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Materials with competing phases that have similar ground state energies often exhibit a complex phase
diagram. Cuprates are a paradigmatic example of such a system that show competition between charge,
magnetic, and superconducting orders. The infinite-layer nickelates have recently been revealed to feature
similar characteristics. In this paper, I show that these nickelates are additionally near a structural quantum
critical point by mapping the energetics of their structural instabilities using first-principles calculations. I first
confirm previous results that show a phonon instability in the P4/mmm phase leading to the I4/mcm structure
for RNiO2 with R = Sm–Lu. I then study the non-spin-polarized phonon dispersions of the I4/mcm phase and
find that they exhibit rare-earth size-dependent instabilities at the X and M points for materials with R = Eu–Lu.
Group-theoretical analysis was used to enumerate all the isotropy subgroups due to these instabilities, and the
distorted structures corresponding to their order parameters were generated using the eigenvectors of the unstable
phonons. These structures were then fully relaxed by minimizing both the atomic forces and lattice stresses. I was
able to stabilize only five out of the twelve possible distortions. The Pbcn isotropy subgroup with the M+

5 (a, a)
order parameter shows noticeable energy gain relative to other distortions for the compounds with late rare-earth
ions. However, the order parameter of the lowest-energy phase switches first to X −

2 (0, a) + M+
5 (b, 0) and then

to X −
2 (0, a) as the size of the rare-earth ion is progressively increased. Additionally, several distorted structures

lie close in energy for the early members of this series. These features of the structural energetics persist even
when antiferromagnetism is allowed. Such a competition between different order parameters that can be tuned
by rare-earth ion substitution suggests that any structural transition that could arise from the phonon instabilities
present in these materials can be suppressed to 0 K.
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I. INTRODUCTION

The recent report of superconductivity in thin films of
Nd0.8Sr0.2NiO2 by Li et al. has rekindled interest in the
infinite-layer nickelates because the nominal valence of Ni1+

in these materials has the same 3d9 electronic configuration
with s = 1

2 that is found in the Cu2+ ions of the cuprates [1].
Subsequently, signatures of superconductivity have also been
found in thin films of doped PrNiO2 and LaNiO2 [2–4]. A
large amount of experimental [5–41] and theoretical [42–82]
effort has already been expended in understanding the elec-
tronic and magnetic properties of these materials. However,
the microscopic mechanism underlying the observed super-
conductivity has not been fully clarified.

One reason for the lack of progress in this direction
is the absence of full chemical and structural information of
the samples that exhibit superconductivity, which stems from
the difficulty in performing diffraction experiments on thin
films. It is also not well understood how the sample growth
conditions affect the chemical and structural factors that give
rise to superconductivity in these materials. For example, su-
perconductivity has not yet been observed in polycrystalline
powders with the same chemical composition as that of the
superconducting thin films [6,12]. Furthermore, superconduc-
tivity seems to be observed in thin films of only around 10 nm

in thickness [1,4,13,21,23]. Interestingly, density functional
theory (DFT) calculations show that the stoichiometric com-
pound is thermodynamically unstable, with hydrogenation
reducing this instability [74,83].

In any case, experimental probes have so far been oblivious
to any presence of hydrogen in the superconducting thin films,
and the two-dimensional layers formed by NiO4 squares have
been thought to be the key structural ingredient behind the su-
perconductivity in these materials. DFT calculations show that
the parent compound NdNiO2 hosting these layers is stable,
but the calculated electron-phonon coupling is too small to
account for the observed Tc [46]. Calculations that utilize the
DFT electronic structure and take into account the many-body
effects find a dx2−y2 -wave superconducting instability, which
has strengthened the case for an unconventional nature of
superconductivity in these materials [43,45,62]. Such an order
parameter would exhibit nodes in the superconducting order
parameter. Currently, there is experimental support for both
nodal and nodeless superconducting gaps [38,40].

There is also experimental evidence for structural insta-
bility in these materials. Polycrystalline powders and single
crystals of these materials have been refined to the tetragonal
P4/mmm structure [29,84–87]. Recent resonant x-ray scatter-
ing experiments, however, find a charge order near the wave
vector ( 1

3 , 0) in lightly doped LaNiO2 and NdNiO2 thin films
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[34–36]. DFT-based phonon dispersions calculations do not
find any structural instabilities in these two materials, but they
do show the P4/mmm structure to be dynamically unstable
for the infinite-layer nickelates with smaller rare-earth ions
[77–80].

