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Theory of diffusion-induced selective area growth of III-V nanostructures
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Selective area growth of nanomembranes (NMs), nanofins, and planar nanowires (NWs) can pave the way for
monolithic integration of III-V photonics with Si electronics and enable fabrication of scalable NW networks
required for fundamental studies in low-temperature transport physics. Herein, we present an attempt to develop
the kinetic growth theory of III-V NMs and related nanostructures in selective area epitaxy. The growth process
is assumed to be driven by surface diffusion of group III adatoms. The populations of adatoms diffusing on
the mask surface, NM sidewalls, and the top are described by three diffusion equations linked by six boundary
conditions. The resulting growth equation provides the NM height as a function of time, slit width and pitch,
and deposition conditions. The width and pitch dependences of the NM growth rate are found to be qualitatively
different for different directions of the adatom diffusion fluxes (from the mask surface onto the NM or in the
opposite direction). A good correlation of the model with the data on the growth kinetics of GaAs NMs by
selective area molecular beam epitaxy is demonstrated.
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I. INTRODUCTION

Selective area growth (SAG) of III-V semiconductor ma-
terials on different masked substrates including Si, with
lithographically defined openings in a mask layer, enables
fabrication of regular arrays of nanomembranes (NMs),
nanosheets, nanofins, planar nanowires (NWs), and advanced
NW networks of different architectures [1–12]. Such struc-
tures have great potential in Si-integrated III-V photonics
and high-speed electronics [2,3,8,10,11]. Scalable networks
of III-V NWs and hybrid semiconductor-superconductor
NW structures are required for fundamental studies of low-
temperature transport physics, including test proposals for
detection and manipulation with Majorana fermions [6,7,9].
SAG of complex III-V nanoheterostructures extends the ma-
ture technology of selective epitaxy of III-V materials [13,14]
to the nanoscale. SAG consists of preparation of a mask
(for example, SiO2) on a semiconductor substrate (Si), litho-
graphic patterning of the mask to fabricate the desired growth
pattern, and deposition of a III-V material onto the patterned
substrate [2]. Under the optimized conditions in terms of
temperature and material fluxes, III-V growth occurs inside
the openings but not on the mask surface [6]. Compared
with other growth methods, such as the metal-assisted vapor-
liquid-solid (VLS) growth of vertical NWs [15,16], SAG
offers much wider opportunities for morphological design of
one-dimensional (1D) or two-dimensional (2D) III-V nanos-
tructures and their networks [2,6,7]. Planar 1D NWs and
heterostructures based on 2D NMs achieved by SAG in 1D
openings (slits) in a mask layer are more robust for processing,
contacting, and device integration than heterostructures based
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on vertical NWs. In addition, the issue of unwanted Au con-
tamination in Au-catalyzed VLS III-V NWs is safely avoided.

The achieved level of understanding and modeling of the
SAG kinetics in 1D slits [2,6,7,17–20] is far below that es-
tablished for VLS growth (see, for example, Ref. [21] for a
review) or catalyst-free SAG [22–25] of vertical III-V NWs.
The radius and pitch dependences of the axial growth rate
of VLS III-V NWs have been studied in great detail vs the
growth conditions in a given epitaxy technique and the corre-
sponding mechanisms of material transport [21,26–35]. The
width and pitch dependence of GaAs SAG in 1D slits has
been addressed only recently [19]. This analysis led to some
counterintuitive results. The GaAs growth rate was found
to decrease with the pitch, while sparce arrays of slits are
expected to collect more material per NM. This unusual be-
havior was explained by the inversion of Ga diffusion flux
such that Ga adatoms diffuse from slit to mask rather than in
the opposite direction. However, the semiqualitative diffusion
model of Ref. [19] does not account for the height of NMs
growing inside or outside the slit.

Consequently, in this paper, we make an attempt to develop
a kinetic model for SAG of III-V nanostructures in patterned
arrays of slits. According to the analysis of Ga-catalyzed
VLS growth of GaP NWs on masked Si(111) substrates by
molecular beam epitaxy (MBE) [26], there are two principally
different mechanisms of material exchange between the mask
surface and NWs: (i) surface diffusion of group III adatoms
and (ii) re-emission of group III atoms from the mask. These
two mechanisms lead to different vertical growth rates of
VLS or SAG NWs [27,28]. The diffusion-induced character of
GaAs SAG by MBE is confirmed by the results of Ref. [19].
Therefore, we assume that SAG of III-V materials is driven
by surface diffusion, leaving re-emission for further study.
The advanced theory of the diffusion-induced growth of VLS
NWs treats group III adatoms on the substrate surface and NW
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FIG. 1. Illustration of the model showing selective area growth (SAG) of rectangular nanomembrane (NM) with a constant width W (a)
inside and (b) outside the slit in a mask layer.

