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surface arcs with P213 space group
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Unconventional chiral quasiparticles with twofold, threefold, and fourfold degeneracies and Chern number
(C) = ±2 have recently sparked interest because of their topological chirality in momentum space. Herein, based
on first-principles calculations and symmetry analysis, we propose 14 synthesized topological phonon systems
with space group P213 (No. 198) that host two types of almost-ideal double-Weyl points, which are the fourfold
degenerate charge-2 Dirac point and the threefold degenerate spin-1 Weyl point. Based on the projected local
density of states on the [100] and [101] surfaces of these selected realistic materials, we discovered two visible
winding around the projected double-Weyl points, demonstrating the appearance of phononic double-helical
surface arcs. Furthermore, we constructed a k · p model to determine how the two types of double-Weyl point
phonons coexist in the system with the P213 space group. We believe that this work provides directions for
investigating double-Weyl point phonons and an ideal platform for investigating phononic double-helical surface
states in realistic materials.
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I. INTRODUCTION

Quantum materials with Weyl points (WPs) [1–3] have
sparked a new wave of research in condensed-matter physics.
In 2015, Weyl fermions [4,5] were detected as collective
electronic excitations in the strong spin-orbit coupled and
inversion symmetry breaking crystal tantalum arsenide (TaAs)
[6–12]. WPs are typically divided into two categories: conven-
tional WPs [13–16] and unconventional WPs [17–21]. The
conventional WPs are contributed by two degenerate bands
with a monopole charge of ±1. Conventional Weyl fermions
occur in three-dimensional (3D) crystals that lack inversion
symmetry or time-inversion symmetry or both. Unconven-
tional WPs with a Chern number (C) larger than one are
enabled by additional crystal symmetry.

We point out that a topological charge can result in many
intriguing electronic, optical, and magnetic phenomena, all of
which are strongly influenced by the sign of the topological
charge, e.g., the chirality. The topological chirality in momen-
tum space may result in many physical properties [22–26],
including unique spin texture, large helicoid Fermi arcs, large
topologically nontrivial energy windows, quantized circular
photogalvanic effects, chiral magnetic effects, and unconven-
tional superconductivity.

The double-WP, which is of twofold degeneracy, is a
prominent example of an unconventional WP. Thus far,
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double-WPs with topological charges have been widely stud-
ied in electronic systems [27,28]. Contrary to conventional
WPs, double-WPs have a linear dispersion along one direction
and a quadratic energy splitting in the plane normal to the di-
rection [see Fig. 1 (a)]. In Ref. [29], Fang et al. discussed that
the fourfold and sixfold rotation symmetries are responsible
for the presence of double-WPs. Moreover, the double-WPs
have been demonstrated to have a C of ±2. Generally, the
following effective model can be used to describe it:

HC−2 W P = c1kz + c2k2
‖ + c3kzσ3 + (αk2

+σ+ + H.c.), (1)

where k‖ = √
k2

x +k2
y , k+ = kx + iky, and σ+ = (σx + iσy)/2.

Furthermore, as shown in Figs. 1(b) and 1(c), there are two
additional unconventional WPs with threefold and fourfold
degeneracies and a topological charge of ±2, respectively. Re-
markably, the second type double-WP is expected to resemble
a spin-1 (S-1) quasiparticle model, denoted as S-1 WP. The
third type is of fourfold degeneracy, denoted as C-2 Dirac
point (DP). It contains two C-1 WPs with the same topological
charge.

Very recently, the studies on double-WPs have been ex-
tended to spinless phonon systems [30–32]. Phonons are
bosons that are unaffected by the spin-orbit coupling effect
and not limited by the Fermi level. Additionally, the discovery
of topological phonons [33–42] provides us with a poten-
tial platform to investigate heat transfer, phonon scattering,
and electron-phonon interaction. For example, Zhang et al.
[31] proposed a series of noncentrosymmetric materials, MSi
(M = Fe, Co, Mn, Re, and Ru), hosting double-WPs in their
phonon dispersions by employing first-principles calculations.
Miao et al. [43] were motivated by Ref. [31] and used inelastic
x-ray scattering to measure the phonon dispersion in FeSi,
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FIG. 1. Various types of double-WPs: (a) C-2 WP, (b) S-1 WP,
and (c) C-2 DP.

resulting in the first observation of double-Weyl phonons in
an experiment. Furthermore, the work of Jin et al. [44] estab-
lishes a link between different types of double-Weyl phonons
and provides directions for investigating transitions between
these unconventional quasiparticles.

