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Determining ground states of alloys by a symmetry-based classification
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Reducing the number of candidate structures is crucial to improve the efficiency of global optimization.
Herein, we demonstrate that the generalized Hamiltonian can be described by the atom classification model
(ACM) based on symmetry, generating competent candidates for the first-principles calculations to determine
ground states of alloy directly. The candidates can be obtained in advance through solving the convex hull step
by step because the correlation functions of the ACM can be divided into various subspace according to the
defined index l . As an important inference, this index can be converted to the number of Wyckoff positions,
revealing the dominant effect of geometry symmetry on structural stability. Taking Ni-Pt, Ag-Pd, Os-Ru, Ir-Ru,
and Mo-Ru as examples, we not only identify the stable structures in previous theoretical and experimental
results, but also predict a dozen of configurations with lower formation energies, such as Ag0.5Pd0.5 (Fd-3m),
Os0.5Ru0.5 (Pnma), Ir1/3Ru2/3 (P63/mmc), and Mo0.25Ru0.75 (Cmcm).
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Determining the material structure theoretically will pro-
vide important guidance to the experiment where the energy
evaluation and structure evolution are two main steps to pre-
dict the ground-state (gs) structure. To explore configuration
space, ab initio random structure searching [1], USPEX [2], and
CALYPSO [3] have been successively developed based on the
global optimization, which are widely used in the discovery
of materials [4–7].

For the alloy systems, the cluster expansion (CE) method
uses the linear combination of basis functions to describe the
Hamiltonian [8] and fits the interaction parameters through the
data from density functional theory. To balance efficiency and
accuracy, the effective cluster interactions should be selected
for each specific material. Based on the genetic algorithm,
a few of the interaction parameters can be selected from a
large number of interaction parameters, which can produce
a good fitting of the Hamiltonian in some systems [9]. In
addition, the parameters of the CE can be selected by using
prior probability distribution combined with simple models or
experience, based on the framework of Bayes’ theorem [10].

Besides the simplification of energy evaluations, reducing
the number of candidate structures is practical to accelerate
global optimization. Instead of scanning the interaction pa-
rameter space [11], the possible ground-state structures of the
system can be determined by finding convex hull in the fea-
sible domain of the correlation function space by establishing
geometric inequality constraints [12–15]. By enumerating the
structures of unique supercells of finite volume, the convex
hull of the feasible region in the CE correlation function space
can be directly solved to obtain the possible ground-state
structures of binary alloy [16]. Based on simple geometric
characteristics, the amount of the average bond type is used to
evaluate the degree of deviation of the structure from a random
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situation, and the candidates with a larger average bond type
will be ground-state structures [17]. It is comprehensible that
these structures are closer to the edge of the feasible region in
the correlation function space, approaching the convex hull.

Most previous studies focused on the acceleration of
energy evaluations with high accuracy combining the
first-principles calculations and the interaction potential
model [18–21]. It is worth noting that the ground states of the
alloy are dominated by the energy model in which the selec-
tion of parameters is closely related to the cutoff radii (Rcut)
and the training data set [22]. To screen candidates before
energy evaluations, it will become difficult to solve the convex
hull in the CE when the dimensionality of the correlation
function space increases with the increasing of interactions.
For a set of n points in Rd , the regular triangulations algorithm
takes O(n log n + nd/2) time [23,24], making it impossible to
achieve medium-sized inputs when the function space exceeds
ten dimensions.

In this Letter, we show that the ground-state structures
of alloys can be directly obtained by the first-principles
calculations where the candidates are screened by the
symmetry-based classification. First, we demonstrate that the
atom classification model (ACM) in our previous study [25]
is equivalent to CE considering the complete many-body in-
teraction, and the classified atoms correspond to Wyckoff
positions for the infinite Rcut. Second, we propose an effective
method for calculating the convex hull with a given Rcut,
and the convex hull can be solved step by step in a certain
order by dividing the correlation functions of the ACM into
various subspace. Finally, we provide a high-throughput first-
principles calculations strategy to explore the stable structures
of alloys, reducing the number of candidates significantly.