sidewalls, with a metal alloy droplet resting at the NW top
[33–35]. This requires two second-order diffusion equations
for the surface and sidewall adatom subsystems. The cor-
responding boundary conditions include the pitch-dependent
condition for zero flux between the NWs, a condition at the
NW top which depends on the state of liquid droplet, and two
conditions at the NW base containing the transition rates for
the transfers of group III adatoms between the substrate sur-
face and NW sidewalls [35]. Here, we consider three adatom
subsystems diffusing on the mask surface, NM sidewalls, and
top facet, which requires six boundary conditions and makes
the whole treatment more difficult than for VLS NWs. The
result explicitly provides the NM growth rate as a function
of its width, pitch of 1D array of slits, group III flux, and
kinetic constants such as transition rates and diffusion lengths
of group III adatoms. Importantly, the governing equation is
influenced by group V flux. Treatment of the initial stage of
SAG inside the slit is based on the same equations as for
large NMs. Overall, the developed approach allows for the
detailed modeling and morphological control of NMs and
related nanostructures in SAG approach, like what has been
achieved for VLS NWs [21].

II. GROWTH MODEL

The model geometry of SAG inside and outside 1D slits is
shown in Figs. 1(a) and 1(b), respectively. Although it is not
critical, we consider SAG in the directional MBE technique,
where the flux of group III atoms I (nm−2 s−1) is inclined by
the angle α with respect to the substrate normal. Infinitely
long slits having width W and depth D are separated by the
pitch P. A rectangular III-V nanostructure having width W
and height Htot (including the part of the structure below the
mask surface) is referred to as a NM, although it has 1D
NW geometry for small enough H . It is assumed that the
NM grows in the layer-by-layer mode, that is, the bottom of
the slit is filled by III-V material from the very beginning.
After that, the NM evolves only vertically (at a constant
width W ) by step flow on the flat top facet. This requires a
stable facet parallel to the substrate plane to be energetically
preferred and maintained during growth, as in the case of

〈111B〉-oriented III-V NWs grown on Si(111) or GaAs(111)B
substrates [22,24]. Geometries with nonplanar facets at the
NM top can be described using the same model provided
that the NM width W is constant during growth. In a more
complex scenario, which occurs in SAG-MBE of GaAs NMs
on GaAs(100) substrates [19], 3D NM does not fill the entire
width of the slit in the initial growth stage. In this case, our
model applies only to large enough NMs which have extended
to the slit width. In the first approximation, we neglect possi-
ble polynuclear character of growth in the initial stage [19]
if only one NM nucleates in each slit. We also ignore any
extension of a NM above the width W if no III-V growth can
occur on the mask. This is equivalent to the growth modeling
of VLS NWs at a time-independent NW radius [29–31,33–
35]. Usually, SAG-MBE of III-V nanostructures is performed
under high V/III flux ratios. For example, the As/Ga flux ratio
was 80 in Ref. [19]. In this case, SAG is limited by the kinetics
of group III atoms, which is the usual assumption in modeling
of Au-catalyzed VLS growth of III-V NWs [21,29–31,33–35].

We will first study the growth kinetics of large NM outside
the slit, as shown in Fig. 1(b), and then demonstrate that the
initial stage of SAG inside the slit [Fig. 1(a)] is described
by the same equations with modified parameters. The NM
height H is measured from the surface of the mask, that
is, H = Htot − D. In the diffusion-induced growth, the net
change in the NM volume is proportional to the total diffusion
flux into the monolayer step propagating on the top facet
j = j1 + j2, with j1 and j2 as the fluxes entering the NM
from the two sides of the step of length L (0 � L � W ). Three
adatom subsystems diffusing on the mask surface (labeled s),
NM sidewalls (labeled f ), and top facet are described by the
stationary diffusion equations [33,35]:

Ds
d2 ns

dy2
+ Icosα − ns

τs
= 0,

D f
d2 n f

dz2
+ Isinα − n f

τ f
= 0,

D
d2n

dx2
+ Icosα − n

τ
= 0. (1)
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Here, Ds, D f , and D are the diffusion coefficients of group
III adatoms on the mask, NM sidewalls, and top, respec-
tively, while τs, τs, and τ are the desorption-limited lifetimes
of group III adatoms on these surfaces [see Fig. 1(b)]. The
axes y, z, and x are chosen, as shown in Fig. 1(b), with
y = z = 0 corresponding to the NM/mask edge and x = 0 to
the monoatomic step at the NM top. Clearly, these equations
require six boundary conditions.

By symmetry, the first boundary condition for ns requires
zero diffusion flux between the slits:

dns

dy

∣∣∣∣
y=(P−W )/2

= 0, (2)

with (P−W )/2 being the distance from the NM/mask edge
to the central band between the slits. For the two conditions
at the transparent NM/mask edge, we use the reaction rate
theory [36], employed previously in the NW [35] and NM [19]
growth modeling:

Ds
dns

dy

∣∣∣∣
y=0

= −D f
dn f

dz

∣∣∣∣
z=0

, (3)

−D f
dn f

dz

∣∣∣∣
z=0

= k+
s ns(y = 0) − k−

s n f (z = 0). (4)

Equation (3) requires the continuity of diffusion flux at
the NM/mask edge. According to Eq. (4), the diffusion flux
through the transparent edge equals the difference between
the number of adatom transfers from mask to NM and from
NM to mask (per unit time and surface area). The k+

s and k−
s

(nm/s) denote the corresponding rate constants, as shown in
Fig. 1(b). With these boundary conditions, the solution for n f

contains only one unknown constant B:

n f = Iτ f sinα + Bcosh

(
z

λ f

)
+

[
τ f k−

s

λ f ζ
B − τ f (k+

s Iτscosα − k−
s Iτ f sinα)

λ f ζ

]
× sinh

(
z

λ f

)
, (5)

with the pitch-dependent function:

ζ = 1 + k+
s τs

λs
cotanh

(
P − W

2λs

)
. (6)

Here, λ f = √
D f τ f and λs = √

Dsτs are the desorption-
limited diffusion lengths of group III adatoms on the mask
surface and NM sidewalls, respectively.