In this paper, I extend previous studies of the struc-
tural instabilities in the infinite-layer nickelates presented
in Refs. [77–80] by investigating the instabilities that were
not considered in these works. I first calculate the non-
spin-polarized phonon dispersions of all P4/mmm RNiO2

compounds with R = La–Lu (including Y also as a rare-earth
element) and reproduce previous results that find a phonon
instability at the A ( 1

2 , 1
2 , 1

2 ) point for R = Sm–Lu. This
instability leads to an I4/mcm structure that exhibits in-plane
rotation of the NiO4 squares that is out-of-phase in the out-of-
plane direction.

I then go beyond the previous studies by calculating the
non-spin-polarized phonon dispersions of this phase for the
compounds with R = Sm–Lu. I find only SmNiO2 to be
stable in the I4/mcm structure. The I4/mcm phase of GdNiO2

exhibits an instability at the X ( 1
2 , 1

2 , 0) point, while the
compounds with R = Gd–Lu exhibit an additional instability
at the M (0, 0, 1) point. I used group-theoretical analysis to
identify all the twelve different distortions that are possible
due to these instabilities. Only five of these distorted structures
could be stabilized after full structural relaxations minimiz-
ing both the atomic forces and lattices stresses. While the
Pbcn structure with the order parameter M+

5 (a, a) exhibits
significant energy gain relative to other distortions for the
compounds with late rare-earth elements, several distorted
structures lie close in energy in the early members of this
series. Moreover, among the nearly degenerate structures, the
order parameter of the lowest-energy distortion changes first
to X −

2 (0, a) + M+
5 (b, 0) and then to X −

2 (0, a) as the size of
the rare-earth ion is progressively increased. These aspects of
the structural energetics remain even in the antiferromagnetic
state. This presence of competing structural phases arising
out of phonon instabilities that can be tuned by rare-earth ion
substitution suggests that the infinite-layer nickelates lie in the
vicinity of a structural quantum critical point.

II. COMPUTATIONAL APPROACH

The phonon calculations presented here were obtained us-
ing density functional perturbation theory as implemented
in the QUANTUM ESPRESSO package [88,89]. This is a
pseudopotential-based code, and I used the pseudopotentials
generated by Dal Corso [90]. The calculations were performed
within the generalized gradient approximation of Perdew,
Burke and Ernzerhof (PBE) [91] using plane-wave cutoffs of
60 and 600 Ry, respectively, for the basis-set and charge den-
sity expansions. The Brillouin zone integration was performed
using 16 × 16 × 16, 12 × 12 × 12, and 12 × 12 × 8 k-point
grids for the P4/mmm, I4/mcm, and Pbcn phases, respec-
tively. The dynamical matrices were obtained on 8 × 8 × 8,
4 × 4 × 4, and 6 × 6 × 4 q-point grids for the P4/mmm,
I4/mcm, Pbcn phases, respectively. A 0.008 Ry Marzari-
Vanderbilt smearing was used in all the calculations.

I used the ISOTROPY package to determine all the order
parameters that are possible due to the unstable phonon modes

[92]. The distortions corresponding to these order parame-
ters were then generated by utilizing the eigenvectors of the
unstable phonon modes on 64-atom 2 × 2 × 2 supercells of
the primitive I4/mcm unit cells. These structures were then
fully relaxed by minimizing both the atomic forces and lattice
stresses using the VASP package, which is a plane-wave im-
plementation of the projector-augmented-wave method [93].
A plane-wave cutoff of 600 eV, k-point grid of 8 × 8 × 8,
and Methfessel-Paxton smearing of 0.1 eV were used in these
calculations. A magnetic solution was not allowed. However,
the fully relaxed structures were utilized to construct the
conventional unit cells that allowed for a nearest-neighbor (G-
type) antiferromagnetic ordering. These structures were again
relaxed allowing for such an antiferromagnetic solution using
equivalent or denser k-point grids. Some non-spin-polarized
and magnetic structural relaxations were also performed on
the Pbnm a−a−c+ distortion of the P4/mmm structure gener-
ated on 32-atom 2 × 2 × 2 supercells. A plane-wave cutoff of
650 eV and k-point grid of 8 × 8 × 8 were used in these cal-
culations. Each component of the force is less than 1 meV/Å
in the relaxed structures.