As shown in Fig. 1(a), there are 272 8670 unique con-
figurations of AxB1−x within 20 atoms in the fcc lattice.
With the truncation of the tetrahedron, there are five possible
ground-state structures according to the convex hull of the
ACM. These structures are the typical ordered phase (L10
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FIG. 1. (a) The fcc-derivative structures within 20 atoms are filtered by the ACM with various Rcut and the number of Wyckoff positions,
and the order phases are obtained. (b) The formation energy of Ni-Pt alloy with cells within eight atoms.

and L12) found in various binary alloys, such as CuxAu1−x

and NixPt1−x. The number of vertex structures will increase
to 31, and more ground-state structures in experiment are
conformed when the truncation is expanded to the octahedron.
Meanwhile, most ordered alloy structures in the fcc lattice can
be obtained by considering the candidates with the number of
Wyckoff positions (NW) no more than three. In the case of
NixPt1−x [shown in Fig. 1(b)], all the five ground-state struc-
tures can be determined after the calculations of candidates
obtained by the ACM with the truncation of the tetrahedron.
The first-principles calculations [26–28], details are shown in
Supplemental Material (SM) [29], Sec. 1. For a larger trun-
cation of the octahedron, no new stable structures are found.
Similarly, the five ground-state structures can be reproduced
in 29 candidates with NW � 2, and no new stable structures
are uncovered in the 140 candidates with NW = 3.

Generally, the ground-state structures of the material are
highly symmetric in geometry. In the following, we show
NW is the key index to describe the structural stability
and the symmetry, through a concise demonstration based
on the ACM. Taking the one-dimensional atomic chain as
an example [as shown in Fig. 2(a)], we construct the lin-
ear Hamiltonian based on the original lattice-gas model
(LGM) [30], the CE, and the ACM as follows:

H = J · �, (1)

where J is the interaction parameter and � is the correlation
function shown in Table I. The deduction of the ACM is in
SM, Sec. 2.1 [29].

In the representation of the CE and ACM [see Figs. 2(b)
and 2(c)], we have determined the possible ground-state struc-

tures of the system by finding the vertices in the feasible
region of the correlation function space by enumerating all
the structures of the one-dimensional atomic chain of binary
alloys within eight atoms. With the transformation matrix [see
Fig. 2(b)], the correlation functions of the ACM and CE can be
converted to each other, confirming the equivalence of these
two methods in energy evaluation in the framework of the
LGM. In addition, we have demonstrated that the ACM is

FIG. 2. (a) On the left side is a random periodic one-dimensional
(1D) atomic chain and five interaction types. On the right side is the
correlation functions in the LGM, the CE, and the ACM. (b) The
correlation functions space of the CE and the ACM. (c) Three convex
hull structures and their corresponding correlation functions.
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TABLE I. The components of J and � in the LGM, the CE, and the ACM.

J �

J1 = μA, �1 = 1
N

∑
i PA

i ,

J2 = μB, �2 = 1
N

∑
i PB

i ,

LGM J3 = JAA, �3 = 1
N

∑
i, j PA

i PA
j ,

J4 = JAB, �4 = 1
N

∑
i, j (P

A
i PB

j + PB
i PA

j ),

J5 = JBB �5 = 1
N

∑
i, j PB

i PB
j

J1 = 1
2 (JAA − JBB + μA − μB ), �1 = 1

N

∑
i Si,

CE J2 = 1
4 (JAA − 2JAB + JBB ), �2 = 1

N

∑
i, j SiS j ,

J3 = 1
4 (JAA + 2JAB + JBB + 2μA + 2μB ) �3 = 1

J1 = μA + JAA, �1 = 1
4N

∑
i, j (1 + 2Si + SiS j ),

ACM J2 = 1
2 (μA + μB + JAB ), �2 = 1

4N

∑
i, j (2 − 2SiS j ),

J3 = μB + JBB �3 = 1
4N

∑
i, j (1 − 2Si + SiS j )

equivalent to the CE when the complete many-body interac-
tions are considered. For the two-dimensional square lattice
truncating to next-neighbor interaction, there are 20 kinds
of interactions in the LGM, and the system can be equiva-
lently represented by six kinds of four-body interactions in the
ACM, where all the two- and three-body interactions are in-
cluded according to the deduction (see the SM, Sec. 2.2 [29]).