A monoatomic step at the NM top is adsorbing rather than
transparent. It can grow only when the chemical potential
per III-V pair in the mother phase is higher than the equilib-
rium chemical potential. The latter is given by kBT ln(neq

3 neq
5 ),

where neq
3 neq

5 is the temperature-dependent equilibrium activ-
ity per III-V pair in solid, T is the absolute temperature, and

kB is the Boltzmann constant [20]. We choose the boundary
condition at the step edge in the form:

n(x = 0) = neq
3 neq

5

n5
, (7)

with n5 as a spatially uniform surface density of group V
adatoms on the top facet. This condition ensured that the step
grows at positive and dissolves at negative supersaturations
of the 2D sea of group III and V adatoms. In the case of
MBE, desorption of a group V element occurs in the form
of dimers (such as As2, P2, or N2) consisting of two group V
adatoms which meet due to surface diffusion. Under group V-
rich conditions where only a small fraction of group V atoms
participate in stoichiometric growth, their incoming flux I5 is
equalized by desorption. Hence, I5 = 2D5n2

5, with D5 as the
effective diffusion coefficient of group V adatoms on the top
NM facet. This gives

n5 =
√

I5/2D5, (8)

showing that the surface density of group V adatoms scales as
I1/2
5 [20]. The surface density of group III adatoms on the top

facet is given by

n = Iτcosα + Csinh

(
x

λ

)
−

(
Iτcosα − neq

3 neq
5

n5

)
cosh

(
x

λ

)
,

(9)

where λ = √
Dτ is the diffusion length on the top facet, and C

is a constant. This solution applies to the part of the facet with
0 � x � L, as shown in Fig. 1(b). These adatoms contribute
into the diffusion flux j1.

To find the unknown constants B and C, we use the bound-
ary conditions at the upper NM edge of the form:

D
dn

dx

∣∣∣∣
x=L

= −D f
dn f

dz

∣∣∣∣
z=H

, (10)

D
dn

dx

∣∣∣∣
x=L

= k+
f n f (z = H ) − k−

f n(x = L), (11)

which are like Eqs. (3) and (4). The k+
f and k−

f are the rate
constants of the adatom transfers from the NM sidewall to
the top and in the opposite direction. Using these conditions
in Eqs. (5) and (9) yields the solutions for the three adatom
surface densities ns, n f , and n. The diffusion flux j1 is then
obtained from

j1 = D
dn

dx

∣∣∣∣
x=0

= λ

τ
C. (12)

The surface density of group III adatoms on the top facet is
given by

n

Iτcosα
= 1 + j1

λIcosα
sinh

(
x

λ

)
− �cosh

(
x

λ

)
.

The solution for the diffusion flux j1 is obtained in the
form:

j1 = Icosα

{
λ�tanh

(
L

λ
+ ψ

)
+ 1

F [cosh(L/λ) + �sinh(L/λ)]

[
l f + k+

f

k−
s

γ ls
sinh(H/λ f ) + γ cosh(H/λ f )

]}
. (13)
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The parameter:

� = 1 − neq
3 neq

5

n5Iτcosα
, (14)

is proportional to supersaturation of the 2D sea of group III
and V adatoms on the top NM facet, with surface densities
Iτcosα and n5, respectively. Without surface diffusion of
adatoms from NW sidewalls, a monoatomic step at the NM
top can grow only when � > 0. Therefore, � has the meaning
of supersaturation of the vapor phase with respect to solid,
which is drives the NM growth. The characteristic lengths l f

and ls are given by

l f = k+
f τ f tanα − k−

f τ, ls = k+
s τs − k−

s τ f tanα (15)

and can be positive or negative depending on the transfer rates
and desorption times on different surfaces. The parameter:

γ = τ f k−
s

λ f ζ
, (16)

contains the pitch and width dependence through the combi-
nation P−W in Eq. (6) for ζ . The functions ψ and F depend
on H/λ f according to

ψ = arctanh(�), (17)

� = τk−
f

λF
, F = 1 + k+

f τ f

λ f

[
1 + γ tanh(H/λ f )

γ + tanh(H/λ f )

]
. (18)

The solution for the diffusion flux j2 is obtained following
the same procedure, with the facet length L changed to W −L.
Therefore, we have

j2 = j1(W − L). (19)

