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Enhanced thermoelectric ZT in the tails of the Fermi distribution via electron filtering
by nanoinclusions: Model electron transport in nanocomposites
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Silicon carbide nanoparticles with diameters around 8 nm and narrow size distribution have been finely mixed
with doped silicon nanopowders and sintered into bulk samples to investigate the influence of nanoinclusions
on electrical and thermal transport properties. We have compared the thermoelectric properties of samples
ranging from 0%–5% volume fraction of silicon carbide. The silicon carbide nanoinclusions lead to a significant
improvement in the thermoelectric figure of merit ZT largely due to an enhancement of the Seebeck coefficient.
A semiclassical Boltzmann transport equation is used to model the electrical transport properties of the Seebeck
coefficient and electrical conductivity. The theoretical analysis confirms that the enhancements in the thermo-
electric properties are consistent with the energy selective scattering of electrons induced by the offset between
the silicon Fermi level and the carbide conduction band edge. This study proves that careful engineering of the
energy-dependent electron scattering rate can provide a route towards relaxing long-standing constraints in the
design of thermoelectric materials.
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I. INTRODUCTION

The imperative for reducing global use of energy from
fossil fuels is incontrovertible, and humanity is faced with the
difficult task of sharply reducing its consumption of hydrocar-
bon deposits while the energy demand continues to increase as
the world becomes more industrialized. The societal and eco-
nomic hurdles to reducing energy use are rendered less painful
by using energy more efficiently. Towards this end, realizing
good thermoelectric (TE) performance in bulk materials that
are abundant, inexpensive, and environmentally benign is a
holy grail of renewable energy technologies and has the po-
tential to transform our use, and reuse, of energy [1,2].

Unfortunately, designing efficient thermoelectric materials
is a far-from-trivial task that requires careful optimization of
several design parameters, such as doping level, charge carrier
concentration, and thermal conductivity. Thermal to electric
power conversion efficiency is described by the dimension-
less figure of merit, ZT = (σS2)/(κe + κl )T , where κe is the
electrical contribution to the thermal conductivity, κl is lat-
tice thermal conductivity, σ is the electrical conductivity, S is
the Seebeck coefficient (thermopower) and T is the tempera-
ture [3]. The product in the numerator, σS2, is referred to as
the power factor (PF). For a given material, it is challenging
to decouple the transport terms independently. For instance,
doping can increase electrical conductivity, decrease thermal
conductivity via electron-impurity scattering, but decrease the
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Seebeck coefficient. Much of the research on thermoelectrics
has focused on (a) the search for materials with inherently low
thermal conductivity, such as skutterudites and chalcogenides
[4] and/or (b) the control of nanoscale features to hinder
thermal transport by phonons without affecting electronic
transport properties [5–9]. While promising, these approaches
rely either on materials that can be rare and expensive, lim-
iting their potential for large-scale terrestrial applications or
on the control of nanoscale features such as diameter and
length of nanowires, which also poses synthetic difficulties for
large scale implementation. Here we present our most recent
experimental and theoretical results on the use of nanoscale
additives to improve thermoelectric performance in common
bulk semiconductor materials such as silicon. In this work, we
demonstrate a tunable route for synthesizing such materials
and a theoretical exploration of the scope that these materials
could offer for enhancing the power factor.

This study is motivated in part by our recent findings
suggesting that oxide inclusion, spontaneously nucleated dur-
ing the sintering of silicon nanoparticles, can be effective at
improving thermoelectric power conversion [10]. While the
mechanism is attractive, this synthesis route is problematic
since the thermodynamically driven nucleation of oxide in-
clusions is difficult to control, meaning that inclusions’ size
and density are not easily and independently tunable. Here
we use silicon carbide nanoparticles as an additive that is
mechanically mixed via ball milling with silicon feedstock
powder. The addition of even a minor quantity of silicon
carbide nanoparticles (5% by volume) increases the over-
all ZT performance significantly, largely due to enhanced
phonon scattering from the nanoparticles. However, careful
transport measurements, coupled with detailed modeling of
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the electronic transport properties, strongly indicates that part
of the observed performance enhancement originates from
the mechanism of electron energy filtering—an approach to
enhancing a material’s thermopower by selectively scatter-
ing low-energy electrons. This mechanism recuperates the
damage to the electrical properties caused by the addition of
nanoparticles [1,3].

In our SiC/Si system, the improvements in power factor
are relatively modest, however, our synthesis approach is very
flexible allowing one to create similar nanostructure using
different materials systems. So although bulk silicon is not
an efficient thermoelectric material due to its high thermal
conductivity [11,12], its well characterized electrical transport
properties make it an excellent model system to study the
scope for using electron filtering to enhance the thermoelectric
performance. Using the our transport model, the latter part of
this article explores this question, and suggests that carefully
designed nanoinclusions can enable one to increase dop-
ing concentration without the usual decrease in the Seebeck
coefficient. As such, the approach overcomes long-standing
intrinsic constraints that have limited the power conversion
efficiency of thermoelectric materials.

II. SYNTHESIS AND THERMOELECTRIC
TRANSPORT PROPERTIES

Freestanding silicon carbide nanoparticles with an aver-
age diameter of 8 nm and narrow size distribution were
produced using the plasma synthesis reactor described in
Ref. [13]. These were then mixed with phosphorus-doped
silicon nanopowder and sintered via hot pressing at 1160 ◦C to
create monolithic polycrystalline materials containing a dis-
persion of SiC nanoparticles. This synthetic approach makes
use of the capability of nonthermal plasmas to (a) nucleate and
grow small particles thanks to electrostatic stabilization [14]
and (b) to grow high-quality crystals of materials with high
melting point because of the exothermic reaction occurring at
the crystal’s surface while in the plasma [15].

Three different materials were created that had 0%, 1%,
and 5% SiC by volume fraction. These materials have grain
sizes of 147, 115, and 88 nm, respectively, and the SiC par-
ticles are dispersed within the grains as can be seen in the
scanning transmission electron microscopy (STEM) image of
the sample with 5% SiC in Fig. 1(a) and its corresponding
energy-dispersive x-ray spectroscopy (EDS) compositional
map in Fig. 1(b). Domains with a size around 100 nm are
clearly distinguishable, consistent with the grain size mea-
sured using x-ray diffraction. Spherical inclusions around
8 nm in size are also clearly present, both within the grains,
and on the grain boundaries. The elemental map shows that
these are rich in carbon which strongly suggests that the
small inclusions are SiC nanocrystals. The full detail of the
materials’ synthesis and their characterization is described in
Ref. [16].