Although more parameters are required in the ACM com-
pared with the CE, the correspondence between the cluster
environment in the ACM, and the structure is clearer, re-
vealing the relation of structural stability and the symmetry
of configuration. More importantly, with the benefit of the
non-negative components of correlation functions, the ACM
brings convenience for the subsequent calculation of convex
hulls to find possible ground-state structures.

Mathematically, the vertices of a set is defined as follows:
in a point set X = {x1, x2, x3,...} with any point xi belonging
to X , the convex set is marked as Y = {y1, y2, y3,..., ym} (m
vertices in total), satisfying

k1y1 + k2y2 + · · · + kmym = xi, (2)

with
∑

i ki = 1, ki � 0. Note that the ACM correlation func-
tion � = (�1,�2, . . . ,�n) satisfies

∑
i �i = 1 and �i � 0,

indicating that all data points will be constrained in a finite
(n − 1)-dimensional hyperplane.

To ensure that all possible ground-state structures are in-
cluded, we can enumerate supercells of various sizes and
shapes until the convex hull no longer changes. As shown
in the left of Fig. 2(b), there are only three structures by
screening the candidates within eight atoms with the convex
hull in the CE, and the corresponding coordinates are (0, −1),
(−1, −1), and (1, 1). However, we cannot be sure that whether
the convex hull will change in larger cells. By contrast, we find
three convex hull structures in the ACM, i.e., (1, 0, 0), (0, 1, 0),
and (0, 0, 1), respectively, as shown in the right of Fig. 2(b).
They are located on the axis of correlation function space. It
can be concluded that the current convex hull is complete,
and the convex hull will remain the same even searching
larger cells. Note that these structures on the axis are com-
posed of only one type of cluster, exhibiting high symmetry
in geometry.

In the framework of the ACM, there is a key index l , i.e.,
the number of nonzero components of correlation functions.
The convex hull is complete if the number of structures with
l = 1 is equal to the dimensionality of space because all the
possible candidates can be linearly represented by these struc-
tures. Besides the 1D atom chain (shown in Fig. 2), there are
three additional cases: two-dimensional (2D) square lattice,
2D triangular lattice, and three-dimensional fcc lattice with
the certain Rcut (see SM, Secs. 4.1–4.3) [29].

When the number of structures with l = 1 is less than
the dimensionality of space, we can classify the structures
according to the dimensionality of l because all the data points
in the ACM correlation function space are restricted to a finite
hyperplane, and those with larger l are distributed inside the
hyperplane. Note that �ACM with smaller l cannot be linearly
represented by the ones with larger l and the convex hull can
be solved in the order of l increasing sequences, making the
search memorable. Furthermore, we can decompose the high-
dimensional correlation function space into a combination of
subspaces according to nonzero components of the correla-
tion functions and determine the vertices in each subspace
gradually.

Based on the above ideas, we have designed an algorithm
from generating structures to calculating convex hull with the
flow chart shown in Fig. 3. We propose a “jigsaw puzzle” to
directly generate structures with small l to improve the search
efficiency. Beginning from one position in a given cell, the
clusters gradually are added outwards, and the selection of
the cluster environment is arbitrary permutation and the com-
bination under the restriction of the ACM generating group.
Finally, the puzzle is completed, and the duplicate structures
are filtered out based on symmetry, clearly minimizing the
cost of producing candidates. The details about the algorithm
are described in SM, Sec. 3 [29].