The obtained solutions for the diffusion fluxes provide a
detailed description of the SAG kinetics including the step
flow on the NM top, whereby the facet length L changes
from 0 to W . This stage is usually omitted in the transport
equations describing the growth rates of VLS [30–35] or SAG
[25,28] vertical NWs (we note that the monolayer growth in
VLS III-V NWs is usually fast compared with the droplet
refill [21] but can be influenced by the stopping effect due
to depletion of group V atoms in the droplet [37]). To obtain
a growth equation which neglects the fast progression of the
step at the NM top, along with waiting time between the
successive nucleation of steps, we use the averages of the
diffusion fluxes over the NM width W . The coarse equation
for the time evolution of the NM volume per unit length of the
slit is then obtained from

dS

dt
= W

dH

dt
= 
35

1

W

∫ W

0
dL[ j1(L) + j2(L)]. (20)

At a constant width W , this gives a growth equation de-
scribing the evolution of the NM height H (that is, the NM
volume per unit area).

Averaging of the diffusion fluxes given by Eqs. (13) and
(19) yields our main result:

dH

dt
= 2
35Icosα

{
λ2

W 2
�ln

[
cosh(W/λ + ψ )

cosh(ψ )

]
+ 2λ

W 2F

[
l f + k+

f

k−
s

γ ls
sinh(H/λ f ) + γ cosh(H/λ f )

]
1√

1 − �2

× arctan

[√
1 − �2tanh(W/2λ)

1 + �tanh(W/2λ)

]}
. (21)

This kinetic equation describes three different contributions into the diffusion-induced SAG rate. The first, the � term gives
the contribution of group III flux directly impinging the NM top and desorption of group III atoms from the top facet. This term
is positive at � > 0, corresponding to positive vapor supersaturation with respect to the top facet. The other two contributions
are related to surface diffusion of group III adatoms. The second, the l f term stands for group III adatoms diffusing from the
NM sidewalls to the top (at l f > 0) or in the opposite direction (at l f < 0). The third, the ls term describes group III adatoms
diffusing from the mask surface onto the NM sidewalls (at ls > 0) or in the opposite direction (at ls < 0). This term cancels
for high NMs with H/λ f � 1, where the diffusion exchange between the mask surface and NM top facet becomes negligible.
The deconvolution of different contributions into the total growth rate given by Eq. (21) is like VLS NWs, where the models of
Refs. [32–35] considered the direct group III flux impinging the droplet, surface diffusion adatoms from the NW sidewalls, and
substrate. Different directions of the diffusion fluxes (from the substrate and NW sidewalls into the droplet or in the opposite
direction) and the related nonlinear effects in NW growth were studied in Ref. [33].

The initial stage of SAG within the slit, shown in Fig. 1(a), is described using the same procedure. The only difference is that
the NM sidewalls are replaced with sidewalls of the slit in an oxide mask. Therefore, the resulting growth equation has the same
form as Eq. (21) but with modified parameters:

dH

dt
= 2
35Icosα

{
λ2

W 2
�ln

[
cosh(W/λ + ψ̃ )

cosh(ψ̃ )

]
+ 2λ

W 2F̃

[
l̃ f + k̃+

f

k̃−
s

γ̃ l̃s
sinh[(D − H )/λ̃ f ]+γ cosh[(D − H )/λ̃ f ]

]

× 1√
1 − �̃2

arctan

[√
1 − �̃2tanh(W/2λ)

1 + �̃tanh(W/2λ)

]}
. (22)

Here, the diffusion length λ̃ f corresponds to the sidewall of
the slit. The modified characteristic lengths l̃ f and l̃s are given

by

l̃ f = k̃+
f τ̃ f tanα − k̃−

f τ, l̃s = k̃+
s τs − k̃−

s τ̃ f tanα. (23)
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The k̃±
f denote the rate constants for the transfer of group

III adatoms from the sidewalls of the slit to the NM top facet
and in the opposite direction. The k̃±

s are the rate constant for
the transfer of group III adatoms from the mask surface to
the sidewalls of the slit and in the opposite direction. Other
parameters are modified to

γ̃ = τ̃ f k̃−
s

λ̃ f ζ̃
, ζ̃ = 1 + k̃+

s τs

λs
cotanh

(
P − W

2λs

)
, (24)

ψ̃ = arctanh(�̃), (25)

and

�̃ = τ k̃−
f

λF̃
, F̃ = 1 + k̃+

f τ̃ f

λ̃ f

[
1 + γ tanh[(D − H )/λ̃ f ]

γ + tanh[(D − H )/λ̃ f ]

]
.

(26)

In the expression for F̃ , the height of slit sidewalls equals
D−H . These equations apply to the initial stage which con-
tinues before the NM height reaches the slit depth D.

In the limiting case of high surface diffusivity on the NM
top (W/λ � 1and τk−

f /λ � 1), the growth equation given by
Eq. (22) is reduced to

dH

dt
= 
35Icosα

{
� + 2

W F

[
L f

+ Ls

sinh(H/λ f )/γ + cosh(H/λ f )

]}
, (27)

with the characteristic lengths:

L f = k+
f τ f tanα − k−

f

neq
3 neq

5

n5Icosα
, Ls = k+

f

k−
s

(k+
s τs − k−

s τ f tanα).

