomenologically encodes the stability of
the modes with lengths ¢g,,, which is the desired property to
have an energy functional minimized by Eq. (3) with pre-
scribed k, as set in the APFC model. The corresponding
operator to be considered in Egs. (4)—(7) can be derived in
a similar fashion to the other terms in the amplitude equa-
tions [29,30,40]. From Eq. (8) we obtain

M
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where the considered approximation holds true in the limit
2|Gunn| K |(q,2n — |K,|?)n,|, valid for slowly oscillating am-
plitudes analogously to the basic assumptions underlying the
APFC model [40]. In this case, forM = 1,q; = g,and b; =0
we have that M , = g,f enters (7). The operator (9) leads to
an additional contribution to E’ entering Eq. (5), now reading

2%2+§Iﬁ3+ vt (10)
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As a prototypical example, we focus on the three-mode
approximation of a triangular lattice. The specific choice of

k, is reported in Appendix A. At this stage, we are inter-
ested in relaxed crystal phases. Therefore we can numerically
minimize the free energy F; with respect to constant and
real amplitudes n, = ¢,. Figure 1(a) shows a phase diagram
obtained by minimizing the energy with b; = 0 and vary-
ing b, and b3. Corresponding reconstructed densities from
Eq. (3) are reported in insets. While retaining the underlying
triangular symmetry, different structures are obtained from
different superpositions of Fourier modes in Eq. (3) weighted
by the (real) amplitudes ensuring energy minimization. They
consist of triangular phases with different lattice spacing as
dictated by the different sets of reciprocal-space vectors, as
well as a honeycomb and a dimerlike phase. Triangular and
honeycomb lattice symmetries can be described with a one-
mode approximation [30,51,52]. However, the extended set
of k, allows for a better resolution of the density peaks, as
shown in Fig. 1(b). Therefore, it can be exploited to account
for additional small-scale details while solving equations for
slowly varying oscillating fields. Intermediate triangular and
honeycomb structures are also obtained. The former corre-
sponds to a triangular arrangement of asymmetric peaks [see
also Fig. 1(c)], the latter to the arrangement of six maxima
qualitatively similar to a honeycomb structure but with vary-
ing spacing.

Interestingly, the results reported in Fig. 1 show a good
agreement with an analogous investigation performed with the
multimode PFC model in Ref. [20], i.e., with Eqgs. (1) and
(2) and £ = Ly as from Eq. (8). Therein, three lengthscales
qi23=1, \/g, 2 were considered. This choice enforces the
length of the shortest wave vector, similarly to the APFC
model considered here. In the PFC model, however, there
is no restriction of the solution to a prescribed set of k,
vectors. In other words, higher harmonics may be present as
well as further nontrivial combinations of modes, meaning
that the solution may be described by subsets of all possi-
ble reciprocal-space vectors of given lengths. As a result, a
slightly larger set of lattices is observed. However, phases
with an underlying triangular symmetry are obtained for very
similar values of b; 3.

The phases described in Fig. 1 can be considered by the
multimode APFC model also when dealing with deformed
crystals hosting defects. Figure 2(a) illustrates the 5|7 defect
core of a point edge dislocation in a honeycomb lattice. The
reconstructed density from Eq. (3) with amplitudes computed
by three-mode APFC approximation as discussed above is
shown. The dislocation is obtained at the interface between
layers with different numbers of lattice planes following a
conventional approach from the literature [51], mimicking a
system of layers with opposite strain along the interface. This
is encoded in the initial condition by

M = Gne ™Y, (11)

with ¢, the value of the amplitude in the relaxed bulk as above,
and u = (£ex, 0) with strain € = 1/64. For comparison, the
same defect in the honeycomb lattice obtained by a one-mode
approximation is reported in Fig. 2(b), showing the same
defect structure with a coarser resolution.

It is worth recalling that the variables to solve for in the
APFC model are the complex amplitudes, varying on length-
scales larger than the reconstructed atomic density, while fully
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FIG. 1. Multimode APFC model encoding a three-mode approximation of a triangular lattice (see definition of k, in Appendix A).
(a) Phases obtained by varying b, 3 with by =0, ¥ = 0.2, A’ = 0.02, B’ = —0.15, C' =0, D' = 1. Density reconstructed from Eq. (3) are
shown as insets. (b) One-dimensional density profile along the [01] direction, for the honeycomb structure [as from panel (a) with b, = —0.2,
b3 = 0.2], compared to the same quantity obtained for a one-mode approximation. (c) One-dimensional density profile along the [10] direction
for the dimer (b, = 0, b3 = 0), intermediate triangular (b, = 0.2, b3 = 0.3), and triangular (Tri-1, b, = 0.4, b3 = 0.4) structures.