The spin-orbit interaction was neglected in all the calcu-
lations. The pseudopotentials of the rare-earth ions have the
4 f electrons in the core such that the ions have a formal
valence of 3+. I made extensive use of the FINDSYM [94], AM-
PLIMODES, and SPGLIB [95] packages in the symmetry analysis
of the relaxed structures.

III. RESULTS AND DISCUSSION

A. Dynamical instability in the parent P4/mmm phase

The calculated non-spin-polarized phonon dispersions of
RNiO2 in the P4/mmm phase are given in Fig. 1 for R =
Sm, Y, and Lu, which broadly agree with previous results
[77,78,80]. These were obtained using fully relaxed lattice
parameters given in Table I. The dispersions exhibit a non-
degenerate phonon branch that is unstable at A ( 1

2 , 1
2 , 1

2 ). As
noted by Xia et al., this instability has a strong dependence
on the rare-earth ion size [77]. The calculated frequency of
the unstable mode at A as a function of the rare-earth ion
is shown in Fig. 2. This mode is stable for compounds with
large rare-earth ions La–Pm but becomes unstable for those
with rare-earth ions Sm–Lu that have smaller ionic radii.
The instability is quite weak for SmNiO2, with a calculated
value of 26i cm−1 for the imaginary frequency of the unstable
mode. For LuNiO2, which has the smallest rare-earth ion,
the instability is relatively strong with a calculated imaginary
frequency of 220i cm−1.

The instability at A causes an in-plane rotation of the NiO4

squares that is out-of-phase along the c axis [77,78]. With
the convention that the Ni ion is at the origin, this mode
has the irreducible representation (irrep) A+

3 [78]. Since this
mode is nondegenerate and A has only one element in its star,
this instability leads to only one distorted structure. Group-
theoretical analysis shows that this low-symmetry structure
has the space group I4/mcm [77–80].

I used the eigenvector of the unstable A+
3 mode to generate

the I4/mcm structure for all the RNiO2 compounds and fully
relaxed the structure by minimizing both the atomic forces and
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FIG. 1. Calculated non-spin-polarized phonon dispersions of fully relaxed SmNiO2, YNiO2, and LuNiO2 in the P4/mmm phase. The
high-symmetry points are � (0, 0, 0), X (0, 1

2 , 0), M ( 1
2 , 1

2 , 0), Z (0, 0, 1
2 ), R (0, 1

2 , 1
2 ), and A ( 1

2 , 1
2 , 1

2 ) in terms of the reciprocal lattice vectors.
Imaginary frequencies are indicated by negative values.

lattice stresses. As expected, the I4/mcm structure is lower
in energy than the corresponding P4/mmm structure only for
those compounds that exhibit an instability of the A+

3 mode in
the P4/mmm phase (i.e., R = Sm–Lu), which is consistent
with previous studies [77,80]. The calculated energy gain
ranges from a relatively tiny 2.0 meV/atom for SmNiO2 to
a noticeably large 74.3 meV/atom for LuNiO2.

B. Is the I4/mcm phase stable?

I studied the structural stability of the I4/mcm phase of
the infinite-layer rare-earth nickelates obtained above for R
= Sm–Lu by calculating their non-spin-polarized phonon dis-
persions, which are shown in Fig. 3 for SmNiO2, YNiO2, and
LuNiO2. Figure 4 shows the frequencies of the lowest-energy
phonon modes at the X ( 1

2 , 1
2 , 0) and M (0, 0, 1) points in

their Brillouin zone for the compounds with R = Sm–Lu.
These calculations were performed using fully relaxed lat-
tice parameters given in Table I. I find that only SmNiO2 is

TABLE I. Calculated lattice parameters of RNiO2 compounds in
the P4/mmm and I4/mcm phases.