(28)

For short enough NMs with H/λ f � 1, this is further
simplified to

dH

dt
=
35Icosα

(
� + 2L∗

W F

)
,

L∗ = L f + Ls = k+
f

k+
s

k−
s

τs − k−
f

neq
3 neq

5

n5Icosα
, (29)

with the pitch-dependent F given by

F = 1 + k+
f

k−
s

ζ . (30)

Equations (27) and (29) have a clear physical meaning. In
the initial growth stage where desorption of group III adatoms
from the short NM sidewalls is negligible, the NM height
increases due to direct impingement of group III atoms with-
out a desorbed fraction, collection of group III atoms from
length L f on the NM sidewalls and length Ls on the mask
surface, as given by Eq. (29) with the effective collection
length L∗ = L f + Ls. The factor F in Eqs. (27) and (29) ac-
counts for the pitch dependence of SAG rate and rate constants
for the adatom transfers between different surfaces. Without
surface diffusion (L∗ = 0) and desorption (� = 1), the NM

height evolves at the MBE deposition rate, which equals the
2D equivalent growth rate

v = 
35Icosα. (31)

The fraction of adatoms desorbed from the NM sidewalls
before reaching the top gradually increases with the NM
height. Finally, no surface adatoms can reach the NM top,
and only the sidewall collection remains, yielding the growth
equation for high NMs of the form:

dH

dt
= 
35Icosα

(
� + 2L f

W F

)
, H/λ f � 1, (32)

with

F = 1 + k+
f τ f

λ f
. (33)

This F is independent of pitch because the contribution
of group III adatoms diffusing on the mask surface becomes
negligible. Therefore, high enough NM grows due to direct
impingement and collection of group III atoms from the upper
part of the NM of length L f .

According to Eq. (28), the characteristic length L f is pos-
itive when the number of direct transfers adatoms from the
NM sidewalls (with the desorption-limited lifetime τ f ) to its
top is larger than the number of reverse adatom transfers
from the NM top to its sidewalls, and negative otherwise.
The characteristic lifetime of adatoms on the NM top equals
neq

3 neq
5 /(n5Icosα) and decreases with I and n5 [or with I5

according to Eq. (8)]. The characteristic length Ls is positive
when the number of direct transfers of adatoms from the
mask surface (with the desorption-limited lifetime τs) to the
NW sidewalls is larger than the number of reverse adatom
transfers from the NM sidewalls to the mask. In Ref. [19],
it was argued that the desorption from an inert mask should
be much faster than from a semiconductor surface such as
the NM sidewall facet, which is why τs � τ f . From Eq. (28),
this may yield large negative Ls even at k+

s > k−
s . The number

of reverse adatom transfers in L f can easily be decreased by
increasing both group III and V fluxes, while the Ls value is
flux independent. Unfortunately, very little is known about the
rate constants k±

s and k±
f and their temperature dependence.

It is well known, however, that temperature dependence of
the desorption-limited lifetimes τs, τ f , and τ has the Ar-
rhenius form with high activation energies of the order of
several electronvolts [6,20]. It is expected that τs decreases
with temperature much faster than τ f , which makes negative
Ls and L∗ in Eqs. (27) and (29) even more probable in the
high-temperature range. On the other hand, high temperatures
are often required to suppress parasitic nucleation on the mask
surface to ensure the growth selectivity [6,19,20].

Based on these considerations and the results of Ref. [19],
which clearly reveal that Ga adatoms diffuse from the slit onto
the mask surface in the initial stage of GaAs SAG, the growth
at � > 0, L f > 0, and L∗ < 0 is very likely. Considering the
simplified case of k̃±

s = k±
s , k̃±

f = k±
f , and λ̃ f = λ f , the NW

growth kinetics are identical inside and outside the slit, and the
growth laws given by Eqs. (21), (27), and (29) apply for any H
starting from the bottom of the slit. In this scenario, Eq. (29)
shows that NMs of any width can emerge at L∗ > 0. At
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L∗ < 0, NMs can still emerge due to positive � provided that
their width is larger than the critical width Wc = 2|L∗|/(F�).
Thinner NMs cannot be grown at L∗ < 0.

This effect is related to the shape of adatom concentration
profiles on the top facet. For small enough structures with
W/λ � 1, the diffusion fluxes given by Eqs. (13) and (19) are
reduced to

j1 = j2 = j = Icosα

(
W �

2
+ L∗

F

)
. (34)