As a good candidate with double-Weyl phonons, the mate-
rial should at least satisfy the following requirements. First, it
is crucial that no other extraneous phonon bands are nearby in
a certain frequency, since otherwise they may complicate the
interpretation of measured properties. Second, the topological
surface modes, arising from the projections of the crossing
points, should greatly facilitate the experimental detection.
That is, the arc-shaped surface modes of candidate materials
with double-Weyl phonons should be as visible as possible
(i.e., not covered by the bulk phonon modes). Third, the mate-
rial should be stable and easy to synthesize. These conditions
limit the suitable candidate materials, and currently, there is
still an urgent need to search for realistic material systems to
realize the double-Weyl phonons.

In this work, using the first-principles calculations and
symmetry analysis, we show that 14 realistic materials with
the P213 space group have two different types of ideal
double-Weyl phonons (i.e., S-1 WP and C-2 DP phonons) in
their phonon band structures. Meanwhile, these double-Weyl
phonons can induce double-helicoid surface arcs, which are
two visible arcs that wind around the projected double-WPs
(at R and � points). Furthermore, a detailed k · p model was
constructed to analyze the physics of the two types of double-
Weyl phonons that coexist in these phonon systems. These
reported realistic materials, which have a P213-type struc-
ture, are expected to be promising ideal targets for realizing
double-Weyl phonons and double-helicoid surface states in
experiments.

II. COMPUTATIONAL METHODS
AND MATERIAL CANDIDATES

The ground state of the materials was determined using the
density-functional theory [45], and the exchange-correlation
functional was handled using the generalized gradient ap-
proximation [46] with the Perdew-Burke-Ernzerhof [47] func-
tional. Additionally, the projector augmented-wave method
[48] was used for interactions between ions and valence elec-
trons, and a cutoff energy of 500 eV was set during the
calculations. We used a �-centered k mesh of 9×9×9 for
Brillouin zone (BZ) sampling. Furthermore, dynamic lattice
calculations were performed to obtain the phonon dispersions
of the materials using the density-functional perturbation the-
ory, as implemented in the PHONOPY package [49]. The

TABLE I. Experimental and theoretical lattice constants of
HfSO, SnRh, GeRh, AsPdS, CaPtSi, NiSbS, SrPIr, SrSiPd, SbIrS,
BiIrS, BaPIr, NiAsS, AlPt, and AlPd.

Experimental lattice Theoretical lattice
Materials constants (a/b/c) constants (a/b/c)

HfSO 5.682 Å [53] 5.738 Å
SnRh 5.122 Å [54] 5.213 Å
GeRh 4.862 Å [55] 4.951 Å
AsPdS 5.949 Å [56] 6.033 Å
CaPtSi 6.320 Å [57] 6.384 Å
NiSbS 5.881 Å [58] 5.960 Å
SrPIr 6.325 Å [59] 6.384 Å
SrSiPd 6.500 Å [60] 6.569 Å
SbIrS 6.025 Å [61] 6.104 Å
BiIrS 6.143 Å [56] 6.224 Å
BaPIr 6.531 Å [62] 6.551 Å
NiAsS 5.688 Å [58] 5.710 Å
AlPt 4.865 Å [63] 4.918 Å
AlPd 4.859 Å [64] 4.909 Å