The electrical and thermal transport properties of the three
sample materials were characterized at the Jet Propulsion Lab-
oratory using the techniques described in detail in Ref. [16].
The measured thermal conductivity is shown in Fig. 1(c).
Even without SiC inclusion, at room temperature, the thermal
conductivity of the heavily doped polycrystalline Si is less

than one-fifth of single-crystal Si. The thermal conductivity is
dominated by phonon transport, and the addition of nanopar-
ticles further reduces the thermal conductivity.

All electrical property measurements were made during a
temperature sweep where the sample was heated from room
temperature to 1300 K at a rate of 180 K/hour, and then
cooled back down to room temperature. Electrical conductiv-
ity and carrier concentration were measured from a custom
high-temperature Hall Effect using a four-point probe Van der
Pauw method described in Ref. [17]. The Seebeck coefficient
was measured using a small �T Seebeck coefficient mea-
surement system with the procedure described in Ref. [18].
The electrical conductivity measured during both the heat-
ing and cooling sweeps for the three materials is plotted in
Fig. 1(d). These show that on initial heating, conductivity
falls linearly with temperature up to around 900 K, after
which it rises abruptly. On cooling, the conductivity does not
follow the same return path. Corresponding behavior is seen
in the measured carrier concentrations (described in detail
later) indicating that this irreversible change arises from an
initial supersaturation of electrically active P dopant in the
as-sintered samples. Above around 900 K, the dissolved P
becomes mobile and drops out of solution (or forms defect
clusters that are not electron-donating), lowering the carrier
concentration. However, the solubility of P rises with tem-
perature, and above around 1000 K dopant is redissolved
into solution, and the carrier concentration and conductivity
rise. During the cooling process, the P dopant drops out of
the solution until around 800 K, below which the P is once
more immobile. We do not expect to see a similar irreversible
change in the carrier concentration on subsequent heating
cycles. In addition to the change in conductivity with temper-
ature, there is a clear trend for the reduction in conductivity
with increasing volume fraction of SiC inclusions due to the
extra electron scattering that they cause.

The irreversible change in carrier concentration is also
seen in the thermopower, the magnitude of which is plot-
ted in Fig. 1(e). In parabolic band materials with energy
independent electron scattering, the Seebeck coefficient has
a N−2/3

i dependence on the carrier density Ni [19], so in
this case, for each sample, the thermopower increases mod-
erately after the heating-cooling cycle due to the removal
of the initial P supersaturation. However, a more signif-
icant increase in thermopower is seen to come from the
addition of SiC nanoinclusions. We note that the addition
of undoped SiC inclusions has the effect of reducing the
overall doping concentration in the material—an effect that
would cause the magnitude of the Seebeck coefficient to in-
crease and the electrical conductivity to decrease, consistent
with the trends seen in Fig. 1. With 5% of the P-doped
Si replaced with SiC one would expect a 5% reduction in
the net carrier concentration assuming that the Si matrix
maintained the same P concentration. However, the room
temperature carrier concentrations measured in the as-sintered
0% and 5% SiC samples are 3.3×1020 and 2.9×1020 cm−3,
respectively. This 12% decrease in the carrier concentration
perhaps indicates that P is segregating to grain bound-
aries or the Si/SiC interface. More importantly, although
larger than expected, a 12% decrease in carrier concentra-
tion is expected to yield only a ∼9% increase in Seebeck
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FIG. 1. Experimental characterization of the sintered SiC/Si nanocomposites. (a) shows a TEM micrograph of a fibbed cross-section of
the SiC/Si composite with a 5% volume fraction of SiC particles. Image (b) shows the corresponding composition map obtained from energy-
dispersive x-ray spectroscopy (EDS). (c)–(f) show the measured transport properties as a function of the temperature of the parent silicon
with no inclusions (blue) and SiC/Si nanocomposites with 1% (red) and 5% (gold) of SiC nanoparticles by volume. (c) shows the total thermal
conductivity. (d) and (e) show the materials’ experimentally measured electrical conductivity σ , and Seebeck coefficient S, respectively. In these
plots, the open circles show the properties during initial heating from room temperature, and the closed dots show the properties measured as
the system is cooled back down to room temperature. The nonmonotonic trends, and the divergence of the heating and cooling curves in σ and
S are due to changes in dissolved electrically active P as described in the text. Overall, it can be seen that the addition of inclusions degrades the
electrical conductivity but increases the magnitude of the Seebeck coefficient sufficiently that the overall power factor is increased. (f) shows
the thermoelectric figure of merit ZT computed using Gaussian process (GP) regression fit to the experimental data in (c) and (d). Again, open
circles are for heating, and dots are for cooling. The uncertainty band from the GP model is a similar width to the plotting symbols and so if
not drawn for clarity.

coefficient, not the ∼50% increase that was measured. This
strongly suggests that the reduction in carrier concentration
alone is not sufficient to explain the magnitude of the change
in electrical transport properties. We hypothesize that the ad-
ditional enhancement in thermopower comes from electron
energy filtering due to scattering from inclusions.

To examine this hypothesis, we have developed a semi-
classical model of electron transport that takes as its only
input the measured carrier concentration. This model is able
to reproduce the measured variation in electrical transport
properties with temperature, provided that we account for
the scattering of electrons by SiC nanoinclusions. The model
shows that this scattering imparts an electron energy filtering
effect that can increase thermopower—this enhancement is
significant, almost a 100% increase in the room temperature
Seebeck coefficient from the addition of 5% volume fraction
of SiC.