The adatom densities on the top facet are given by

n

Iτcosα
= 1 − �cosh

(
x

λ

)
+ 1

λ

(
W �

2
+ L∗

F

)
sinh

(
x

λ

)
,

n′

Iτcosα
= 1 − �cosh

(
W − x

λ

)
+ 1

λ

(
W �

2
+ L∗

F

)
× sinh

(
W − x

λ

)
, (35)

where n(x) and n′(x) describe the concentration profiles on
the left (0 � x � L) and right (L � x � W ) sides of the step.
At L∗ > 0, adatom concentration decreases toward the step,
corresponding to positive diffusion flux of group III adatoms
starting from the NM sidewalls. At L∗ < 0, the derivative
dn/dx becomes zero at the distance x∗ given by

tanh

(
x∗
λ

)
= 1

λ

(
W

2
− |L∗|

F�

)
, x∗ ∼= W

2
− |L∗|

F�
, (36)

where the approximate λ-independent solution corresponds
to W/λ → 0. Therefore, group III atoms are collected only
from the inner part of the top facet where dn/dx > 0. Atoms
impinging on the outer part of the top facet with dn/dx < 0
leave the facet and diffuse through the NM edge along the
sidewalls to the mask surface and ultimately desorb from the
mask. For very thin NMs with W � Wc, all group III adatoms
diffuse onto the mask surface, which is why such NMs cannot
grow even at positive �. This behavior is illustrated in Fig. 2.

III. RESULTS AND DISCUSSION

Let us first analyze the pitch and width dependence of the
NM growth rates. From Eqs. (29) and (30) describing the ini-
tial growth stage, the pitch dependence is present only in the
function ζ given by Eq. (6). The width dependence is present
in ζ and in the 1/W factor of the diffusion-induced growth
rate. The NM growth rate increases with P and decreases with
W at L∗ > 0. When the diffusion flux of group III adatoms is
directed from the mask surface into the slit or onto the NM
sidewalls, sparce and thinner NMs grow faster than dense and
thick NMs. This tendency is like vertical VLS NWs growing
by surface diffusion of adatoms, where thinner NWs grow
faster due to a larger diffusion flux into the droplet [28–35]
and sparce NWs grow faster because more group III atoms
per NW are collected by the substrate surface [35,38,39].
The situation is reversed at L∗ < 0. In this case, the diffusion
flux takes away a fraction of group III atoms which would
otherwise contribute to the NM growth. The NM growth rate
decreases with P and increases with W because less group
III adatoms are lost for growth of denser and thicker arrays
of NMs. High enough NMs receive no adatom flux from the

FIG. 2. Adatom concentration profiles on the top facet, obtained
from Eq. (31) with L = W/2 at a fixed W = 150 nm, � = 0.9, λ =
500 nm, and two different L∗/F = 10 and −20. Arrows indicate
the directions of diffusion fluxes. The diffusion flux through the
nanomembrane (NM) edge is positive for positive L∗ and negative
otherwise.

mask surface. Hence, their growth rate is independent of pitch,
as given by Eqs. (32) and (33). As for the width dependence,
the growth rate of high NMs decreases with W at L f > 0, as
in the diffusion-induced growth of long enough VLS NWs
[28–35].

Figure 3 shows the pitch-dependent NM growth rates,
obtained from Eq. (26) at a fixed NM width of 100 nm,
� = 0.5, λs = 500 nm, L f = 100 nm, and two differ-
ent Ls of 50 nm (corresponding to positive diffusion flux
from the mask surface onto the NM at L∗ = 50 nm) and
−150 nm (corresponding to negative diffusion flux from the
NM onto the mask surface at L∗ = −100 nm). As discussed,
the growth rates increase with P in Fig. 3(a) and decrease
with P in Fig. 3(b). At λs = 500 nm, the growth rates become
insensitive to pitch >2000 nm, so that the curves at P = 2000
and 4000 nm are almost indistinguishable in both figures. In
the initial growth stage corresponding to small H/λ f � 1,
the NM growth rates are much smaller than deposition rate
v for negative diffusion flux from NM to mask and larger than
v for positive flux from mask to NM. For very high NMs
with H/λ f � 1, all curves in Figs. 3(a) and 3(b) converge
to the same asymptotic growth rate corresponding to a fixed
� and L f , as given by the pitch-independent Eqs. (32) and
(33).

Figure 4 shows the width-dependent NM growth rates,
obtained from Eq. (26) with the same parameters as in Fig. 3
at a fixed pitch of 1000 nm. At Ls = 50 nm, the growth rates
decrease with width for any H/λ f [Fig. 4(a)]. The situa-
tion at Ls = −150 nm is more complex. At the beginning
of growth, thicker NMs grow faster. The increasing width
dependence converges to the decreasing one at H/λ f

∼= 0.25,
meaning that thinner NMs start to grow faster due to L f > 0
in a later stage. The width of 50 nm is below the critical
width for these parameters, which is why the growth rate of
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FIG. 3. Pitch-dependent vertical growth rates of nanomembranes
(NMs) vs dimensionless height H/λ f , obtained from Eq. (27) at a
fixed width W of 100 nm, � = 0.5, λs = 500 nm, Lf = 100 nm, for
(a) positive (Ls = 50 nm) and (b) negative (Ls = −150 nm) diffusion
fluxes from the mask surface into the slit and onto the NM sidewalls.
The growth rates increase with pitch in (a) and decrease in (b). In
both cases, the pitch dependence saturates for large P so that the
curves at P = 2000 and 4000 nm are almost indistinguishable. The
growth rates in (a) are much large than in (b) for small enough H/λ f

corresponding to the initial growth stage of short NMs. However,
both growth rates converge to the same pitch-independent asymptote
at large H/λ f � 1.