topological signatures of the [100] and [101] phonon surface
states were calculated by constructing a Wannier tight-binding
Hamiltonian of phonons [50]. The Wilson loop approach
[51,52] was used to calculate the Chern number C on a sphere
enclosing the Weyl node by tracking the evolution of the
hybrid Wannier charge centers. In this work, we selected 14
realistic material candidates with the P213 space group. These
14 materials are HfSO, SnRh, GeRh, AsPdS, CaPtSi, NiSbS,
SrPIr, SrSiPd, SbIrS, BiIrS, BaPIr, NiAsS, AlPt, and AlPd
materials. They are all realistic materials [53–64]. To deter-
mine the magnetic ground state of above materials, an energy
comparison was made among three different configurations:
ferromagnetic, antiferromagnetic, and the nonmagnetic sys-
tems, with the help of density functional theory calculations.
The magnetic ground state for these materials is nonmagnetic
state (see Fig. S1 in Supplemental Material (SM) [65]). We
optimized the lattice constants for these 14 materials, and the
obtained lattice constants alongside the previous experimental
lattice constants are shown in Table I.

We used only the ternary cubic HfSO system [53] as a
typical example to demonstrate its double-Weyl phonon be-
havior in the following discussion because all 14 materials
belong to the same space group, i.e., P213-type. Figure 2(a)
depicts the crystal structure of P213-type HfSO, which

FIG. 2. (a) Crystal structure of P213-type HfSO and (b) bulk BZ
and selected symmetry paths (blue lines).
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FIG. 3. (a) Phonon dispersion of HfSO along the M-R-X -�-X ′ paths. (b) The enlarged phonon dispersion in the R1 region. The inset
figures (green boxes) show the C of the bands around the C-2 DP and S-1 WP. The three bands around the S-1 WP are labeled C = +2, −2,
and 0, respectively. The four bands around the C-2 DP are labeled as C = +2, and –2, respectively. Three-dimensional phonon bands around
the (c) C-2 DP and (d) S-1 WP.

contains 12 atoms in its unit cell, with four Hf atoms occupy-
ing the 4a (0.681476, 0.818523, 0.181476) and 4a (0.318523,
0.318523, 0.318523) Wyckoff positions, four S atoms at
the 4a (0.919353, 0.419353, 0.080646) and 4a (0.580646,
0.580646, 0.580646) Wyckoff positions, and four O atoms
situated at the 4a (0.403952, 0.596047, 0.096047) and 4a
(0.903952, 0.903952, 0.903952) Wyckoff positions. Based on
the first-principles calculations, the crystal structure of HfSO
is completely relaxed, and the equilibrium lattice constants are
a = b = c = 5.738 Å (see Table I), which agrees well with the
experimental values (a = b = c = 5.68 Å) [53].

III. ALMOST IDEAL DOUBLE-WEYL PHONONS IN HFSO

Based on the selected M-R-X -�-X ′ symmetry paths in the
three-dimensional BZ [Fig. 2(b)], the phonon dispersion of
HfSO along the symmetry paths is shown in Fig. 3(a). Ac-
cording to the figure, the HfSO system is dynamically stable
because there is no imaginary frequency mode in its phonon
dispersion. We mainly focus on the phonon bands in the 9.0-
to 10.6-THz frequency region (labeled as R1), which are well
separated from the phonon bands in other frequency regions.
To further investigate the topology of the phonons in R1,
we plotted an enlarged phonon dispersion of this region in
Fig. 3(b).

Two evident topological signatures can be observed in R1:
the C-2 DP, which has a fourfold degeneracy at the R point,
and the S-1 WP, which has a threefold degeneracy at the �

point. The green boxes in the inset of Fig. 3(b) show the
C values of some nontrivial phonon branches around the R
and � points. The four bands around the R point have a
nonzero C of ±2, exhibiting nontrivial topological behavior.
Similarly, the three bands around the � point have a C of
±2 and 0, respectively, confirming the existence of nontrivial
topological S-1 WP at point �. The three-dimensional phonon
bands around the C-2 DP and S-1 WP are plotted in Figs. 3(c)
and 3(d), respectively. The red dots in Figs. 3(c) and 3(d)
indicate the C-2 DP and S-1 WP, respectively. Moreover, the
C-2 DP and the S-1 WP, at the R and � points in R1, can
be viewed as almost ideal double-Weyl points due to they are
with ultraclean phonon band dispersions.