The measurements of σ and S in Figs. 1(c) and 1(d) were
made on the same sample during the same temperature sweep,
but the measurements were not synchronous, so to compute
the thermoelectric figure of merit ZT [plotted in Fig. 1(f)]
the experimentally measured σ , S, and κ were interpolated
using Gaussian process regression. Overall, the parent sample
(0% SiC) has somewhat poor thermoelectric performance
(ZT = 0.19 at 1300 K). However, the addition of the SiC
inclusions has a significant effect on the transport proper-
ties, with 5% of SiC inclusions producing roughly a 50%
increase in ZT. Most of this increase stems from the reduction
in thermal conductivity, with the reduction of the electrical
conductivity due to inclusions compensated by an increase in
the Seebeck coefficient that produces a small overall increase
in the power factor. It can also be seen that the irreversible
carrier concentration changes from heating to cooling creates
a kink in the ZT profiles during heating that occurs at the same
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FIG. 2. (a) Schematic picture of the energy barrier �Ec for filtering conduction band electrons in Si due to the conduction band offset of
embedded SiC nanoparticles. (b) illustrates the electron energy filtering concept. The upper plot shows the energy dependence of the electron
scattering time, including an additional filtering scattering process that is felt by all electrons with energy less than Uo. The lower plots show
the kernels χ and γ , normalized, and plotted at 500 (middle) and 1200 K (bottom). The additional electron filtering scattering in the shaded
region causes a larger reduction of the τ weighted integral of χ than γ . Panel (c) shows the temperature dependence of the experimentally
measured carrier concentration, Ni, for P-doped silicon with 0% (blue), 1% (red), and 5% (gold) volume fraction of SiC. You open circles and
dots show the measurements made during heating and cooling respectively. The solid and dashed lines show Gaussian process regression fit
(and corresponding uncertainty) to the four least noisy data sets. (d) and (e) show the variation in electrical conductivity and thermopower
with carrier concentration using the same color coding and symbols as in (c). In (d), the black lines provide a guide to the eye to illustrate
the isothermal change in conductivity due to differences in carrier concentration. The dashed line compares how the 0% SiC conductivity at
1285 K would change with Ni and it can be seen that the materials with SiC inclusions are more restive than a material with the same Ni but
without inclusions. The dot-dashed line shows a similar guide fit to the 300 K conductivity of the material with 5% SiC after heating and
cooling. In (e), the black lines show isothermal N−2/3

i dependence expected of parabolic band material. As in (d), the dashed and dot-dashed
lines are fit to the high-temperature measurement of the material with 0% SiC, and the low-temperature measurement in the cooled material
with 5% SiC. The dotted line is fit to the high-temperature measurement of the material with 1% SiC. At both high and low temperatures
the materials with a higher fraction of inclusions have thermopower larger than that predicted by the variation in Ni. (f) plots the electron
lifetime for the different scattering mechanisms described in the text for Si at 500 K with a carrier population of 2.8×1020 cm−3. It can be
seen that the electron-inclusion scattering (purple) is dominant for electrons with energies less than ∼0.12 eV. The scattering of electrons
with higher energies is dominated by electron-impurity scattering (blue). The electron-grain boundary (lg = 50 nm) and electron-inclusion
(inclusion radius of 4 nm) for 5% SiC inclusion are two additional scattering terms Si nanocomposite and are shown in orange and purple,
respectively.

temperature for all three samples. Although there is some loss
in ZT below 800 K after the first heating cycle, the additions
of the nanoparticles provide a large enhancement in ZT that
remains after heating and cooling. The irreversible change
in carrier concentration does not affect the thermoelectric
performance above 1000 K, which is the targeted operating
regime for these materials, but it is opportune for validation
of our transport model, and it means that we have six separate
data sets in which the carrier concentration is varied separately
from the SiC fraction.

The concept of electron energy filtering for the enhance-
ment of power factor relies on the use of energy-selective
electron scattering to impede the transport of electrons with
low energy while leaving unimpeded electrons in energy
states with occupancy most sensitive to changes in temper-
ature. In the n-type Si studied in this work, the filtering is
provided by the band offset of the SiC nanoparticles which
produces a local step in the conduction band edge, as is
shown schematically in Fig. 2(a). The inclusions present a
barrier to the propagation of low-energy electrons—and in
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principle, one can engineer the height of this barrier by doping
the nanoinclusions, or by substituting the SiC for a material
with a different band gap. The concept of electron filtering is
described well in other works [3,20–26], but we reiterate it
here mathematically to set the scene for the model developed
in the next section, and to provide the necessary background
to our exploration of the theoretical limits energy filtering at
the end of this article.

A. Model of transport coefficients in bulk thermoelectrics

The electrical conductivity and thermopower of a popula-
tion of independent charge carriers can be derived from the

Boltzmann transport equation by integrating the contribution
from all carriers states. In an isotropic system where the states
can be enumerated by their energy, and using the single relax-
ation time approximation for the collision operator, these can
be written as integrals over the carrier energy E , so that σ , S,
and κe are given by

σ = −1

3
e2

∫
χ (E , T )τ (E , T )dE = −1

3
e2�0, (1)

S = −1

eT

∫
γ (E , T )τ (E , T )dE∫
χ (E , T )τ (E , T )dE

= −1

eT
(�1 − E f ), (2)

κe = −1

3T
e2

(∫
ζ (E , T )τ (E , T )dE − (

∫
γ (E , T )τ (E , T )dE )2∫
χ (E , T )τ (E , T )dE

)
= −1

3T
�0

(
�2 − �2

1

)
. (3)

Here the function χ (E , T ) = ν2(E )D(E )
df (E , E f , T )

dE
,

lumps together the material’s density of carrier states, D(E ),
and group velocity, ν(E ), with the energy derivative of
the Fermi-Dirac occupancy, f (E , E f , T ), where E f is the
Fermi level. The functions γ (E , T ) = (E − E f )χ (E , T ) and
ζ (E , T ) = (E − E f )2χ (E , T ) [25]. Equations (1)–(3) also
express the relationship between the transport properties and
�n, the moments of the distribution of conductivity over
carriers with different energy, defined as

�n =
{∫

χτdE n = 0
1

�0

∫
EnχτdE n �= 0

. (4)

The Seebeck coefficient from Eq. (2) obtains its largest magni-
tude by maximizing the asymmetry of product Dτν2 about the
Fermi level to move its center of current, �1, away from the
Fermi level. In bulk semiconductors, the relaxation time τ—
from ionic impurities and phonons—is inversely proportional
to the electronic density of states D(E ) [27], with a weak
dependence on carrier energy and a prefactor that appears in
the numerator and denominator of Eq. (2). This makes the
Seebeck coefficient quite insensitive to the overall magnitude
of electron scattering rate and leaves ν(E ) as the only prop-
erty that impacts the Seebeck coefficient. As a result, most
approaches to optimize power factor, σS2, focus on engineer-
ing the band structure and Fermi level to tune the charge
carriers concentration and effective mass to align the Fermi
energy to where the density of states is changing most rapidly
[28]. Unfortunately, these parameters produce countervailing
responses in S and σ , so the overall scope for enhancing the
power factor is limited.