P4/mmm I4/mcm

R a (Å) c (Å) a (Å) c (Å)

La 3.938 3.394
Ce 3.937 3.397
Pr 3.921 3.348
Nd 3.907 3.306
Pm 3.894 3.267
Sm 3.885 3.239 5.506 6.601
Eu 3.873 3.208 5.494 6.565
Gd 3.863 3.178 5.486 6.529
Tb 3.855 3.153 5.479 6.498
Dy 3.848 3.131 5.474 6.468
Y 3.850 3.137 5.478 6.487
Ho 3.841 3.110 5.469 6.439
Er 3.834 3.090 5.464 6.408
Tm 3.827 3.068 5.459 6.376
Yb 3.822 3.051 5.457 6.347
Lu 3.816 3.032 5.452 6.316

dynamically stable in the I4/mcm phase. All other compounds
exhibit phonon instabilities that are again strongly dependent
on the rare-earth ion size. EuNiO2 exhibits an instability only
at the X point. Compounds with smaller rare-earth ions exhibit
instabilities at both X and M. There is only one unstable
mode at M for R = Gd–Er, while an additional unstable
mode at M appears for smaller rare-earth ions Tm–Lu. More-
over, yet another instability at N appears for compounds with
rare-earth ions from Ho to Lu. It is also noteworthy that the
highly dispersive soft branch between �–M shows a relatively
small rare-earth size dependence. Interestingly, the lowest-
frequency unstable modes at X , M, and N are all connected to
unstable acoustic branches at �, which should manifest as a
softening of the corresponding elastic moduli in experiments.

As can be seen in Fig. 4, the instability at X is larger than at
M in all the I4/mcm phases that exhibit these instabilities. The
calculated difference of the imaginary frequencies between
these modes is 9i cm−1 for GdNiO2, which is the first member
of this series that exhibits both these instabilities. As the size
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FIG. 2. Calculated phonon frequency of the A+
3 mode of RNiO2

(R = rare-earth) compounds in the non-spin-polarized P4/mmm
phase as a function of the rare-earth ions, which are sorted according
to their ionic radii. Imaginary frequencies are indicated by negative
values.
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FIG. 3. Calculated non-spin-polarized phonon dispersions of fully relaxed SmNiO2, YNiO2, and LuNiO2 in the high-symmetry I4/mcm
phase. The high-symmetry points are � (0, 0, 0), X ( 1

2 , 1
2 , 0), P ( 1

2 , 1
2 , 1

2 ), N ( 1
2 , 0, 1

2 ), and M (0, 0, 1) in terms of the reciprocal lattice vectors
of the conventional unit cell. Imaginary frequencies are indicated by negative values.

of the rare-earth ion is decreased, this difference decreases,
and the instabilities at X and M become almost degenerate.
For LuNiO2, the instabilities at X and M have imaginary
frequencies of 59.5i and 58.6i cm−1, respectively.

The unstable phonon mode at X in the I4/mcm phase has
the irrep X −

2 when the convention that one of the Ni ion is at
the origin is used. This mode is nondegenerate, but the order
parameter described by this instability is two dimensional
because the star of X has two elements {( 1

2 , 1
2 , 0), ( 1

2 ,− 1
2 , 0)}.

The atomic displacements resulting from this instability are
shown in Figs. 5(b) and 5(e). A comparison with the undis-
torted I4/mcm structure in Figs. 5(a) and 5(d) shows that
the X −

2 mode causes an in-plane shear distortion of the R
squares that is out-of-phase along the c axis. Additionally, the
O-Ni-O bonds that are perpendicular to the direction of the
displacement the of R ions shift and buckle in the out-of-plane
direction. The shift and buckling are out-of-phase along the
displacement direction of the R ions, but in-phase along the c
axis.

The lowest-frequency unstable mode at M has the irrep
M+

5 . This mode is doubly degenerate and the star of M has
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FIG. 4. Calculated phonon frequency of the X −
2 and M+

5 modes
of RNiO2 (R = Sm–Lu and Y) compounds in the non-spin-polarized
I4/mcm phase as a function of the rare-earth ions. Imaginary fre-
quencies are indicated by negative values.

only one element. So the order parameter due to this instabil-
ity is also two dimensional. Figures 5(c) and 5(f) shows the
atomic displacements caused by this mode, which involves a
sliding of the R planes that is out-of-phase along the c axis.
There is also an out-of-plane tilting of the NiO4 squares that
is out-of-phase along the sliding direction of the R planes and
in-phase along the c axis.