Taking the two-dimensional triangular lattice as an ex-
ample, we study the evolution of ordered structures in the
binary alloy system (AxB1−x) as the Rcut increases (see SM,
Sec. 4.2 [29]). When the truncated environment of three atoms
[see Fig. S14(a)] of the SM [29] is selected, there are four
types of unique atomic clusters and four vertex structures
corresponding to l = 1, indicating a complete convex hull
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FIG. 3. The flow chart of determining the convex based on the
ACM.

in this case. Selecting a truncated environment with seven
atoms, the number of unique atomic clusters increases to
26, and only the pure phases containing only A or B atoms
correspond to l = 1. According to the above algorithm, we
have determined all possible vertex structures with l = 2. As
shown in Fig. S14(b) of the SM [29], the structures b6, b7, and
b3 correspond to the ordered structures (

√
3 × √

3), (2 × 2),
and (

√
7 × √

7) that alkali-metal atoms adsorbed on graphite
in the experiments [31]. As shown in Figs. S14(c) and S14(d)
of the SM [29], structure b3 is not a vertex structure when the
truncated environment is three atoms because it can be lin-
early expressed by the structures of a2 and a4 with l = 1. With
the truncation environment of seven atoms, a4 is convex with
l = 1, whereas the l of vertex structure a2 increases from 1 to
2. As a result, the structure b3 becomes an additional vertex
structures with l = 2 in the new correlation function space.

It can be comprehensible that the degenerate structures
in the correlation function space with smaller Rcut will be
distinguished by the increasing of Rcut, and new ground states
will be uncovered. The number of nonzeros component l
of the structure may increase with the Rcut, but the upper
limit of l is the number of Wyckoff sites of the structure,
corresponding to the infinite Rcut. According to the convex
hull of the ACM, the candidates with small l will be ground
states with more probability where smaller l corresponds to
higher symmetry of the crystal structure. This explains very
well why stable structures are usually considered to be highly
symmetrical simply geometrical, containing few atoms [17].
Counterintuitively, structures with small NW do not only exist
in unit cells with few atoms. For example, there is a unit cell
of 16 atoms in a fcc lattice with only NW = 2 (structures that
cannot be reduced to a smaller unit cell). However, it is still
difficult to generate all the possible candidates with small NW

with the increasing of cell size.
Based on the ACM with the convex hull analysis, we have

demonstrated that the structures with smaller l will become
ground-state structures with higher probability. As the Rcut

increases, the index l will be converted to the number of
Wyckoff positions, and, thus, the possible ground states can be

FIG. 4. (a) The comparison of the number of fcc-derivative struc-
tures between enumeration, the six-atom truncation ACM and the NW

classifications methods. (b) The convex hulls of formation energies
for the Ag-Pd system. l2, l3, and l4 indicate the structures with
NW = 2–4, respectively.

screened according to NW. In our previous studies, the unique
configurations are obtained by structural recognition [32]. To
give a further screening of candidates, we provide two ways
to calculate the ground-state structures of the alloy: (i) choose
the ACM model with various Rcut’s and generate the vertex
structures for the first-principles calculations; (ii) classify the
structures by NW, and gradually perform the calculations fol-
low the order of NW increasing sequences. Figure 4(a) shows
the efficiency of the two strategies where the fcc-derivative
structures are reduced from 106 to 102 and 103 for the unit
cells within 20 atoms.

In the following, we will combine these two strategies with
the first-principles calculations on alloys of Ag-Pd, Os-Ru, Ir-
Ru, and Mo-Ru and compare with previous high-throughput
calculations [33]. The candidates generation details are shown
in SM Sec. 7 [29]. Figure 4(b) shows the formation energies
of Ag-Pd (the results of Os-Ru, Ir-Ru, and Mo-Ru systems
are shown in Fig. S17) of the SM [29] with the candidates
from our two strategies, and the comparison with the previ-
ous calculations is demonstrated. In the first strategy, that is,
screening structures by the ACM with a moderate Rcut, we
only need to calculate a small amount of the structures and
we can revisit the main results of AFLOW. For example, we
only calculated 31 fcc-derivative structures for Ag-Pd [see the
inset of Fig. 4(b)], 125 hcp-derivative structures for Os-Ru,
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FIG. 5. The convex hull structures of formation energy from 100
binary systems are reclassified by NW with their values shown in
the color bars. The area of sector corresponds to the proportion of
classified structures’ number to that of all the ground states. The blue
ticks are corresponding to the alloys satisfying the threshold whereas
the red crosses do not.