An alternative strategy for generating asymmetry in Dτν2

is to add extrinsic scattering processes (a task that is easier
than engineering intrinsic properties) to break the reciprocity
of D and τ . Introducing any new scattering mechanism
shortens the electron relaxation time and hence reduces σ .
For the Seebeck coefficient, however, τ appears in both
numerator and denominator of Eq. (2), consequently both
numerator and denominator are decreased by the additional
scattering mechanism. The central strategy of electron en-

ergy filtering is to introduce a scattering mechanism that
can reduce the denominator of S faster than the numerator
so that the overall magnitude of the Seebeck coefficient is
increased.

The electron energy filtering concept is illustrated graphi-
cally in Fig. 2(b), which plots normalized χ and γ functions
for the conduction band of silicon on the same axes as τ , the
electron lifetime. For n-doped semiconductors, χ is negative
for any E in the conduction band, and thus γ is positive for
electrons with energy lower than E f . The high-energy tails
in χ and γ look functionally similar, and imposing electron
scattering in the high-energy region has a similar scaling effect
on the magnitude of the integrals in the numerator and denom-
inator of Eq. (2). At low energies around and below the Fermi
energy, χ and γ are functionally very different. In this region,
γ contributes little or negatively to its integrated magnitude,
whereas χ contributes strongly to its integrated magnitude.
Hence introducing processes for selectively scattering elec-
trons with energies in the blue shaded region of Fig. 2(b) will
decrease the denominator of Eq. (2) faster than the numerator,
yielding an increase in S—and can even increase the power
factor.

The addition of SiC dispersoids to Si provides additional
electron and phonon scattering centers that could enable elec-
tron filtering; however, since phosphorous is not expected to
dissolve in SiC, the presence of the nanoinclusions effectively
reduces the overall carrier concentration. To discriminate the
effects of changes in carrier concentration from electron fil-
tering, we require a self-consistent and quantitatively accurate
model of the electrical transport properties. To this end, we
have developed a semiclassical transport model that computed
Eqs. (1) and (2) using the ab initio computed band structure
of pure Si in combination with the experimentally measured
carrier concentration. The calculations were performed using
a python package THERMOELECTRIC that we have made avail-
able for download through GITHUB [29].

B. Evaluation of carrier concentration and Fermi level

The terms D(E ) and ν(E ), in functions χ and γ in
Eqs. (1)–(4) were derived from the conduction band of
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Si computed with density functional theory (DFT) using
the Vienna Ab initio Simulation Package (VASP) [30–32]
using the generalized gradient approximation (GGA) with
the Perdew-Burke-Ernzerhof exchange correlation functional
(PBE) [33] and projector augmented wave (PAW) pseudopo-
tentials [34,35]. A 12×12×12 Monkhorst-Pack k-point grid
was used to sample the Brillouin zone [36]. The group ve-
locity was obtained from the conduction band curvature, ν =
1/h̄|∇kE | along the 〈100〉 direction on the 
 to X Brillouin
zone path. These intrinsic materials’ properties were treated as
temperature independent. The detail of the first-principles cal-
culations can be found in SI [16]. The final term that appears
in the distributions χ and γ is the Fermi level E f . This is not
an intrinsic property, E f is strongly dependent on the carrier
concentration Ni and experimentally this is found to vary
nonmonotonically with temperature as the solubility of the
phosphorus dopant changes. Rather than model the physics of
the temperature dependence of carrier concentration (which
is unrelated to electron transport), we use the empirically
measured carrier concentration as an input and then com-
pute the Fermi level that gives the same carrier population
in the DFT computed conduction band. This circumvents the
problem that DFT underestimates the band gap as the Fermi
level is computed self-consistently from the conduction band
using the conduction band edge to set the reference frame.
The carrier concentration was measured concurrently with σ

and S during the temperature, but the stability of the measure-
ments was inconsistent as can be seen in Fig. 2(c). In some
portions of the experiment, the measurements had little noise
and showed a smooth trend, while in others the measurements
became wildly noisy producing nonsensical values. Smooth
interpolation of these data was obtained by first eliminating
the extreme (nonphysical) outliers and performing Gaussian
process regression using a kernel constructed from the sum
of white noise and Matérns 5/2 covariance function. With
this approach, reasonable fits for Ni with moderate uncertainty
were obtained for the heating sweep of all three materials, but
only for the cooling sweep of the material with 5% SiC—
which are plotted with solid and dashed lines in Fig. 2(c).
The noise in the experimental values for Ni was too great to
provide a meaningful fit to the cooling sweep for the materials
with 0% and 1% SiC, and so only the four reliable Ni data sets
were used in the modeling that follows.

The Fermi levels E f at a given Ni was determined by
inverting the relationship Ni = ∫ ∞

0 dED(E ) f (E , E f , T ) This
inversion was achieved numerically by generating a table of
the carrier concentration Ni computed over a range of T and
E f and then using this table to interpolate E f at a given value
carrier concentration. The Fermi levels computed for the car-
rier concentrations in Fig. 2(c) were in the conduction band at
all temperatures. This implies that there is a range of electron
energies for which γ is positive. The addition of a scattering
mechanism for low-energy electrons is thus expected to lead
to an increase in the magnitude of S.

C. Models of electron scattering processes

Semiconductor TEs are generally doped to beyond their
saturation level (supersaturate solutions). In these materi-
als, strongly screened Columbic force induced by ionized

impurities provide the main source of scattering. The transi-
tion rate between initial (Ei) and final (E f ) energy states has

SR(Ei, E f ) = 2πNie4L4
D

(4πεεo)2 h̄
δ(E f − Ei ), where Lc, , ε, and εo are

the Debye length, volume, relative and vacuum permittivity,
respectively [37]. In this case, the electron lifetime is defined
as

τion(E ) = h̄

πNi

(
e2L2

D
4πεεo

)2
D(E )

. (5)

We use ε = 11.7 to model permittivity in Si [38]. The Debye
length has generalized form of [39]

LD = e2Nc

4πεεokBT

[
F− 1

2
(η) + 15αkBT

4
F1

2
(η)

]
, (6)

where Nc = 2( mckBT
2π h̄2 )