50 nm NM is negative at H/λ f → 0. Such a thin NM can
only continue growing starting from a certain height but can-
not be nucleated on the bottom of the slit without changing
the growth conditions (for example, temperature or material
fluxes).

The two limiting behaviors of the NM growth kinetic
are given by the height-independent growth rates given by
Eq. (29) at H/λ f � 1 and Eq. (32) at H/λ f � 1. Therefore,
the height of very shorth and very tall NMs is linear in time.
No exponential growth stage is present in the NM growth ki-
netics, while it is often observed for VLS NWs [32–35,38,40].
To understand the NM height evolution at any time, we

FIG. 4. Same as Fig. 3 for the width-dependent growth rates. The
curves are obtained from Eq. (27) for the same parameters as in
Fig. 3, at a fixed pitch P of 1000 nm. The growth rates decrease
with width for positive diffusion flux shown in (a), that is, thin-
ner nanomembranes (NMs) grow faster. For negative diffusion flux
shown in (b), the width dependence converges at around H/λ f =
0.25, meaning that short NMs grow faster for larger width, while tall
NMs grow faster for smaller width. At W = 50 nm, the growth rate
is negative for very small H/λ f , meaning that such thin NMs cannot
emerge without changing the growth conditions. At a given width,
the growth rates in (a) and (b) converge to the same asymptote at
large H/λ f � 1.

consider the simplified case of Eq. (27) at γ = 1. Such
growth can be observed, for example, when (P−W )/2λs �
1, with ζ = 1 + k+

s τs/λs = const. according to Eq. (6), γ =
τ f k−

s /(λ f ζ ) = 1, and F = 1 + k+
f /k−

s = const. as given by
Eq. (30) at γ = 1. Integration of Eq. (27) at γ = 1 gives

H = λ f ln

[(
1 + b

� + a

)
e(�+a)vt/λ f − b

� + a

]
, (37)

with

a = L f

W F
, b = Ls

W F
. (38)

026001-7



VLADIMIR G. DUBROVSKII PHYSICAL REVIEW MATERIALS 7, 026001 (2023)

FIG. 5. Nanomembrane (NM) height vs deposition thickness,
obtained from Eqs. (37) and (38) at a fixed � of 0.9, λ f = 500
nm, Lf = 55 nm, and F = 1.1 at (a) positive (Ls = 110 nm) and
(b) negative (Ls = −110 nm) diffusion fluxes from the mask surface
into the slit and onto the NM sidewalls, for three different widths
shown in the legend. The H (vt ) dependences are sublinear in (a) and
superlinear in (b), although the NMs are systematically higher in (a).
Thinner NMs grow faster in (a) and slower in (b).

For short growth times, this is reduced to the linear growth
law H = (� + a + b)vt . In the large time interpolation, the
growth law is again linear, H = const. + (� + a)vt , but the
NM growth rate is different. Assuming L f > 0 or a > 0, short
NMs grow faster than taller ones at Ls > 0 or b > 0. In this
case, the NM height evolution is sublinear in time. Conversely,
at Ls < 0 or b < 0, the NM growth rate increases with time.
Short NMs grow slower than taller ones, leading to superlinear
NM height evolution. These properties remain in the general
case with γ �= 1 in Eq. (27).

Figure 5 shows the NM height vs the effective deposition
thickness vt at a fixed � of 0.9, λ f = 500 nm, L f = 55 nm,
and F = 1.1 for positive [Ls = 110 nm, Fig. 5(a)] and nega-
tive [Ls = −110 nm, Fig. 5(b)] diffusion fluxes from the mask
surface onto the NM. The curves are sublinear in Fig. 5(a)
and superlinear in Fig. 5(b) for any NM width W , although
the NMs are higher in Fig. 5(a). The NM growth is faster in

FIG. 6. Height of GaAs nanomembranes (NMs) vs time at a fixed
width of 160 nm and different pitches shown in the legend (symbols)
[19], fitted by Eqs. (29), (30), and (6) with the parameters described
in the text (lines). In all cases, the evolution of NMs is linear in time.

thinner slits for positive diffusion flux in Fig. 5(a), while it is
slower in thinner slits for negative diffusion flux in Fig. 5(b).

We now consider the data of Ref. [19], where GaAs NMs
were grown by MBE on GaAs(100) substrates covered with a
25-nm-thick SiO2 mask. Slits of different widths and pitches
were extended along the 011̄ direction. GaAs deposition was
performed with a Ga-limited 2D equivalent growth rate v of
1.8 nm/min, at a temperature of 630 °C and a V/III flux ratio
of 80, which ensured the growth selectivity under As-rich con-
ditions, for different times from 2 to 55 min. The GaAs NM
growth on GaAs(100) substrates had three-dimensional (3D)
character from the very beginning. More precisely, the 011̄-
oriented NMs nucleated as 3D islands restricted by the (311)
side facets, which transitioned to (111) side facets after NMs
extended to the slit width W . Figure 6 shows the measured
height (that is, volume per unit surface area) of GaAs NMs
grown in 160-nm-wide slits with different pitches P from
500 to 4000 nm. The NMs nucleated after an incubation time
which was longer for larger P. According to Fig. 6, the NM
heights evolved linearly with time for any P. NMs grown in
slits with larger pitches were systematically shorter. This be-
havior was explained by negative diffusion flux of Ga adatoms
from slits to mask [19]. Our growth model generalizes the ap-
proach of Ref. [19] by considering the NM geometry inside or
outside the slit and three different populations of adatoms on
the mask surface, slit or NM sidewalls, and NM top. Equation
(29) at H/λ f � 1 is directly applicable because the maximum
NM height in Fig. 6 does not exceed 70 nm.