encoding lattice deformation of isolated defects. Figure 2(c)
shows the entire simulation domain, containing four defects in
a static configuration, from which Fig. 2(a) was extracted. The
domain is divided into four quadrants, containing a dislocation
each, in which we illustrate ® = 2 Z]nv:] |77,,|2, the optimized
mesh exploited for simulations (see Ref. [39] for details on
the specific criteria), as well as the real and imaginary part of
n1. ® plays the role of an order parameter for the crystalline
phase, being constant in the bulk and decreasing at the de-
fects. Importantly, as the amplitudes n,, vary slowly compared
to the atomistic lengthscales—with the largest gradients oc-
curring at the dislocations [29,30]—real-space methods with
inhomogeneous spatial discretization can be advantageously
used to solve the equations of the APFC model, compared
to reciprocal space methods [40]. Additionally, 1, may be
exploited to extract the strain and stress fields, preserving
some details of the microscopic scales together with a conve-
nient regularization of these fields at the core [34,48]. While
the goal of using the APFC model remains to describe large
lengthscales with continuous fields, the reconstructed core
matches almost perfectly the one obtained by the three-mode
PFC model reported in Ref. [55]. Accordingly, information
on small scales may be used to assess the present descrip-
tions, as will also be exploited in the following. It is worth
mentioning that the operator My, , contributes to the solu-
tion shown in Fig. 2(a) through the parameters b,—like in
the bulk system case discussed in Fig. 1—and through the
differential operators—owing to varying complex amplitudes
in deformed lattices hosting dislocations. Therefore, the good
agreement with the corresponding multimode PFC counter-
part also represents a further assessment of the approximation
considered in Eq. (9). Importantly, this approximation leads to
a convenient form for numerical approaches, featuring similar
terms to the classical, one-mode APFC model, with additional

amplitude-dependent factors only and without increasing the
order of the differential equations to solve.

B. Amplitude expansion for lattices with a local structure

APFC models rely on the definition of k, vectors repro-
ducing Bravais lattices. To account for a broader set of lattice
symmetries, we introduce an amplitude expansion accounting
for a local structure on Bravais-lattice sites,

N
Yy —P =)

n=1

BB e® T + c.c., (12)

"

with B, a sum of terms encoding phase shifts for the Bravais
lattice periodicity and 7, = 1,8, modified amplitude func-
tions. Specifically, we describe a lattice with a basis including
J atoms by

J
By=) e, (13)
j=1

where R; is the position of the jth atom within the unit cell.
In the case of a Bravais lattice, / = 1 and we may set R} = 0
without loss of generality, so that B, = 1 and Eq. (12) reduces
to Eq. (3). In the case of a lattice with a basis (same group of
atoms per Bravais-lattice site), R; can be set to the distance
from a reference position within the unit cell.

By considering the derivation of the amplitude equa-
tions with the ansatz (12), and also accounting for the
multimode formulation in (9), we obtain the following free
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FIG. 2. Edge dislocation in a honeycomb lattice. Plots of the
reconstructed density ¥ (r) are shown for the following cases:
(a) A three-mode approximation, ¥ = 0, A = 0.02, B =0.02, C =
—-0.5,D=1/3, by =0.1, b = b3 =0. (b) A one-mode approx-
imation, ¥ =0,A=1, B=0.02, C=-0.5,D=1/3, b, =0.
(c) Representation of the entire simulation domain for the three-mode
approximation. Relevant quantities are plotted in different quadrants.
Top left: ® = 2ZnN=1 [n.]%; the black rectangle shows the size of
the region reported in panel (a). Top right: @ superimposed to the
locally refined simulation grid. Bottom: Real and imaginary part of

ni-

energy:
A N

N = ~ ~nM n~* M n~n

i /{2[2;—](77 M1y + 1, Mg atln)

B~ C_  _ D
+ 50+ 553({%}) + 14“4({7);1})}11‘, (14
with & =23 |7,|2 that implicitly depends on B, via the
definition of 7, from Eq. (12). Notice that the coefficients B,
appear as factors of terms present in Eq. (4), and the resonance
conditions in (6) readily apply to the products of different 3,
factors. Like the free energy considered in the classical APFC
model, Fj is rotationally invariant. A Bravais lattice symmetry

can then be described through Eq. (12) by a proper set of k,,
while a local structure is encoded by B,. A central point that
remains to address is whether the lattices described by such an
approach correspond to the global minimum of F; for a given
set of parameters.

The honeycomb lattice is a lattice with a basis. It represents
a good test for the newly introduced formulation as it is
known to be a global minimum of the (A)PFC free energies
for some parameters. In the one-mode approximation, it can
be described by Eq. (12) with N =3, k, as in Eq. (Al),
J=2,R; =(0,0), Ry = (0,41 /3), and B, = 1 4+ i*2. The
free-energy density for the corresponding bulk system reads

I.’;‘~
7” = B(¢7 + ¢35 + ¢3) + 25C1 ¢

+3D(0} + 3 +¢3)° — ID(¢1 + 43 +93),  (15)

where ¢, is the bulk value of the nth amplitude. Notably,
quadratic and quartic terms in 5, reduce to 1, and the entire
contribution of the basis coefficients is then contained in a real
constant s multiplying the cubic term. It reads:

—2 honeycomb

+2 triangular ’ (16)

s=BiB.Bs+cc = {
with the triangular lattice corresponding to B, = 1, i.e., with-
out a basis, as described above. Including the basis in a
one-mode approximation of the triangular lattice in order to
obtain the honeycomb structure results then in an opposite
sign for the cubic term. This is in full agreement with a
well-known result of (A)PFC models for the one-mode tri-
angular lattice: Free energies with opposite signs of the C
coefficient are minimized by v, (triangular phase) and _
(honeycomb phase) with ¥_ = —v; and F,(¥_) = F,(Y4).
The honeycomb lattice can then be obtained from a one-mode
approximation of a triangular Bravais lattice either by prop-
erly setting C for an amplitude expansion based on Eq. (3)
or by considering a basis through Eq. (12). The latter way
is preferable, as it encodes information on the target phase
directly in a physically meaningful way: setting a basis on
a Bravais lattice. As will be discussed in the following, this
is crucial when considering lattice symmetries which can be
obtained neither from a combination of modes for Bravais
lattices encoded in Eq. (3) nor by tuning the parameters.

This argument can be further appreciated by looking at a
similar analysis performed on the three-mode approximation
of a bulk honeycomb crystal. In an appropriate parameter
range and without including a basis, real amplitudes within
the same mode are equal in modulus but not in their signs.
That is, the energy is minimized by ¢, with

@1 =—¢r=¢3 >0,
—Q4 = ¢p5s = —¢s > 0, (17)
$7 =3 = o < 0.

The honeycomb structure is then obtained with nontrivial
combinations of Fourier modes in Eq. (3). Indeed, the lat-
tice symmetry imposed by Kk, is the triangular one, while
the honeycomb happens to be compatible with a different
superposition of the considered Fourier modes. This loss of
correspondence between the structure imposed in the ampli-
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tude expansion and the final density may prevent the tuning
of lattice features, such as the resolution of the peaks, and the
exploration of symmetry breaking and lattice anisotropy when
considering additional physical contributions (see for example
the coupling with magnetic field in Ref. [56]). When introduc-
ing the basis, the honeycomb structure is obtained when all
amplitudes are positive, and those within the same mode are
equal, meaning that the target structure is obtained with the
simplest possible combination of Fourier modes. Similarly to
the one-mode approximation, the density profile is identical
with and without the basis, as is the corresponding energy.
Indeed, the amplitude expansion including the basis may be
considered a different representation of densities that results
from the same energy functional (1). Still, this representation
allows exploring a larger set of possible symmetries. For in-
stance, it will be shown in Sec. IV that considering a basis is
necessary to describe some crystalline structures.

C. Stabilization

As discussed in the previous section, we are interested
in lattices for which, in bulk and in the absence of further
symmetry breaking, Fourier modes with the same |k,| have
the same coefficient 1,,. However, these phases may be in com-
petition with other phases for which subsets of the amplitudes
vanish. A prominent example is the so-called stripe phase
[1,2], which might be used to model smectics [57—60] but
can be considered nonphysical for solid-state crystals. Some
DFT formulations based on In(v) rather than v have been
shown to avoid lamellar/stripe phases as global minimum of
the corresponding energy [61]. Here, in order to filter out these
cases in the APFC model, and therefore stabilize targeted
phases set by an ansatz as in Eq. (12), we instead consider
an additional energy term fQ fstapdr With

M N
fuab =Y b D (B> = 1B; Pl PP . (18)
m=1 Ji>j

This purely phenomenological term penalizes differences in
the amplitudes of the same family. Note, however, that it does
not alter the bulk energy of phases where these amplitudes
have the same value. A demonstration is given in Fig. 3(a)
for a one-mode approximation of a triangular lattice (M =
1, h,, = hy = h). We show the minimum of the free-energy
density by varying C, with (A = 1) and without (A = 0) the
stabilizing term. In the latter case, the energy is minimized
by a stripe phase for |C| < 0.13, where only one amplitude
is different from zero and therefore the cubic term vanishes,
rendering the energy independent on C. For |C| 2 0.13, the
energy is minimized by a triangular phase. With & =1 the
energy is always minimized by a triangular phase as the newly
introduced term penalizes the stripe phase. Notice that the
two curves overlap when the triangular phase is stable in both
settings, showing explicitly that the energy of the relaxed bulk
triangular phase is not affected by the additional energy term.

Amplitudes vary differently at defects [40]. To evaluate the
effect of the stabilizing term, we consider a system analogous
to Fig. 2(a) for a triangular lattice. The change in the energy
at the defect core is reported in Fig. 3(b), shown as the en-
ergy difference with respect to the bulk Af(h, x), on a line

-0.021
0 01 0.2 0.3 0.4 0.5
IC]
(b)
0.005 1 0.0048
0.004 1 Af
0.003{ == h=0.0
Af o . 0.0040
| h=0.7 h
00021 5~ 10

0.001 4

FIG. 3. Effect of the stabilizing term in a one-mode triangular
lattice. (a) Minimum of the free-energy density plotted against the
parameter C, with (h = 1, red, dashed curve) and without (blue, solid
curve) the stabilizing term. (b) Maximum of the free-energy differ-
ence at a dislocation in a systems as in Fig. 2 for different values of &,
plotted along the crystallographic direction [10], expressed in units
of the lattice parameter a = 47 /+/3. Inset: Free energy difference
between defect and bulk for increasing values of the coefficient A.

crossing the defect at its core along the [10] direction. Al-
though slightly affected by the additional energy term, the
shape of Af(h,x) remains unchanged. Furthermore, this
quantity is found to depend almost linearly on ~—as shown in
the inset of Fig. 3(b)—which implies that the term involving
the amplitudes in Eq. (18) is nearly independent of 4. As such,
only negligible changes are expected in the amplitudes when
including fab.