It is worth noting that the C-2 DP and the S-1 WP in a
P213-type structure are symmetry enforced [66]. We present
a detailed symmetry analysis of the C-2 DP and S-1 WP
to better understand their physics. The small point group at
the � point is also the T point group. Importantly, T is the
smallest point group that can enforce a S-1 Weyl nodal point
[67]. Hence, it could intrinsically protect a threefold band
crossing since it has a three-dimensional irreducible repre-
sentation (IRR). On this basis, the symmetry operations and
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time-reversal symmetry (TRS) can be written as

C3,111 =
⎛
⎝

0 0 1
1 0 0
0 1 0

⎞
⎠, (2)

C2z =
⎛
⎝

−1 0 0
0 −1 0
0 0 1

⎞
⎠, (3)

C2y =
⎛
⎝

−1 0 0
0 1 0
0 0 −1

⎞
⎠, T = I3×3K. (4)

Thereafter, the effective model adopts the form of a S-1
fermion:

HS−1 WP = −γ k · S, (5)

where S is the S-1 matrix, which satisfies the angular momen-
tum algebra [Si, Sj] = iεi jkSk . For S-1 WP, the three bands had
a C of +2, 0, and –2, respectively [see Fig. 1(b)]. The S-1
WP also had a C-2 topological charge, similarly to the S-1
fermion.

The C-2 DP is located at the R point, which has a small
point group belonging to the T point group generated by
a threefold rotation along the [111] direction and a dou-
ble twofold rotation symmetry along the x and y directions,
namely C3,111, C2x, and C2y. In particular, there are two two-
dimensional IRRs in SG 198 that can be connected to each
other by the TRS to form a 4D IRR, resulting in a fourfold
band crossing. To be specific, the spatial operations and TRS
under this 4D IRR take the following forms:

C3,111 =
√

2

2

⎛
⎜⎜⎝

ei 5π
12 −ei 5π

12 0 0
−ei π

12 −ei π
12 0 0

0 0 e−i 5π
12 iei π

12

0 0 −e−i π
12 −e−i π

12

⎞
⎟⎟⎠, (6)

C2x = −i�3,1, C2y = i�02, T = i�1,0K, (7)

where K is the complex conjugation, �i, j = σi ⊗ σ j (with
i, j = 1,2,3), and σ ’s is the Pauli matrix.

Under the constraints from the symmetries, the effective
model satisfies

O(R)H (k)O−1(R) = H (Rk), (8)

where O is the matrix representation of the corresponding
symmetry operation (R), and R runs across all generating
elements. Therefore, the effective model for C-2 DP can be
derived as follows:

HC−2 DP = c1 +

⎡
⎢⎣

−c2kz c2k+ 0 0
c2k− c2kz 0 0

0 0 −c2kz −c2k−
0 0 −c2k+ c2kz

⎤
⎥⎦, (9)

indicating a isotropic C-2 Dirac point. Here c’s are real param-
eters. According to Eq. (9), the C-2 DP is a composition of two
isotropic WPs with the same charge, which then contributes
to a DP with a doubling charge. In addition, the essential
symmetry operations that protect the C-2 Dirac point are the
two twofold rotation symmetry. Together with T , they satisfy
(C2yT )2 = −1, {C2x,C2y} at R point, leading to a C-2 Dirac
point, but with an isotropic dispersion in all directions.

FIG. 4. [(a) and (b)] Bulk BZ and the [100] and [101] surface
BZs. (c) The surface local density of states (LDOS) of the phonons
on the [100] surface and (d) the isofrequency arcs cut at 9.71 THz.
(e) The surface LDOS of the phonons on the [101] surface and (f) the
isofrequency arcs cut at 10.28 THz. The nontrivial surface states are
indicated by the white arrows in (c)–(f).