3
2 is the effective density of states in

the conduction band, mc is the conduction band effective
mass and η = E f /kBT . While the electron lifetime in Eq. (5)
serves reasonably well for many semiconductors it has two
shortcomings. The Born approximation fails for slow mov-
ing electrons in a Coulombic potential, and modeling the
scattering as the colligative effect of multiple single im-
purity centers fails to capture any interference effects that
arise as the electron wave function propagate through a ran-
dom distribution of impurities. We modeled the variation in
the conduction band effective mass with temperature using
mc(T ) = m∗

c (1 + 5αkBT ) [40] with m∗
c = 0.23me, where me

is free electron rest mass (9.11×10−31 kg). The reciprocal en-
ergy, α = 0.5 eV−1 describes the deviation of the conduction
band from parabolic. This model assumes linear dependency
on temperature and does not count for degeneracy in high
carrier population. A better model that captures the effects
from dopant concentration needs further study. At moderate
and low carrier populations, the electron-ion charged scat-
tering rate is modeled using Brooks and Herring expression
[37]

τim = 16π
√

2mc(4πεεo)2

e4Ni
(
ln (1 + β ) − β

1+β

)E
3
2 , (7)

where β = 8mcEL2
D

h̄2 . For more details on the derivation of
Eqs. (5) and (7), see Ref. [37].

The second important scattering mechanism in nonpolar
semiconductors like Si is due to scattering from acoustic
phonons—it is particularly important at high temperature.
Ravich has derived an expression for the electron scattering
lifetime due to this inelastic process [41]

τp(E ) = ρν2
s h̄

π�2
AkBT D(E )

([
1 − αE

1 + 2αE

(
1 − �v

�A

)]2

− 8

3

αE (1 + αE )

(1 + 2αE )2

Dv

DA

)−1

. (8)

Here ρ and νs are the crystal’s mass density and speed of
sound, respectively. The terms �v and �A are the electron
and hole deformation potentials, which equal 2.94 and 9.5 eV,
respectively [42]. We use ρ = 2329 kg/m3 and νs = √

(B/ρ),
where the bulk modulus B = 98 GPA [38]. This equation ac-
counts for both absorption and emission of phonons.
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The variation of τion and τp with electron energy are
plotted in Fig. 2(f). Over the range of temperatures and car-
rier concentrations studied here τion dominates except for
very high temperatures where τp takes precedence over τion.
Other intrinsic scattering processes such as electron-electron
and electron intervalley scattering are negligible compared to
these and so are ignored.

III. MODEL OF TRANSPORT IN NANOCOMPOSITE
THERMOELECTRICS

There are three significant differences between the material
with and without silicon carbide inclusions that the electrical
transport properties: (1) there are differences between the dop-
ing concentration and resulting charge carrier concentration
and Fermi energy. (2) The additional inclusions provide an
extra source of electron scattering (with lifetime τnp) that is
not present in the parent Si. (3) The grain size differences
between the three materials and thus the rate of electron
scattering from grain boundaries changes (which has lifetime
τgb). To compute the electron lifetime from the two extra
scattering processes we used Fermi’s golden rule to relate the
transmission probability from the initial energy state to the
distribution of final energy states for a given time-invariant
potential. In the case where energy conservation is imposed
(elastic scattering) the scattering rate in Born approximation
can be written as [6,43]

τ−1(s) = N

(2π )2h̄

∫
E (k′ )=0

Mkk′Mkk′

∇E (k′)
(1 − cos θ )dS(k′). (9)

Here, Mkk′ is the matrix element operator shows the coupling
strength between initial and final wave functions and the num-
ber of ways the transmission may happen, N is the number
density of scattering source and θ is the angle through which
the electron’s momentum is turned between the initial and
scattered states. For Bloch waves, Mkk′ is defined as Mkk′ =∫

ei(k′−k).rU (r)dr [44]. In Eq. (9), S(k′) represents isoenergic
surface of electronic states in k space. For semiconductors
with Si-like band structures with indirect degenerate band gap,
the contour surfaces of k states around the conduction band
valley with energy E (k) above the conduction band edge is

approximated well by an ellipsoid E (k) = h̄2[ (kl −kol )2

2m∗
l

+ k2
t

m∗
t
],

where kl and kt are the components of the wave vector that are
parallel ant transverse to the long axis of the conduction band
valley. The term kol describes the location of the conduction
band minimum, while m∗

l and m∗
t are the effective masses

of electrons traveling along and transverse to the conduc-
tion band valley, respectively. For silicon, m∗

l = 0.98mo and
m∗

t = 0.19mo where mo is free electron rest mass, and kol =
0.852π/a where a is silicon’s lattice parameter of 0.543 nm
[38].

A. Model of electron lifetime for scattering by nanoparticles

The band alignment at the interface of nanoparticles
presents a barrier to electron transport equal to the conduction
band offset, �Ec between bulk silicon and the inclusions, as is
shown in Fig. 2(a). For spherical nanoparticles, the scattering
potential term, given as, U (r) = �Ec�(ro − r), where ro is
the nanoparticle’s radius and �(r) is a dimensionless boxcar

function equal to unit inside and zero outside of the particles.
For the spherical symmetric potential, Mkk′ only depends on
q = k′ − k and is defined as [1,45]

Mkk′ = 4π�Ec

|q|2
(

1

|q| sin (ro|q|) − ro cos (ro|q|)
)

. (10)

At equilibrium, the Fermi energy level of nanoparticles
and parent material aligned leaving the band offset between
SiC nanoparticles and silicon, �Ec, equal to the difference
between Fermi energy level and conduction band edge of
the SiC. For intrinsic semiconductors Fermi energy level is
located at the middle of band gap so that �Ec = 1

2 Eg. The
SiC band gap varies from 2.36 eV at 300 K down to 2.036 eV
at 1200 K following (Eg = 2.39 − 6.0×10−4× T 2

T +1200 ) [38].
Such a variation has negligible effect on scattering rate so that
we used temperature independent value of Eg =2.19 eV (and
therefore �Ec = 1.095 eV) to model electron-nanoparticle
scattering rate. Note that N in Eq. (9), is the number density
of nanoparticles and is equal to N = 3φ

4πr3
o
, with φ the volume

fraction of nanoparticle. We have computed the rates of elec-
tron scattering from SiC nanoparticles by using Eq. (10) in
(9) and integrating over the ellipsoidal approximation for the
isoenergetic surfaces. The resulting distribution of scattering
times τinc is shown in purple in Fig. 2(f).