These observations are valid for the explored values of A
(up to 1 in the considered setting). Larger values may lead to
more significant differences, and the smallest 4 which results
in the desired bulk phase should be used. Such a value may
be computed by considering the bulk energy of the stripe
and the targeted crystalline phase. For instance, focusing on
a parameter range where crystalline phases are favored and
considering a one-mode approximation with |B;| = 1, the en-
ergy of the stripe phase in the presence of the stabilizing term
reduces t0 furipe(ds, N, h) = Bo? + [(3/2)D + h(N — 1)]¢y;,
with ¢, the nonzero (real) amplitude minimizing the energy.
Then, one can compute the bulk energy density of the tar-
geted crystal phase fouk (¢, N), with ¢. the nonzero (real)
amplitude minimizing the energy for the targeted crystal struc-
ture. The minimum value of % is given for foux(¢c, N) =
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fstripe (d’s» N, h), namely

h  Jouik(@e. N) — B¢; — (3/2)D¢} (19)
min — ( N — 1) ¢;1 .

The stripe phase is then penalized for & > hp;,. Notice that
hmin s positive only for fiyipe(¢s, N, 0) < fou(Pc, N), cor-
roborating that the stabilization term is otherwise not needed.
This argument can be readily extended to basis coefficients
with modulus different from one and multimode approxi-
mations. For the latter case, phases characterized by having
nonzero amplitudes for the first and some of the additional
modes may be the lowest energy state. The stabilization term
would penalize them as well. In this case, Ay, should be
determined by adapting the definition of fyyipe(¢5, N, h) to the
actual lowest-energy phase.

Interestingly, the behavior illustrated in Fig. 3(b) closely
resembles the features of the additional energy term intro-
duced in Ref. [51] to tune the energy of defects in APFC
models. Therefore, although further explorations in this di-
rection are beyond the scope of this work, we envisage
applications of such a term in this regard.

D. Elastic properties

Elastic properties within the APFC model can be de-
rived from the differential operator M, , [40] by considering
deformations from the perfect lattice as encoded in the am-
plitudes defined as in Eq. (11). Inserting this form back in
Eq. (12), and exploiting the approximation (9), the elastic
energy density reads

27n nk
felaq ~ 4AZFn|B | ¢nkl kj

n=1

kn UU Ulm’ (20)

with k' the ith component of k,, and U;; the nonlinear strain
tensor [33,40]

Uij = 5 (uij + wji — wujp), (21

using the Einstein summation convention. We remark that in
Eq. (20) we neglected strain gradient terms. By writing the
elastic part of the free energy as fe.s = (1/2)o;;U;; witho;; =
CijitUw the components of the stress field and C; i, the elastic
modulus tensor, one gets

Ciju = 8A Z Tl Bl ki K k] K (22)

n=1

From this expression, the symmetry encoded in the elastic
constants is dictated by the symmetry of the Bravais lattice
with a prefactor

JoJ
B, =J+2) > coslk, - (R; —R)], (23
i
depending on the local structure, which consistently reduces
tolforJ = 1.

IV. NUMERICAL EXAMPLES

In this section, we apply the extended APFC model
to the simulation of crystalline structures beyond Bravais

lattices hosting isolated defects. These simulations illustrate
the possibility of describing periodic arrangements of dif-
ferent kinds. Moreover, they showcase the stability of the
considered bulk phases since defects represent a significant
perturbation leading to the nucleation and growth of more
stable phases if present. The evidence reported below also
serves as proof of concept for studying edge dislocations in
exotic structures and the technologically relevant diamond
structure.

We first address the case of straight edge dislocations
arranged in prescribed positions. We define amplitudes en-
coding a lattice distortion induced by dislocations exploiting
Eq. (11) with u(r) = "7 u®(r) the displacement field ob-
tained as a superposition of the displacement induced by D
dislocations with Burgers vector b || % and dislocation line
19 || 2. According to classical continuum mechanics, in the
approximation of linear and isotropic elasticity, u” (r) com-
ponents read [62]

bl y Xy

(d) _ A
u(r) = o |:arctan( ) + 31— v)r2:|
b [ (1 —2v)log(r?) ¥ —§

2| 41 —v) 41— vy |’
u(r) =0, 24

U () = -

with r=(x,y,2), 2= +5, f=x—x@, =y,

(x(()d), y(()d)) the position of the dth straight dislocation, and
v = 1/3. A squared domain with side L in the xy plane is con-
sidered, and we define four edge dislocations in the positions
(£L/4, £L/4). The modulus of the Burgers vectors is taken
to be equal to one lattice spacing (depending on the specific
symmetry under investigation, see below), oriented parallel
and antiparallel to & such that b . & = sign(xgd)yéd))|b(d)|.
Furthermore, we consider periodic boundary conditions. The
interaction with periodic images is accounted for in the initial
condition by considering dislocations arranged periodically in
a region 11L x 11L entering Eq. (24). In the following, we
will focus on one of the dislocations in such arrays.