IV. PHONONIC DOUBLE-HELICOID
SURFACE ARCS IN HFSO

Subsequently, we examined the phononic surface states
to further confirm the topological signatures of the C-2 DP
and S-1 WP. Figure 4(c) shows the surface local density of
states (LDOS) of the phonons on the [100] surface along the
M-R-M′ paths [Fig. 4(a)]. The R and M points are projected
to R and M in the [100] surface BZ. Figure 4(d) depicts the
isofrequency surface contours at 9.71 THz [see the white dot-
ted line in Fig. 4(c)]. As expected, double arc-shaped surface
states emerge from the projection of the C-2 DP (i.e., R point),
corresponding to the obtained topological charge of the C-2
DP (i.e., |C| = 2). In Fig. 4(b), we selected the X′, �, and
X points in the three-dimensional BZ and projected them to
the X′, �, and X points in the [101] surface BZ. Figures 4(e)
and 4(f) show the surface LDOS of the phonons on the [101]
surface along the X-�-X′ paths and the isofrequency surface
contours at 10.28 THz, respectively. From these figures, the
projection of the S-1 WP, i.e., point �, can be concluded to
produce two arcs that reflect the double arc-shaped surface
states. More importantly, the surface states are not covered by
the bulk band projection, which could be very beneficial for
the experimental detection.
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FIG. 5. (a) The surface LDOS of the phonons on the [100] surface and (b) the isofrequency arcs at six frequency cuts (named cuts 1–6).
The white arrows in (a) and (b) indicate the double surface arcs connected at the � and R points

In Fig. 4, two surface arcs are observed to be connected
to the projected double-Weyl phonons because the |C| of
the double-WPs is equal to 2. The two surface arcs are
confirmed to be double-helicoid surface arcs. Figure 5(a)
depicts the surface LDOS of the phonons along M-�-R-M
on the [100] surface. Six frequency cuts (named cuts 1–6)
were chosen to exhibit different isofrequency surface con-
tours. Figure 5(b) depicts the results of the different isofre-
quency surface contours. In this figure, the two double-WPs
at � and R are projected to � and R in the [100] surface BZ.
As the frequency increases from cut 1 to cut 6, two noticeable
phononic surface sheets (see white arrows) wind around the
projected double-WPs at � and R. Two surface arcs wind
anticlockwise around the � point, while two surface arcs wind
clockwise around the R point. Thus, the projection of the
double-WPs would be a double-helicoid [19].

V. ADDITIONAL NOTES

In addition to HfSO, the other 13 material samples with
space group P213 (No. 198) are included in Figs. S2–S14
(see SM [65]), where the almost ideal C-2 DP and S-1 WP
can also be observed, to support the inspirational findings of
the double-WP phonons. Furthermore, two visible phononic
surface arcs are connected to the projected S-1 WP and C-2
DP because of the topological charge of these double-WPs.

The following points are worth noting for the benefit of
experimenters: Inelastic x-ray scattering can be used to probe
the bulk phonon dispersion in the whole THz frequencies,
and thus this technique is recommended for determining
the proposed double-Weyl phonons in the material samples
used in this study. Some experimental techniques, such as
high-resolution electron energy loss spectroscopy, helium
scattering, and terahertz spectroscopy, are recommended for

detecting the proposed phonon surface states of these material
samples.

For the HfSO, we examined the phonon mode displace-
ments of three overlapping bands (No. 26-28) at the � point
to understand the S-1 WP around 10.30 THz. Moreover, we
also calculated the phonon mode displacement of four over-
lapping bands (No. 25-28) at the R point around 9.80 THz to
examine the C-2 DP. The results of the corresponding modes
are presented in Fig. S15 (see SM [65]). From Fig. S15, large
displacements are observed to arise from the vibration of the
O and S elements.

VI. CONCLUSION

In summary, based on first-principles calculations and
symmetry analysis, we propose fourteen synthesized P213-
type materials that host two types of almost ideal double-WP
(C-2 DP and S-1 WP) phonons. We also calculated the pro-
jected LDOS of the selected fourteen materials on the surface
BZ. The results show that the visible phononic surface arc
around the projection of a double-WP is a double-helicoid arc,
meaning that two screw surfaces wind around the projected
double-WP. Our theoretical results predict a series of almost
ideal realistic materials with double-Weyl phonons. They also
determine the occurrence of rare phononic double-helicoid
surface arcs and add to the understanding of topological
phonons with topological charges.
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