156 structures (31 fcc and 125 hcp derivative) for Ir-Ru (see
Fig. S17 in the SM Sec. 7 [29]).

According to the second strategy, the structures with NW �
4 are calculated. Despite the higher computational cost with
more structures, we reveal several as-yet unreported ordered
states of Ag-Pd, Os-Ru, Ir-Ru, and Mo-Ru, whose formation
energies are lower than those from AFLOW’s results. Based on
the calculations of 673 superstructures with the fcc derivative,
there is a Ag0.5Pd0.5 structure with Fd-3m symmetry which is
more stable than L11, containing a unit cell of eight atoms
with NW = 2. Another stable Ag0.6Pd0.4 structure (P42/n)
is found with a unit cell of 20 atoms and NW = 3. [See
Fig. 4(b).] Among the calculated 436 hcp-derivative structures
of Os1−xRux, a new structure of Os0.5Ru0.5 (Pnma) was found
to be more stable than B19, and there are 16 atoms in its
unit cell with NW = 4. The structure of Os1/3Ru2/3(Cmcm) is
also stable according to the convex hull of formation energy,
corresponding to a unit cell of six atoms and NW = 2 [see
Fig. S17(a)] of the SM [29].

For Ir1−xRux, we have performed the calculations of 673
fcc-derivative structures and 436 hcp-derivative structures. A

new phase of Ir1/3Ru2/3 (P63/mmc) is found to be more stable
than the phase of Ir2T c, possessing a unit cell of 18 atoms with
NW = 3 [see Fig. S17(b)] of the SM [29]. Based on the calcu-
lation of 682 bcc-derivative structures and 436 hcp-derivative
structures, the most stable Mo0.25Ru0.75 corresponds to the bcc
lattice, whose energy is very close to the hcp derivative from
AFLOW’s results. This new Mo0.25Ru0.75 structure possesses
the symmetry of Cmcm with eight atoms in the unit cell and
NW = 3. In addition, Mo0.125Ru0.875 (P-6m2) is found to be
stable with a unit cell of eight atoms and and NW = 4. [see
Fig. S17(c)] of the SM [29].

To verify the generality of our method, we extract the
ground-state structures with 100 binary systems (the combi-
nation of Ag, Cd, Co, Cr, Cu, Fe, Hf, Hg, Ir, Mn, Mo, Nb, Ni,
Os, Pd, Pt, Re, and Rh) in AFLOW. For 82% of the systems,
there are no ground-state structures with NW � 5 (see Fig. 5).
We define the success rate,

P = Ngs(NW � 4)

Ngs
, (3)

where Ngs is the number of ground-state structures. With the
threshold of 80%, only three binary alloys fail. For compar-
ison, we consider the number of atoms in the cell and the
number of symmetry operations (see Fig. S18 of the SM [29]).
With the similar computational cost, about 30% of the alloy
will fail when we consider the candidates with few atoms.
The convex hull structures are not strongly associated with
the number of symmetry operations. Thus, NW is superior to
these two indices.

To summarize, we demonstrate that ground states of the
alloy can be feasibly determined based on the ACM, revealing
the connection between stable alloys and geometric symme-
try, i.e., the structures with lower l or NW will become ground
states with greater probability. The number of candidates for
the first-principles calculations is remarkably reduced. Ac-
cording to the formation energies of Ag-Pd, Os-Ru, Ir-Ru,
and Mo-Ru systems, we have predicted many configurations
with higher stability. Our finding provides a standard routine
to screen stable alloy structures, facilitating high-throughput
first-principles calculations of alloys.
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Program of China (No. 2018YFB1502101), Guangdong Ba-
sic and Applied Basic Research Foundation (Grant No.
2021A1515010328), and the National Natural Science Foun-
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