B. Model of electron lifetime for scattering by grain boundaries

Along with the change in dopant concentration, the ad-
dition of 1% and 5% of SiC nanoparticles results in a 22%
and 40% reduction in the grain size, respectively. It is known
that grain boundaries can cause an electron filtering effect,
particularly if the boundaries include segregated species such
as oxygen that provide centers for trapping charge carriers
[46]. However, this effect only becomes significant in much
smaller grain sizes. For our Si/SiC nanocomposites, even with
a 40% size reduction, the grains are still an order of magnitude
larger than the average electron mean free path in P-doped Si
(which is only a few nanometers only at room temperature for
carrier concentrations in excess of 1020 cm−3) [9]. Further-
more, we have computed the rate of electron scattering from
grains (this is of special importance in the next section where
we evaluate the scope of enhancement in power factor in
Si nanocomposites) using the approach by Minnich et al. in
Ref. [47] in which they have modeled grain boundaries as
decomposition of many local regions, each interacts indepen-
dently with charge carriers and coherently scatters electron
waves. The model potential for grain boundaries in their work
described as

UGB =
{

Uge
−|z|
zo r < rGB

0 r > rGB
. (11)

In this equation, z is the direction normal to the grain with
z = 0 at the center of the grain boundary, rGB is a constant on
the order of the screening length, and zo is a constant related
to the size of the depletion region. Ug in this model is pro-
posed as, Ug = e2N2

t
8εεoNc

, where ε and εo are relative and vacuum
permittivity, respectively, Nc is the doping concentration, and
Nt is the area density of traps. The matrix element of this
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potential is

Mkk′ = 4πUg

[
zo

1 + (qzzo)2

]
r2

o

[
J1(qrro)

qrro

]
, (12)

where J1(qrro) is the first-order Bessel function of the first
kind, q = k − k′, qr and qz are the r and z component of q,
respectively. Equations (9) and (12) are used to compute τgb.
Unfortunately, there is a limit information about the trap area
density (Nt ) and the exact value of zo and ro. Nevertheless, we
know that depletion regime and the screening length are on
the order of few nm. We used Nt = 1013 1

cm2 for trap density
of doped silicon, zo = 1 nm and ro = 1 nm [47].

C. Correction to the electron density of state in nanocomposites

The Fermi level is set by the local doping and resulting car-
rier concentration in the silicon matrix. However, the carrier
concentration that is measured experimentally is the average
carrier concentration, which for the nanocomposites will be
the carrier concentration in the Si matrix diluted by the volume
of inclusions embedded in the matrix. This has the effect of
reducing the density of electronic states which impacts the
conductivity. Thus, to predict σ and S for a nanocomposite
from an experimentally measured carrier density Ni, we first
adjust the carrier density up to obtain the concentration in the
Si matrix Ni matrix = Ni measured/(1 − φ) and use this to find the
Fermi level. Then, after computing σ and S, the conductivity
is adjusted down to give the effective conductivity σeff = (1 −
φ)σ which accounts for the reduced density of states. This
correction is not required for the Seebeck coefficient since the
changes in the density of state cancel out for the denominator
and numerator of S, Eq. (2). We assumed that nanoparticles do
not change the band structure of the Si. It is known that in Si
with narrow nanoparticle spacing, confinement effect leads to
flattening of the conduction band [48,49] and increases the ef-
fective mass [49], making transport coefficients different from
the bulk Si. In this work, however, we consider a relatively
small volume fraction of SiC particles (φ = 0.05) with radii
make the inclusions far apart, and so the SiC nanoinclusions
can be considered as perturbations encountered by the elec-
tronic wave functions of bulk Si.

IV. MODEL VALIDATION AGAINST EXPERIMENT

Figure 2(f) shows the electron lifetime for different scat-
tering mechanisms in Si at 500 K with a carrier population
of 2.8×1020 cm−3. In the parent Si, impurity scattering is
dominant across the whole energy spectrum. However, scat-
tering from inclusions has a stronger energy dependence than
impurity scattering, and so the addition of inclusions creates
a range of low-energy states for which inclusion scattering
is dominant. This fulfills the strategy for electron energy fil-
tering illustrated in Figs. 2(a) and 2(b). This is important as
it shows that unequivocally the enhancement in the Seebeck
coefficient in the experiments is at least partially due to the
filtering effect. Moreover, the lifetimes plotted in Fig. 2(f)
indicate that the additional grain boundary scattering rate is
nearly two orders of magnitude weaker than that required to
explain the experimental results (Fig. 1). The conclusion that
grain boundaries are not influencing the Seebeck coefficient is

also constant with other works in the literature [50]. Figure 3
shows the comparison of the experimentally measured σ and
S with the predictions from the model using the fits to the
measured carrier concentrations. The predictions for the elec-
trical conductivity are in very good agreement with the ex-
periment. For the material with 5% inclusions, omitting the
inclusion scattering results in a significantly poorer prediction
of σ . The model predictions for S are less good, systematically
underestimate the Seebeck coefficient by around 10%. The
Seebeck coefficient is highly sensitive to the band curvature
and so we speculate that our model’s underprediction of S
stems from the limitation in using a single band approximation
to accurately represent the energy states in the whole Brillouin
zone—see, for instance, Ref. [47]. We are yet to test if our
model’s underestimate of the Seebeck coefficient would be
improved using band structures computed using alternative
exchange correlation functionals. Nonetheless, the model pre-
dicts the correct overall trends in S between the different
nanocomposites, and it can again be seen that the predictions
are worse if inclusion scattering is omitted.

Our transport model accounts for four sources of scattering
and contains no tuning parameters. The agreement in Fig. 3
provides strong validation the model captures most of the
phenomena, quantitatively, and that there is an energy filter-
ing effect that arises from the inclusions. However, it is also
apparent that there is some evolution of the microstructure
during the heating and cooling cycle that suggest the presence
of other scattering processes that we have not accounted for in
our model. Some of this is difficult to see because of the uncer-
tainty in the measured carrier concentrations that we used as
the model input. An alternative approach which also provides
convincing validation for the model is to use the model to map
backwards from a measured the electrical conductivity, which
has little noise, to predict the carrier concentration, and then
to use this carrier concentration to to predict the thermopower.
The results of this procedure are plotted in the SI along with a
discussion of their interpretation [16].