In Fig. 4, we report simulation results for representative
two-dimensional lattices. For each system, we show the field
®, the reconstructed density, and, to allow for an easy visual-
ization of the lattice, a reconstructed discrete lattice obtained
by drawing spheres of arbitrary radius at the position of den-
sity maxima using the visualization tool OVITO [63]. Details
about the settings for the corresponding bulk phases can be
found in Appendices A and B, while parameters are reported
in the caption. In Figs. 4(a), 4(d) and 4(g), we show an edge
dislocation in the kagome structure. The magnitude of the
Burgers vector is equal to the lattice parameter a = 47 /+/3,
and the domain size is L = 60a. A bulk phase analogous
to our result was obtained by the PFC model [20] with set-
tings similar to the one exploited for the results in Fig. 1(a).
The density corresponds to an inverse, three-mode graphene
structure. Indeed, the parameters are those used for Fig. 2(a),
except for the opposite sign of C (coefficient of the cubic
term in the energy). The maxima for this phase are localized
and arranged as a kagome structure, as shown in Fig. 2(d).
Importantly, the considered edge dislocation results in a 5|7
defect core in good agreement with known results for defects
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FIG. 4. Edge dislocations in two-dimensional lattices with a
basis. k; and R; are reported in the Appendices A and B. The
density i is plotted in the first row, and the Burgers vectors
are marked in green. In the second row, spheres of arbitrary ra-
dius are drawn on the density maxima. In the third row, d =
2 ZnN=l [7,1% is plotted. [(a), (d), and (g)] Kagome structure, three-
mode triangular lattice with a diatomic basis; ¢y = 0, A = 0.02, B =
0.02,C=05,D=1/3,b;=0.1, b =b3; =0, h =0. [(b), (e),
and (h)] Dimer structure, three-mode square lattice with diatomic ba-
sis; ¥ =0,A=0.02, B=-01,C=-1,D=1/3,b; =0, h =
0. [(c), (f), and (i)] Frame structure, three-mode square lattice
with triatomic basis; ¥ =0, A =0.02, B= —0.1, C =0.05, D =
1/3, b; =0, h =0.2.

in kagome structures [64]. In Figs. 4(b), 4(c), 4(e), 4(f), 4(h),
and 4(i), we show edge dislocations in two square lattices with
different bases. The Burgers vector is set equal to the lattice
parameter a = 2w, and the domain size is L = 70 a. Simi-
larly to the kagome structure discussed above, they represent
exotic crystal arrangements, namely a squared arrangement
of dimers aligned along the diagonal of the square unit cell
[Figs. 4(b) and 4(e)] and a triatomic basis forming a periodic
arrangement of eight-atom frame structures [Figs. 4(c) and
4(f)]. They showcase the effects of the terms introduced in
the previous sections and their application to nontrivial sym-
metries. The structures obtained resemble exotic lattices of
interest either for some materials or for periodic arrangements
of other objects in general [65-67].

w/¢maz (a)
! \_/ )
3;\ 3m %T /ﬁﬂ
s ‘ s o [111]
— 1-mode
1 2-modes
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FIG. 5. Diamond lattices reconstructed from APFC simulations.
(a) One-dimensional density profile along the diagonal of the
unit cell for one- and two-mode approximations. (b) Edge dislo-
cation, one-mode approximation; v=0,A=1 B=-0.02C=
0, D=1/3, h =0.2. (c) Edge dislocation, two-mode approxima-
tion; ¥ =0, A=0.36, B=0.1,C=—-1,D=1/3,h; =0, b; =
0, b, =0.5. Details on k; and R; are reported in Appendix C. In
(b) and (c), spheres of arbitrary radius are drawn at the density peaks,
and two consecutive (110) planes are shown in different colors (red
and green).