C. Which low-symmetry structures derive from the phonon
instabilities of the I4/mcm phase?

I used group-theoretical analysis to identify all the distor-
tions that can arise due to the X −

2 and M+
5 instabilities. These

irreps each have three isotropy subgroups. In addition, there
are six subgroups due to the coupling of the X −

2 and M+
5

order parameters. The order parameters and space groups of
all the low-symmetry structures that can arise due to these
two instabilities are shown in Fig. 6. I used the eigenvec-
tors of these unstable phonon modes to generate the twelve
distortions of the I4/mcm phase in its 64-atom 2 × 2 × 2
supercell for the compounds with R = Eu–Lu. These were
then fully relaxed by minimizing both the atomic forces and
lattice stresses without allowing for a magnetic solution. Out
of twelve possible distortions, only five could be stabilized.
They are Cmca X −

2 (0, a), P4/ncc X −
2 (a, a), Cmca M+

5 (a, 0),
Pbcn M+

5 (a, a), and Pbca X −
2 (0, a) + M+

5 (b, 0). The calcu-
lated total energies of these five phases relative to their
I4/mcm phase are given in Table II.

For EuNiO2, which has only the X −
2 instability, just the

X −
2 (0, a) and X −

2 (a, a) isotropy subgroups could be stabilized.
They are degenerate within the numerical accuracy of my cal-
culations. Correspondingly, the distortions from the I4/mcm
structures are also small. For example, the X −

2 (0, a) phase
exhibits a shear distortion of the Eu squares of 0.16◦ and a
buckling of the O-Ni-O angles within the Ni-O squares of
0.11◦.

Compounds with rare-earth ions smaller than Eu exhibit
additional M+

5 instability, and distortions due this mode could
be stabilized for these compounds. In GdNiO3, the M+

5 (a, 0)
and M+

5 (a, a) phases are degenerate with the I4/mcm phase
within the numerical accuracy of the calculations. The
X −

2 (0, a) phase has the lowest energy with a relative energy
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FIG. 5. (a) I4/mcm structure of the infinite-layer RNiO2 compounds projected along the in-plane diagonal direction. Atomic displacements
due to (b) X −

2 and (c) M+
5 phonon instabilities of the I4/mcm phase projected along the in-plane diagonal direction. (d), (e), and (f)

Corresponding projections along the c direction.

of −2.8 meV/atom. This is close to that of the X −
2 (a, a) and

X −
2 (0, a) + M+

5 (b, 0) phases, which have relative energies of
−2.1 and −2.5 meV/atom, respectively. Such a near degen-
eracy in the calculated total energies indicates that there will
be fluctuations among these structures at temperatures higher
than corresponding to the energy scale of 0.7 meV/atom
(≈8 K).

TbNiO2 exhibits a qualitative change in the energetics of
the structural distortions, with its X −

2 (0, a) + M+
5 (b, 0) phase

now having the lowest energy with a relative value of −10.4
meV/atom. Its M+

5 (a, a) distortion has a slightly larger rel-
ative energy of −10.3 meV/atom. The larger energy gain is
accompanied by a substantial increase of structural distor-
tions. For example, the Tb squares distort by 9.6◦ and 4.5◦
in the two phases, respectively. This is a large distinction
between two structures that are so close in energy.

There is yet another qualitative change in the energetics of
the structural distortions as the size of the rare-earth ion is
decreased further. For the compounds with R = Dy–Lu, the
M+

5 (a, a) phase has the lowest energy, with the X −
2 (0, a) +

M+
5 (b, 0) phase lying above it in relative energy. The energy

difference between the M+
5 (a, a) and X −

2 (0, a) + M+
5 (b, 0)

phases is only 0.1 meV/atom for TbNiO2, and the difference
remains below 2.0 meV/atom up to HoNiO2. The energy gap
between these phases progressively increases to a value of 4.9
meV/atom for LuNiO2.

Hence, the two defining characteristics of the energetics of
the structural distortions of the rare-earth infinite-layer nicke-
lates is the presence of competing phases with similar energies
and tunability of the order parameter of the lowest-energy
phase as a function of the rare-earth ion size. Both these
features imply that any structural transition that is possible
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FIG. 6. Isotropy subgroups and the corresponding order parame-
ters of the X −

2 and M+
5 irreps of the I4/mcm space group. The space

group numbers are given in the parentheses.

due to the phonon instabilities present in these materials can
be driven to 0 K.