V. MAXIMUM THEORETICAL POWER FACTOR
ENHANCEMENT OBTAINABLE

FROM ENERGY FILTERING

In the prior sections, we have validated our transport model
and used it to demonstrate that SiC inclusions in Si provide an
energy filtering effect. Here we extend the use of the trans-
port model to examine how much scope exists for improving
the power factor of Si nanocomposites if one were able to
engineer inclusions or some other scattering mechanism that
provides ideal filtering. The approach of electron energy fil-
tering is to shift the transport distribution’s center of mass by
tuning τ—in essence, blocking or filtering low-energy elec-
trons so that they do not contribute to transport. The concept
has the practical advantage that it is easier to add extrinsic
sources of scattering to the material than it is to tune the
material’s band structure. However, typically one can only
add sources of electrical scattering which means that, as with
tuning χ , enhancement of S, is obtained at the expense of
σ . This can still yield an improvement in ZT providing the
power factor is increased. When tuning the parameters in χ it
is found that the trade-off between S and σ leads to a narrow
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FIG. 3. Validation of the transport model by comparison with experiment. The top row (a)–(d) shows the experimentally measured
conductivity (dots or circles), and the model prediction using the corresponding carrier concentration (solid lines with uncertainty band).
(a)–(c) are for the heating sweep of the material with 0%, 1%, and 5% SiC, and (d) is for the cooling sweep of the material in (c). The same
color and symbol coding is used as in Fig. 1. In (b)–(d), the green lines show the conductivity that would be predicted if the nanoinclusion
scattering process [Eq. (19)] is not included. The uncertainty bands on the prediction arise from the uncertainty in Gaussian process regression
of the carrier concentration. The bottom row of (e)–(h) show an equivalent comparison for the measured and predicted Seebeck coefficient.

window of optimal conditions that maximize the power factor.
However, as we demonstrate below, no such trade-off exists
when tuning τ . Electron energy filtering can always be made
to increase S2 more quickly than σ , enabling the power factor,
in theory, to be increased indefinitely.

A. Cutoff model—perfect filtering

To better understand the enhancement in power factor that
can be obtained with the energy selective filtering we can
consider the extreme case where all the electrons with energy
lower than Uo are completely blocked. For this perfect filtering
case, it is useful to evaluate the fraction of the total transport
integrals in χ and γ as a function of energy above the conduc-
tion band edge. We call these X (E ) and 
(E ) and define them
as

X (E ) =
∫ E

0 dE ′χ (E ′)τp(E ′)∫ ∞
0 dE ′χ (E ′)τp(E ′)

, (13)


(E ) =
∫ E

0 dE ′γ (E ′)τp(E ′)∫ ∞
0 dE ′γ (E ′)τp(E ′)

. (14)

The function X (E ) is always positive, while 
(E ) is neg-
ative for E < EA, where EA is the energy level at which∫ E f

0 dEγ (E ) = − ∫ EA

E f
dEγ (E ). The function 
(E ) is always

less than X (E ) and converges to 1 more slowly than X (E ).

The integral fractions describe how much an energy range
in the conduction band contributes to transport. They can
be used to define, ασ (Uo), the ratio of a materials’ electrical
conductivity with and without energy filtering. Similarly, we
define αS (Uo) and αPF(Uo)

ασ (Uo) = 1 − X (Uo), (15)

αS (Uo) = 1 − 
(Uo)

1 − X (Uo)
, (16)

αPF(Uo) = (1 − 
(Uo))2

1 − X (Uo)
. (17)

The power factor enhancement, αPF(Uo), always rises
above unity for small values of Uo, but falls back below
one when 
(Uo) = 1 − √

(1 − X (Uo)). The optimum filtering
threshold for power factor enhancement, U ∗

PF, satisfies the
condition

U ∗
PF = E f − eT S

2

(
1 − 
(U ∗

PF)

1 − X (U ∗
PF)

)

= E f − eT S

2
αS (U ∗

PF), (18)

where S is the Seebeck coefficient in the bulk material. This
implies that E f < U ∗

PF < EA. Figure 4(a) shows the variation
of power factor with carrier concentration for ideal electron
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FIG. 4. (a) shows the variation of power factor of P-doped Si with carrier concentration as a function of the electron perfect filtering
threshold, Uo at 500 K. (b) shows the model prediction of the electrical transport properties in P-doped Si at 500 K. The top panel shows
the conductivity σ (blue, left ordinate axis) and thermopower S (red, right ordinate axis), while the bottom panel shows the power factor
(purple, left ordinate) and the optimal perfect filtering threshold Uo relative to the Fermi level (green, right ordinate, solid, and dashed lines,
respectively). The transport coefficients for the bulk and 5% SiC additive dispersoids are plotted in solid and dash lines, respectively. The filled
markers are the experimentally measured quantities for the bulk Si (triangle) and Si/SiC (1% SiC in square, 5% SiC during heating in diamond
and during cooling in circle) membranes. The maximum PF through ideal filtering is the plotted dot-dash line. Without exploiting energy
filtering there is an optimal carrier concentration for the thermoelectric power, and the experimental materials are very close to it; however,
by exploiting energy filtering it is possible to continue increasing the power factor by increasing the carrier concentration. The model predicts
that at this temperature there is considerable scope for further enhancement of the power factor through ideal electron filtering. (c) shows the
comparison the perfect filtering model (τo = 0 fs solid lines) and a less perfect filtering model (τo = 10 fs, dashed lines) as a function of the
energy filtering threshold Uo. The carrier concentration is fixed at 1020 cm−3, the red, orange, and yellow plots correspond to temperatures of
300, 500, and 1300 K, respectively. Shorter τo is more beneficial for power factor enhancement, but the optimal Uo depends on temperature.
(d) shows the variation of Lorenz’s number with carrier concentration for in a nanocomposite containing SiC nanoparticles with radii of 3 and
50 nm (dashed and dotted lines, respectively). The blue lines show the prediction from Kim et al.’s model and red lines the predictions from
this work. The solid red line shows Lorenz’s number for bulk Si. The temperature is fixed at 500 K.

filtering in Si as a function of energy filtering cutoff Uo at
500 K. This suggests that theoretically there is considerable
room for further improvement to the power factor. More sur-
prising is how the maximum obtainable power factor changes
with carrier concentration as plotted in Fig. 4(b)—it shows
that if one can tune the energy filtering threshold then one
should adopt a new paradigm for the design and optimization
of thermoelectric materials. In the traditional picture of a n-
type thermoelectric, the material’s power factor is maximized
at carrier concentrations that place the Fermi energy at the
conduction band edge. However, if one applies perfect energy
filtering one can obtain a greatly enhanced power factor by
doping the material so as to push the Fermi energy deeper

into the conduction band. In fact, ZT can be raised indefinitely
if one can continuously increase both the carrier concentra-
tion and the filtering threshold, even the though the thermal
conductivity in the denominator of ZT becomes dominated
by electron transport and also increases. It is the discovery of
this unlimited scope for enhancing thermoelectric ZT that is
hiding in the tails of the Fermi distribution that is referred to
in the title of this article.