The amplitude expansion enables the study of relatively
large, three-dimensional systems [34,39]. We focus now on
the novel APFC modeling of a three-dimensional lattice of
great relevance for physical applications: the diamond lattice.
It can be defined by introducing a diatomic basis in the fcc
lattice [68]. Details on the specific choice of k; and R; are
reported in Appendix C. In the one-mode approximation, the
diamond structure can be obtained as the most stable phase
by exploiting the stabilization term introduced in Sec. IIIC,
as stripe phases are more stable otherwise within the whole
parameter range. It is worth mentioning that this does not
include C as no cubic terms result from Eq. (6). Conversely,
a degree-three term is present in the two-mode approxima-
tion, and relatively large |C| values allow for obtaining the
diamond-lattice phase as the most stable one, even without
the stabilization term. This reflects the stability of the under-
lying Bravais (fcc) lattice [51,52]. A one-dimensional density
plot along the [111] direction is shown in Fig. 5(a) for the
one-mode and two-mode approximations, respectively. Both
show two distinct peaks at 0 and %n, corresponding to the
two atoms in the basis. In the one-mode approximation, the
minimum at %7‘[ is relatively shallow. This can be improved by
considering a two-mode approximation as shown in Fig. 5(b).
In the two-mode approximation, additional small features de-
velop, such as two relative maxima at 37 and %n, which can
be controlled by varying the multimode coefficients b;.
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In Figs. 5(b) and 5(c), we show edge dislocations in a
diamond lattice. We consider pure-edge dislocations, with
Burgers vector b = :I:%[llO](OOl), where a = 24/37 is the
side of the cubic unit cell. We take a slab-shaped domain, with
dimensions Ly = L, = 40a, L. = 4 a. For the sake of clarity,
we draw spheres corresponding to the density peaks to visual-
ize the reconstructed density (now a function of three spatial
coordinates) and only display two (110) planes, marked in red
and green. In Figs. 5(b) and 5(c), we show a relatively small
region centered on one dislocation obtained by one-mode and
two-mode approximations, respectively. In both cases, the
diamond lattice represents a stable phase while hosting the
significant lattice distortion induced by dislocations. More-
over, even though we solve for slowly varying variables (the
amplitudes), a dislocation core corresponding to a ring of
eight atoms is obtained in the reconstructed density, which
is consistent with results derived in literature by geometrical
arguments [69]. The two-mode approximation in Fig. 5(c) de-
livers a better approximation of such known dislocation-core
structure, thus confirming the higher resolution achieved with
multimode approximations.

As a final example, we consider three-dimensional small-
angle grain boundaries in the diamond structure (Fig. 6) as
prototypical cases in which dislocation form due to mis-
match or misorientation of crystalline structures meeting at
an interface, rather than being introduced explicitly as for the
cases above. We consider the diamond lattice representation
achieved with the one-mode approximation, and we define
a small-angle rotation about the [111] direction, set as the z
axis of the simulation domain. We define a rotated lattice in
the z > 0 half-space, while leaving the z < 0 half-space un-
rotated. Periodic boundary conditions are applied so that two
twist grain boundaries form, namely at the interface between
the two portions of the crystal and at the boundaries with
normal along Z. In the rotated lattice, the amplitudes can be
expressed as

M = Gne™™™, (25)

where ¢, is the value of the amplitude in the relaxed
bulk, and 8k, = R(0)k, — k, is the difference between the
reciprocal-lattice vectors in the rotated crystal with respect
to the reference one [70], with R(0) the counterclockwise
rotation matrix about the z direction. In the rotated crystal,
the amplitudes oscillate in the x, y plane with wavelengths
[Anlyy = 27 /[8ky]x,y- The unit cell of the periodic disloca-
tion pattern forming at the interface is obtained by rotating
the whole domain about Z such that the shortest vector 5k,
is aligned/perpendicular with two boundaries [70], namely
corresponding to a rotation of —6/2.

When considering rotations about the [111] axis, we take
an angle 6 = 7.34°, which is expected to result in a X183 co-
incidence site lattice [71]. The domain size is L, ~ 6a, L, ~
10 a, where a = 24/37 is the side of the cubic unit cell, alld
we choose arbitrarily L, = 2L,. In Fig. 6(a), we show &,
which decreases at the dislocations, as discussed in Sec. IIT A.
Here we observe a pattern with localized dislocation cores
extending a few (~3) lattice spacings. A hexagonal dislo-
cation network enclosing regions of local coherency forms.
To further appreciate the separation between coherent and

[001]

010] e [100]

FIG. 6. Small-angle twist grain boundaries in the diamond lat-
tice. A one-mode approximation is considered with ¥ =0, A =
1, B=-0.02,C=0,D=1/3, h=0.2. [(a) and (b)] Rotation
about Z = [111] by 8 = 7.34°, corresponding to the X183 coinci-
dence site lattice. The coordinate system is rotated by 6/2. Panel
(a) shows & = 2 Zi,vzl [7.]? at the interface. Panel (b) shows spheres
of arbitrary radius placed at the density peaks. Two consecutive (111)
planes are shown in different colors. (c) Rotation about Z = [001]
by 6 = 7.34°. Plot of @ at the interface showing the dislocation
network in three dimensions. This is obtained as the region for which
® < 07D,