Interestingly, calculations show that a related material
LaNiO3 exhibits similar structural degeneracies and is also
in the vicinity of a structural quantum critical point, whereas
YNiO3 was proposed not to host any structural fluctuations
[96]. Structural distortions in these materials occur due to the
M+

3 and R+
4 phonon instabilities present in the parent cubic

phase. It was argued that competing structural phases occur in

TABLE II. Total energies of the five isotropy subgroups of the
X −

2 and M+
5 instabilities present in the I4/mcm phase of RNiO2

compounds that could be stabilized using non-spin-polarized DFT
calculations. The energies are given relative to the respective I4/mcm
phase in the units of meV/atom. Note that the order parameters refer
to that of the initial structures. Additional symmetry-allowed dis-
tortions appear for the final relaxed structures. Only two distortions
could be stabilized for EuNiO2.

Pbca
X −

2 (0, a)
Cmca P4/ncc Cmca Pbcn +

RNiO2 X −
2 (0, a) X −

2 (a, a) M+
5 (a, 0) M+

5 (a, a) M+
5 (b, 0)

Eu <−0.1 <−0.1
Gd −2.8 −2.1 <−0.1 <−0.1 −2.5
Tb −2.3 −6.1 −1.4 −10.3 −10.4
Dy −8.9 −10.6 −5.1 −17.5 −16.7
Y −9.0 −11.4 −5.1 −17.9 −17.2
Ho −11.9 −15.1 −7.9 −24.5 −22.8
Er −15.1 −20.1 −11.1 −31.7 −29.2
Tm −17.9 −24.5 −14.1 −38.4 −35.1
Yb −20.0 −28.1 −16.6 −43.5 −39.4
Lu −23.1 −32.4 −20.6 −49.6 −44.7

LaNiO3 due to a large difference in the imaginary frequencies
between the unstable M+

3 and R+
4 modes, while a similar

value of the imaginary frequency of these modes resulted in
a large energy gain for the Pnma structure with the a+b−b−
tilt pattern in YNiO3. Therefore, a large difference between
the calculated imaginary frequencies of two distinct phonon
modes seems to lead to energetically competing structural
distortions.

D. Does magnetic ordering change the energetics
of the structural distortions?

Although magnetic ordering has not been experimentally
observed in any of the infinite-layer rare-earth nickelates, DFT
calculations find a small gain in energy when an antiferro-
magnetic solution is allowed, suggesting a weak tendency
toward antiferromagnetism in these materials [42,60,63,97].
Zhang et al. have shown that the phonon instability at the
A point in the P4/mmm phase is sensitive to the presence
of antiferromagnetic order [80]. In particular, they find that
the A+

3 mode in NdNiO2, which is calculated to be stable
in the non-spin-polarized phase, becomes unstable when the
G-type antiferromagnetic solution is allowed. They are then
able to stabilize the I4/mcm phase for NdNiO2, as well as
for compounds with Pr, Sm and smaller rare-earth ions. I
was able to reproduce this result. In fact, I find the I4/mcm
phase to be lower in energy than the P4/mmm phase for all
RNiO2 compounds except LaNiO2 (i.e., R = Ce–Lu) when
the G-type order is imposed. (Similar structural instability
emerges also when the C-type order is allowed because the
calculated energy difference between two antiferromagnetic
states is less than 1.0 meV/Ni.) The calculated energy gain
of the G-type I4/mcm phase relative to the respective non-
spin-polarized P4/mmm phase ranges from 17.1 eV/atom for
CeNiO2 to 111.9 meV/atom for LuNiO2. The in-plane lattice
parameter increases by ∼0.7% and the out-of-plane lattice
parameter decreases by ∼0.1% when this antiferromagnetic
order is allowed.

Zhang et al.’s results suggest that the inclusion of antiferro-
magnetic order can qualitatively change the energetics of the
structural instabilities present in this family of compounds.
I generated the minimal conventional unit cells that allow
the G-type antiferromagnetic ordering for the five isotropy
subgroups of the I4/mcm phase stabilized above. I then fully
relaxed these structures by minimizing the atomic forces and
lattice stress in the presence of the antiferromagnetic order.
As in the case of non-spin-polarized calculations discussed
above, the compounds with R = Ce–Sm relaxed back to the
I4/mcm phase also when the G-type antiferromagnetic solu-
tion was allowed. The energies of the rest of the compounds
that could be stabilized in the antiferromagnetically ordered
lower-symmetry phases are given in Table III relative to that of
the respective antiferromagnetically ordered I4/mcm phase.