The lines in Fig. 6 show the linear fits to the data obtained
from Eqs. (29), (30), and (6) with v = 1.8 nm/min, � = 0.99,
W = 160 nm, L∗ = −45 nm, λs = 750 nm, k+

f /k−
s = 1.2, and

k+
f k+

s τs/(k−
s λs) = 0.95. The incubation times obtained from

linear fits to the data equal 2, 4, 6.5, and 10 min for 500,
1000, 2000, and 4000 nm pitch, respectively. Increasing the
pitch of slit array results in the simultaneous decrease of
the incubation time for NM growth and the slope angle of the
linear time dependence of NM height. As discussed above, the
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FIG. 7. Summary of the experimental growth rates of GaAs
nanomembranes (NMs) for different pitches and widths (filled sym-
bols) [19], modeling results of Ref. [19] (open symbols), and fits by
Eqs. (29), (30), and (6) (lines).

increase of the NM growth rate with pitch necessarily requires
negative diffusion flux of Ga adatoms from NMs to mask,
corresponding to a negative L∗ of −45 nm. In this respect,
our model explains the effect in the same way as the model
of Ref. [19]. However, quantitative results are different. This
is demonstrated in Fig. 7, which summarizes the measured
growth rates of GaAs NMs for different pitches and widths.
The open symbols show the modeling results of Ref. [19],
which converge to the same width-independent asymptote for
pitches >2000 nm. Equation (29) contains the 1/W width
dependence which remains even at (P−W )/2λs � 1. Conse-
quently, the pitch-independent asymptotes of the growth rates
are different for different widths and describe the observed
increase of the growth rates with width much better than the
2D model of Ref. [19].

IV. CONCLUSIONS

In conclusion, the developed model provides a detailed
description of diffusion-induced SAG of different III-V
nanostructures including NMs and planar NWs. Treatment of
three adatom subsystems diffusing on the mask surface, NM
sidewalls, and top facet with the appropriate boundary condi-
tions for the corresponding diffusion equations results in the
growth equation which includes the fast kinetics of the mono-
layer progression on the top facet. Averaging this equation
over the monolayer growth cycle yields the coarse equation
containing the contributions from the direct impingement,
diffusion on the mask surface and NM sidewalls. It has been

shown that the NM growth rate decreases with its width and
increases with pitch for positive diffusion of adatoms from the
mask surface onto the NMs and features the opposite behavior
when the diffusion flux is reversed. The time dependence of
the NM height is given by the two linear dependences with
different slope angles for short and tall NMs, connected by a
nonlinear section whose shape depends on the direction of the
adatom diffusion flux. The model provides good fit to the data
on the growth kinetics of GaAs NMs by SAG-MBE on pat-
terned SiO2/GaAs(100) substrates. The developed approach
is not specific for MBE and can be extended for modeling
SAG in different vapor deposition techniques including metal
organic vapor phase epitaxy. This will require additional con-
siderations of the attachment-detachment kinetics and vapor
composition influencing the supersaturation values relative to
different surfaces. Furthermore, the model can be applied to
other material systems such as III-nitrides, elemental semi-
conductors Si and Ge, II-VI compound semiconductors, and
oxides.

These results provide a basis for modeling and controlling
SAG in a wide range of epitaxy techniques, material systems,
and template geometries. However, the model requires further
development in several directions. First, the very beginning
of SAG in the slits needs to be considered in more detail,
including possible polynuclear growth of 3D structures and
their coalescence [19]. Second, we assumed the flat top facet
of a NM, as in the case of GaAs NMs growing perpendic-
ular to (111)-oriented substrates. A more complex analysis
should include 3D effects related to surface energy anisotropy,
orientation-dependent growth kinetics on different surfaces,
and possible shape transformations of a NM, such as reported
in Ref. [17] for homoepitaxial GaAs nanofins. Strain-induced
effects for heteroepitaxy of GaAs and other III-V NMs on
lattice-mismatched Si substrates should be studied separately.
Third, the shadowing effect in the directional MBE technique
[26–28] and its possible impact on the growth kinetics should
be considered. This is particularly important for SAG with
large diffusion lengths of group III adatoms. Fourth, possible
extension of NMs in the direction parallel to the substrate
plane should be included, like the radial growth of vertical
NWs [23,24,26,27,32]. Finally, re-emission of group III atoms
from the mask surface [26,27] needs to be considered as the
alternative mechanism of the material exchange between the
mask surface and NM array. We plan to implement these
modifications in the forthcoming work.
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