noncoherent regions, in Fig. 6(b) we draw spheres of arbi-
trary radius at the density peaks for two consecutive (111)
planes, represented by different colors. In the central part of
the hexagonal region bounded by the dislocation network, a
coherent region featuring diamond crystal structure is present.
The coherency is lost at the dislocation network. This structure
agrees very well with recent results obtained by molecular
dynamics simulations for perfect shuffle dislocations in Si
[71]. Importantly, the small-angle grain boundary reported
is peculiar to the diamond structure and deviates from the
ones obtained with an analogous setting for an fcc lattice
[70] (i.e., with one atom per Bravais lattice site). This further
assesses the description of lattices with basis (Sec. III B) we
introduced.
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Another representative dislocation network is obtained by
considering a rotation about the [001] axis, here simulated
with the same angle 6§ = 7.34° considered before for the sake
of simplicity. The domain size for this case reads L, = L, ~
8a, L, = 2L,. The result is reported in Fig. 6(c), which shows
the formation of a dislocation network featuring dislocation
lines along [110] and [110], thus corresponding to the ones
illustrated in Fig. 5. To appreciate the periodicity of the dis-
location network, the simulation cell is repeated 2 x 2 times.
It resembles dislocation patterns obtained in heterostructures
with diamond lattice symmetries and (001) interfaces featur-
ing a mismatch and/or twist among layers as observed, e.g.,
in conventional group-IV epitaxy and heteroepitaxy [72,73].

Finally, to showcase larger three-dimensional systems that
can be handled with the proposed approach, we considered
a spherical inclusion rotated about the [111] direction in a
diamond lattice, modeled here through a two-mode approx-
imation as in Fig. 5(c). The radius of the inclusion is set to
34 lattice spacings, embedded in a cubic matrix with a size
of 96 lattice spacings. In terms of physical units, Si has a
relaxed lattice parameter a & 0.54 nm at 300 K [74], meaning
that the side of the simulation box has a length L ~ 51.84
nm, and the sphere a radius r &~ 18.36 nm. Consistently with
the previous example shown in Fig. 6, the interface between
the inclusion and the matrix with normal along the [111]
shows a defect structure featuring extended defect cores with
a hexagonal arrangement of triangular-like regions with loss
of coherency, as illustrated in Fig. 7(a). This structure con-
nects with tiltlike (small-angle) grain boundaries when the
normal to the interface deviates from the [111] direction,
complementing previously reported evidence for basic lattice
symmetries [28,70]. In Fig. 7(b) we report an illustration of
the mesh used, superimposed to a plot of Re(#;). We remark
that the mesh is coarse in the matrix, where the amplitudes are
constant, refined inside the inclusion, where the amplitudes
oscillate slowly, and even more refined around the defect
structure, where the amplitudes vary quickly. This showcases
in a practical, large-scale case the benefit of considering real-
space methods in terms of inhomogeneous and optimized
spatial discretization.

V. CONCLUSIONS

We extended the coarse-grained description of crystal lat-
tices delivered by the APFC model. A formulation suitable
for multimode approximations of crystalline atomic densities
with an adjustable resolution and an extended parametriza-
tion was introduced, enabling the description of a wide
range of lattice structures. It was shown to recover the
main features of the corresponding microscopic PFC model
for two-dimensional lattices [20]. Moreover, the amplitude
expansion of Bravais lattices with a basis was derived, sig-
nificantly extending the capability of the model toward the
study of systems of general interest. A stabilization term was
introduced to favor crystal structures when competing with
stripelike phases [1]. Notice that the proposed framework goes
beyond the specific model formulation considered here. It may
be exploited with other formulations for the energy functional,
such as the amplitude expansion of the XPFC model [41].
We also envisage applications of the concepts introduced in

FIG. 7. Spherical inclusion in the diamond lattice, rotated
about the [111] axis by an angle of 3°. The sphere radius is
34 lattice spacings. A two-mode approximation is considered
with ¥ =0, A=0.36, B=0.1,C=—-1,D=1/3, h; =0, b; =
0, b, = 0.5. (a) Defect structure, obtained as the region of space
in which @ < 0.7 5max. Arbitrary uniform color is used. (b) Defect
structure and cutaway of the simulation box. Re(#,) is plotted on the
box surface. The locally refined simulation grid is shown.

this work to coarse-grained formulations of alternative micro-
scopic models in which the order parameter may be expanded
in Fourier modes, e.g., theories based on In(v) rather than v
recently proven to provide improved accuracy of microscopic
lengthscales and related elastic properties [9,61,75].
Examples were shown for the renowned kagome lattice,
square-lattice arrangements of dimers and trimers, and the
diamond lattice, all hosting dislocations. Excellent agreement
is obtained with dislocation networks known for such lattices,
approaching the description obtained with atomistic models.
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These examples thus demonstrate the stability of the phases
described by the extended APFC model while delivering
proofs of concept for describing dislocations and lattice defor-
mations therein. Furthermore, the description of the diamond
structure is expected to enable the mesoscale treatment of
technology-relevant systems such as group-IV semiconduc-
tors (Si and Ge), which are in high demand for the study of
nanostructures for optoelectronics applications [72,73].