I find the inclusion of the antiferromagnetic order
marginally lowers (by few meV/atom or less) the relative
energies of the five distorted structures. For EuNiO2, the
M+

5 (a, 0), M+
5 (a, a), and X −

2 (0, a) + M+
5 (b, 0) phases be-

come more stable than the I4/mcm phase, which was not
the case when a magnetic solution was not allowed. Oth-
erwise, the structural energetics with antiferromagnetism is
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TABLE III. Total energies of the five distortions due to the
X −

2 and M+
5 instabilities of the I4/mcm phase in the presence of

the G-type antiferromagnetic order. The energies are given relative
to the respective antiferromagnetic I4/mcm phase in the units of
meV/atom. Note that the order parameters refer to that of the initial
structures. Additional symmetry-allowed distortions appear for the
final relaxed structures.

Pbca
X −

2 (0, a)
Cmca P4/ncc Cmca Pbcn +

RNiO2 X −
2 (0, a) X −

2 (a, a) M+
5 (a, 0) M+

5 (a, a) M+
5 (b, 0)

Eu −0.3 −0.3 <−0.1 <−0.1 −0.4
Gd −2.8 −4.1 −1.7 −10.9 −9.1
Tb −5.3 −8.3 −4.2 −18.0 −15.3
Dy −7.9 −12.4 −6.9 −24.8 −21.2
Y −8.1 −12.8 −7.1 −24.5 −21.0
Ho −10.6 −16.5 −9.9 −31.2 −26.8
Er −13.7 −21.0 −13.5 −37.8 −32.7
Tm −16.8 −24.9 −17.0 −43.8 −37.9
Yb −19.4 −27.7 −20.2 −48.0 −41.5
Lu −23.1 −31.3 −24.6 −53.2 −46.1

remarkably similar to that of the non-spin-polarized case.
In particular, it still exhibits near-degenerate structures and
a change in the order parameter of the lowest-lying phase
as a function of the rare-earth ion. If these late rare-earth
compounds also do not exhibit magnetic order like the early
ones, this suggests that a structural quantum criticality occurs
in the presence of magnetic fluctuations.

E. Are there other distortions with even lower energy?

In principle, the five low-symmetry structures that could
be stabilized due to the X −

2 and M+
5 unstable modes of the

I4/mcm phase may yet exhibit structural instabilities. I did
not have the computational resources to calculate the phonon
dispersions of all the low-symmetry phases of the ten com-
pounds with R = Eu–Lu for which these structures could be
stabilized. Nevertheless, I calculated the phonon dispersions
of YNiO2 in its lowest-energy Pbcn M+

5 (a, a) phase, which
is shown in Fig. 7. This phase does not exhibit any unstable
phonon modes, implying that it is dynamically stable. Since
the Pbcn M+

5 (a, a) phase is the lowest-energy structure for the
compounds with R = Dy–Lu, there are unlikely to be other
lower-energy distortions that can be continuously connected
to the parent P4/mmm phase via phonon instabilities.

Carrasco Álvarez et al. have argued using first-principles
calculations that the Pbnm structure with a a−a−c+ tilt pattern
of the NiO4 square is the ground state phase of the infinite-
layer nickelates with smaller rare-earth ions [79]. I tried to
stabilize this phase for YNiO2 on a 2 × 2 × 2 supercell of the
P4/mmm structure and was able to do so only when antiferro-
magnetism was allowed. This is again suggestive of the strong
coupling between magnetism and structural instabilities in
these materials [80]. The fully relaxed Pbnm a−a−c+ struc-
ture also exhibits the antipolar motion of the R ions, as found
by Carrasco Álvarez et al. I obtain a value of 65.5 meV/atom
for the calculated energy gain of the Pbnm a−a−c+ phase rela-
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FIG. 7. Calculated non-spin-polarized phonon dispersions of
fully relaxed YNiO2 in the Pbcn phase corresponding to the
M+

5 (a, a) distortion of the I4/mcm phase. The high-symmetry points
are � (0, 0, 0), X ( 1

2 , 0, 0), S ( 1
2 , 1

2 , 0), Y (0, 1
2 , 0), R ( 1

2 , 1
2 , 1

2 ),
Z (0, 0, 1

2 ), U ( 1
2 , 0, 1

2 ), and T (0, 1
2 , 1

2 ) in terms of the reciprocal
lattice vectors.

tive to the P4/mmm phase when the C-type antiferromagnetic
order is imposed in both phases. For comparison, the energy
gain of the M+

5 (a, a) distortion of the I4/mcm phase relative
to the P4/mmm phase for the C-type antiferromagnetic state
is 74.2 meV/atom. Therefore, the Pbnm a−a−c+ structure is
likely not the ground state phase of the infinite-layer nicke-
lates with small rare-earth ions.