B. Generalized cutoff model

While the perfect cutoff model suggests an extremely
large enhancement in power factor, it is not feasible to com-
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pletely block low-energy electrons, here, we instead take a
phenomenological approach. Regardless of the mechanism
of scattering, we assume that the scattering rate from in-
clusions is largest for low-energy electrons and weaker for
high-energy electrons (consistent with Fermi’s golden model
of nanoparticles scattering rate). The reverse trend is true for
ion scattering and so we assume that scattering of low-energy
electrons is dominated by scattering from inclusions but that
there can exist crossover energy Uo where the scattering of
electrons with energy above this threshold is predominantly
from dopants. The filtering threshold Uo is related to the
conduction band offset �EC . The simplest phenomenological
model of inclusion scattering is to model the additional rate
of scattering as a step function so that electrons with en-
ergy E < Uo are subjected to an additional scattering process
with characteristic lifetime τo, represented mathematically
as

τ−1
c = τ−1

o ϑ (Uo − E ), (19)

where ϑ is the Heaviside function. Matthiessen’s rule is
used to sum the rate of this extrinsic scattering term with
electron-impurity and electron-phonon scattering giving the
total electron scattering rate. Using this scattering function in
the transport model we can examine the model’s prediction
for transport properties of nanoengineered Si. Figure 4(c)
shows the predicted power factor for a material with the car-
rier concentration of n = 1020 cm−3, for ideal cutoff model
(τo = 0 fs) in red and generalized cutoff model (τo = 10 fs) in
blue, if we could independently control Uo and τo. This pro-
vides several important insights. The first is that the optimal
filtering threshold, Uo, for enhancing power factor is relatively
independent of τo and vice versa. Figure 4(c) also shows that
if the filtering threshold is not optimal electron filtering can
diminish the power factor rather than enhance it. Shorter τo is
more beneficial for power factor enhancement, but the optimal
Uo depends on temperature.

VI. MODEL PREDICTION FOR ELECTRON
THERMAL CONDUCTIVITY

We finish our examination of the effect of nanoscale size
particles on the electrical transport coefficients by briefly
discussing the electronic thermal conductivity. The κe is con-
ventionally related to σ through Wiedemann-Franz law (κe =
LσT ). The term L is known as Lorenz number and varies
from 2×(kB/q)2 = 1.49×10−8 W  K−2 in dielectrics with
low carrier population where acoustic phonon scattering is
dominant, up to π2

/3×(kB/q)2 = 2.44×10−8 W  K−2 for free
electrons (degenerate limit) [51]. In bulk Si κe � κl the lattice
conductivity, and so inaccurate prediction of κe has negligible
impact on the prediction of ZT. However, when the material is
highly nanostructured so that κl is suppressed to being com-
parable in magnitude with κe, then incautious determination
of Lorenz number may lead to inaccurate estimation of ZT.
Flage-Larsen et al. proposed an analytic solution for Lorenz
number based on single parabolic band model as a function
of carrier concentration, temperature and effective mass [52].
Kim et al. proposed a thermopower-dependent expression for

the Lorenz number [51].

L = 1.5 + e[− |S|
116 ], (20)

where L is in 10−8 W  K−2 and S is in μV/K. This model
predicts κe to within 5% for single parabolic band/acoustic
phonon scattering assumption. Substituting the BTE Eqs. (1)
and (3) in Wiedemann-Franz law leads to following ratio for
Lorenz number:

L = 1

(eT )2

(∫
ζ (E , T )τ (E , T )dE∫
χ (E , T )τ (E , T )dE

−
∫

γ (E , T )τ (E , T )dE∫
χ (E , T )τ (E , T )dE

)

= 1

(eT )2

(
�2 − �2

1

)
. (21)

This equation is valid for noninteractive electrons with weak
coupling with impurities or lattice vibration with elastic scat-
tering. Figure 4(d) shows the variation in Lorenz number with
carrier population and inclusion size in Si/SiC nanocomposite
system at 500 K using Eqs. (20) and (21). Overall, Kim’s
model and the BTE model predictions are reasonably similar.

VII. CONCLUSIONS

To summarize, we have demonstrated a new route for the
synthesis of bulk thermoelectric materials with well-dispersed
nanoinclusions. The novel plasma processing route for the
synthesis of SiC nanoparticles decouples the control of
inclusions properties from the densification and annealing of
the bulk matrix. This approach is expected to enable improved
control of the inclusion size distribution and number density,
and it is in principle compatible with a wide range of
chemistries that are free from processing constraints of
solubility, nucleation, and ripening for precipitation-derived
inclusions. Overall, this gives access to a rich design palate
for tuning electron energy filtering. The SiC nanoinclusions
demonstrated in this work scatter phonons, but also enhance
power factor by electron energy filtering. A semiclassical
electron transport model was developed to elucidate the
electron energy filtering effect. The model was informed by
the empirically measured carrier concentration and provided
an excellent quantitative fit to the experimentally measured
transport coefficients as a function of temperature with no
tunable model parameters. The model was extended with the
addition of a phenomenological model of energy selective
scattering from inclusions and used to show that energy
filtering must be active in the experimental system. The
model was used to explore the theoretical limit of power
factor suggesting that more than two-fold increase in power
factor could be achieved at 500 K for n-type Si with a
carrier concentration ∼3×1020 cm−3. More remarkable, is
that the theoretical maximum obtainable power factor using
electron energy filtering continues to rise monotonically with
increasing carrier concentration, substantially altering the
constraint imposed by carrier concentration on the design of
thermoelectric materials.

The raw data from these measurements and calculations is
available upon request from the corresponding authors.
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