The proposed formulation is suitable for real-space nu-
merical methods. Therefore, it allows for exploiting adaptive
meshes [30,38,39], which have been one of the first moti-
vations for devising the APFC model from PFC, and are
essential to reach large scales [40]. In this context, it is also
relevant that the equations from the proposed extensions,
particularly the multimode APFC model, feature the same
differential order (fourth) as in the classical one-mode APFC
model, thus introducing no additional stiffness or complexity.
Still, we remark that the number of equations to solve depends
on the number of reciprocal-space vectors in the amplitude
expansion. Therefore, the number of modes to be considered
must be a trade-off between the desired resolution and the
computational cost. Even so, we note that in the context of
microscopic theories, complex amplitudes are usually adopted
for (semi-)analytical derivations of, e.g., dislocation velocities
and the stress field [40], and need to be derived from the
density field. By contrast, the proposed APFC model may
be readily used to analyze such theoretical aspects within
the broad context of PFC modeling, as it solves directly for
the complex amplitudes and can reproduce complex lattice
symmetries.

We focused here on the description of the lattice symmetry
by the APFC model through extensions, while leaving the
structure of the equations and the meaning of the quantities
defined therein unchanged. This would then allow combining
such descriptions with recent developments [40] focusing,
e.g., on the advanced description of elasticity [47,48] as
well as binary [35,52] and multiphase systems [41]. Another
interesting perspective is the combination of the versatility
achieved here for crystalline structures in the solid phase with
a more general description of phases, including liquid and
vapor phases (see, e.g., Ref. [76]).

ACKNOWLEDGMENTS

The authors acknowledge useful discussions with Ken R.
Elder and Axel Voigt. This work has been funded by the
Deutsche Forschungsgemeinschaft (DFG-German Research
Foundation), Grant No. SA4032/2-1. Computing resources
have been provided by the Center for Information Services
and High-Performance Computing (ZIH) at TU Dresden.

APPENDIX A: TRIANGULAR LATTICES

The reciprocal space vectors used for the one-mode ap-
proximation are

ki = (0, 1),
o= (-2
2 2

ks = (ﬁ —1). (A1)

27 2
In addition, for the three-mode approximation, the following

reciprocal-space vectors are considered:

ks =k; — ko,
k7 = 2Kkq,

ks = k; — ks,
kg = 2Kk;,

ke = ky — ki,

A2
ko = 2Kk;s. (A2)

The triangular lattice does not require a basis, i.e., B, = 1. For
the honeycomb and kagome lattices, two atoms are considered
in the unit cell, with positions

R =(0,0), R,=3m(0,1), (A3)
resulting in the following values for the 13, coefficients:

1 V3
Bios = 5 + 17,

Base =2, (A4)
1 V3
Brgo==—i—.

7.8.9 5 ! )

APPENDIX B: SQUARE LATTICES

The square lattice is obtained by a two-mode approxima-
tion with reciprocal lattice vectors

k; = (1,0,
ks = (1, 1),

ky = (0, 1),

B1
ks = (1, -1). D

For the dimer structure as in Figs. 4(b), 4(e) and 4(h), we
consider an additional mode with reciprocal lattice vectors

ks = (1, 2),
k; = (2, -1),

ke = (2, 1),

B2
kg = (=1,2), ®2

and a diatomic basis aligned with the diagonal of the unit cell:

R =(0,0), Ry = (% %) (B3)

This choice results in the following basis coefficients:

81,2'7,8 =1-—1i, 63 =0, Byj=2, BSVG =1+41i (B4

Notably, since Bz = 0, k3 does not contribute to the descrip-
tion of the lattice, and can be omitted entirely.

For the frame structure as in Figs. 4(c), 4(f) and 4(i), we
consider a different third mode, with reciprocal lattice vectors

ks = 2Kk;, K¢ = 2Ko, (B5)

and a triatomic basis, with one atom in the corner and two
atoms in the center of the side of the unit cell

R =(0,0), Ry =(m,0), R3=(0,7), (B6)
resulting in the following basis coefficients:
Bio=1, Bsa=-1, Bse=3. (B7)
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APPENDIX C: DIAMOND LATTICES

The diamond lattice consists of a fcc crystal structure with
a diatomic basis. Thanks to the stabilizing term from Eq. (18),
it is possible to describe the diamond lattice with a one-mode
approximation, using the following reciprocal-space vectors:

kl = kO(_l, 17 1)7
ks = ko(1, 1, —1),

k2 = ko(lv _17 1)7

Cl
ks = ko(—1, -1, —1), b

with kg = 1/+/3. The positions of the two atoms within the
unit cells are taken to be

V3

Ry =(0,0,0), R, = 771(1, 1, D), (C2)

resulting in the basis coefficients having the same complex
value Bj 234 =1—1i.

The second shortest length in the reciprocal lattice is ac-
counted for by the following reciprocal-space vectors:

ks =k + Ky,
ke = ky + Ky, (C3)
k; = ks + k4.

However, with this choice the basis coefficients are Bs ¢ 7 =
0, meaning that the second mode does not contribute to the
description of the diamond lattice. The next mode that does
contribute is described by the reciprocal lattice vectors

kg o = ks : K,
Kio,11 = ks £ k7, (C4)
K213 = k7 L ks.

The basis coefficients for the third mode are all equal:
Bs.9.10.11.12.13 = 2. As reported in the main text, the diamond
lattice may be described without the stabilizing term using the
first and the third mode.
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