IV. SUMMARY AND CONCLUSIONS

In summary, I have investigated the energetics of the struc-
tural distortions of the infinite-layer rare-earth nickelates and
find that these materials may lie near a structural quantum
critical point. I first confirmed the previous results showing
the parent P4/mmm phase of the R = Sm–Lu compounds to
be unstable toward the I4/mcm phase due to an A+

3 phonon
instability [77,78,80]. I then calculated the non-spin-polarized
phonon dispersions of the R = Sm–Lu compounds in the
I4/mcm phase. Only SmNiO2 is dynamically stable in this
structure. GdNiO2 exhibits an X −

2 instability, while the rest
exhibit an additional M+

5 instability. I used group-theoretical
analysis to identify all twelve isotropy subgroups that are
possible due these two instabilities and generated distorted
structures corresponding to their order parameters. After full
structural relaxations minimizing both the atomic forces and
lattice stresses, only five isotropy subgroups corresponding
to the Cmca X −

2 (0, a), P4/ncc X −
2 (a, a), Cmca M+

5 (a, 0),
Pbcn M+

5 (a, a), and Pbca X −
2 (0, a) + M+

5 (b, 0) order param-
eters could be stabilized.

From the non-spin-polarized calculations, the M+
5 (a, a)

phase has the lowest energy for the smallest rare-earth com-
pound LuNiO2 relative to its I4/mcm phase. Its X −

2 (0, a) +
M+

5 (b, 0) phase is higher in energy than the M+
5 (a, a) phase

by 4.9 meV/atom. The energy difference between these two
phases decreases as the rare-earth ion size is increased, reach-
ing a value of less than 2.0 meV/atom for compounds with
R = Ho or smaller. There is a qualitative change in the
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energetics for TbNiO2, which now has the X −
2 (0, a) +

M+
5 (b, 0) phase lower in energy than the M+

5 (a, a) phase,
albeit only by 0.1 meV/atom. The energetics shuffle again for
GdNiO2. Its lowest-energy phase is X −

2 (0, a), and it is only
0.4 and 0.7 meV/atom higher in energy than the X −

2 (0, a) +
M+

5 (b, 0) and X −
2 (a, a) phases, respectively.

The near degeneracy of the phases corresponding to dis-
tinct structural order parameters and the tunability of the
relative energies of these competing phases both suggest that
any structural transition that might occur due to the phonon
instabilities present in the I4/mcm phase of these materi-
als can be suppressed to 0 K. I find the inclusion of the
nearest-neighbor antiferromagnetic order only lowers the rel-
ative energy of the low-symmetry phases by a few meV/atom.
In particular, the qualitative and quantitative aspects of the
competition between different order parameters remains. If
the infinite-layer nickelates with smaller rare-earth ions do not
exhibit magnetic ordering like those with the larger ones, this
implies that the proximity to the structural quantum criticality
occurs in the presence of magnetic fluctuations.

Recent experiments on (CaxSr1−x )3Rh4Sn13,
(CaxSr1−x )3Ir4Sn13, and LaCu6−xAux show these materials
to host a structural quantum critical point, which manifests
as a softening of the associated phonon modes at T → 0 K
[98–102]. The measured heat capacity is strongly enhanced
near the critical point due to the ensuing preponderance of
the phonon density of states. Similar softening of the X −

2 and
M+

5 phonon modes and enhancement of the heat capacity
will be the experimental consequences of the structural
quantum criticality proposed here for the infinite-layer
nickelates. Moreover, superconducting Tc is found to peak
near the quantum critical point in (CaxSr1−x )3Ir4Sn13 [103],
and the infinite-layer nickelates should exhibit similar
enhancement if phonons play an important role in their
superconductivity.
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