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Site-independent strong phonon-vacancy scattering in high-temperature ceramics ZrB2 and HfB2
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Similar effects of metal and boron vacancies on phonon scattering and lattice thermal conductivity (κl ) of ZrB2

and HfB2 are reported. These defects challenge the conventional understanding that associates larger impacts
to bigger defects. We find the underlying reason to be a strong local perturbation caused by boron vacancy
that substantially changes the interatomic force constants. In contrast, a long ranged but weaker perturbation is
seen in the case of metal vacancy. We show that these behaviors originate from a mixed metallic and covalent
bonding nature in the metal diborides. The thermal transport calculations are performed in a complete ab initio
framework based on Boltzmann transport equation and density functional theory. Phonon-vacancy scattering is
calculated using ab initio Green’s function approach. Effects of natural isotopes and grain boundaries on κl are
also systematically investigated, however we find an influential role of vacancies to explain large variations seen
in the experiments. We further report a two-order of magnitude difference between the amorphous and pure-
crystal limits. Our results outline significant material design aspects for these multifunctional high-temperature
ceramics.
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I. INTRODUCTION

Transition metal diborides exhibit a unique range of prop-
erties. They have excellent mechanical features such as ultra
high melting temperature (>2500 ◦C), high flexural strength
of the order of few hundreds of MPa, hardness of few tens
of GPa, and appreciable oxidation resistance [1–5]. Further-
more, they show good electrical and thermal transport [6,7].
Recently, they were investigated for superconductivity as
well as thin film applications [8–13]. Thus, metal diborides
are interesting for low- to ultrahigh-temperature applications
[1,14,15].

ZrB2 and HfB2 have gained much attention recently due
to their higher stability [1]. They are actively investigated for
applications with a prime focus on thermal transport such as in
aerospace vehicles, hypersonic flights, and thermal protective
coating [16–19], demanding a good understanding of thermal
transport in these materials.

Several experimental studies on the thermal conductivity
of ZrB2 and HfB2 (collectively referred as MB2 hereafter)
are found in the literature [7,20,21]. Zhang et al. [7] mea-
sured diffusivity by photothermal radiometry technique and
from that determined the total thermal conductivity (κ)—the
sum of electronic (κe) and lattice thermal conductivity (κl ).
However, they found κe to be the significant contribution to
κ , whereas κl is estimated ∼10 Wm−1 K−1 at 300 K for both
MB2. A similar trend is found in other experiments too, while
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not much is mentioned about the purity of MB2 samples
except the grain sizes that are reported in μm range [21–23].
Inquisitively, a few experiments have shown deviation from
this trend by reporting more than twice the κl values at room
temperature [20]. From the computational perspective, Law-
son et al. [6] implemented molecular dynamics approach.
They reported a higher κl of 54 Wm−1K−1 for ZrB2 and
70 Wm−1K−1 for HfB2. For ZrB2, ab initio study by Xiang
et al. [24] reported even higher κl of 90 Wm−1K−1 at 300 K,
whereas Yang et al. [25] found ab initio calculated κl to be
79 Wm−1K−1 and 49 Wm−1K−1 without and with phonon-
electron scattering respectively. Thus, a large variability in
κl results is seen in literature, where the calculations are
consistently found higher than the experiments. One reason
for this difference could be the presence of native defects
that may appear unintentionally during sample synthesis. Re-
cently, studies exploring the stability of metal and boron
vacancy defects in transition metal diborides have also been
reported [8,26,27], which raises the curiosity to understand
their effects on κl of ZrB2 and HfB2.

In this paper, we present a detailed ab initio study of the
lattice thermal transport in ZrB2 and HfB2. The crucial roles
of vacancies on phonon scattering is investigated along with
an understanding of the intrinsic phonon scattering as well as
the effect of natural isotopes and grain boundaries. Scattering
from the vacancies are calculated with ab initio Green’s func-
tion approach based on T-matrix scattering theory. We find
that the metal vacancies (�M) and boron vacancies (�B) show
surprisingly similar phonon scattering strengths in both ZrB2

and HfB2, thus demonstrating a distinctive characteristic of
“vacancy site independence” of the thermal transport in these
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materials. This behavior is further investigated by examining
the vacancy created perturbations and we find a pronounced
effect of the smaller �B than the bigger �M in both MB2. Our
results provide a tangible explanation for the κl variations seen
in literature for ZrB2 and HfB2 [20,28]. Finally, amorphous
limit results are discussed that give an estimate of the κl lower
bound.

II. COMPUTATIONAL METHODOLOGY

Ab initio thermal transport calculations are performed us-
ing almaBTE code [29], with extended implementation of
Green’s function approach for defects as in Refs. [30–32]. The
lattice thermal conductivity tensor κl at a given temperature T
is calculated as [29,33,34]

κl = 1

kBT 2N�

∑
λ

n0λ
(n0λ

+ 1)(h̄ωλ)2vλ ⊗ vλτλ
(1)

where ω is the phonon frequency, v the group velocity, n0 the
equilibrium occupation and τ the relaxation time for phonon
mode λ. The normalisation factor includes unit-cell volume
� and q-point mesh density N . Final κl is calculated here as
an average of in-plane and cross-plane components of thermal
conductivity tensor as κl = tr(κl )/3. Total τ is given as

τ−1
λ =

∑
m=anh,

iso, def, ...

τ−1
λ,m

where the summation is over different phonon scattering
mechanisms (m) for each phonon mode λ. For perfect infi-
nite lattices of MB2, we include only intrinsic three phonon
scattering τ−1

anh as described in Ref. [33]. Scattering through
isotopic mass disorder τ−1

iso is further included using the
methodology by Tamura et al. in Refs. [35,36]. τ−1

anh requires
ab initio calculated third-order interatomic force constants
(IFCs) for the crystal, whereas only second-order IFCs and
natural abundances of stable isotopes are needed for τ−1

iso .
Phonon scattering rates due to crystallographic point de-

fects τ−1
def are calculated using the expression obtained from

T-matrix scattering theory and the Optical theorem as [30,37],

τ−1
λ,def = − fdef

�

�def

1

ωλ

�{〈λ | T | λ〉}. (2)

where fdef is the number fraction of defects and �def the
volume of a defect. The T matrix is given as

T = (I − Vg+)−1V (3)

where g+ is the Green’s function for perfect crystal, I the
identity matrix, and V the perturbation matrix illustrating the
differences between defect and perfect structures. V is the sum
of IFC and mass perturbations, V = VK + VM , where VM is
specially the on-site perturbation. In the case of vacancies, this
on-site contribution is not relevant due to absence of atom at
the defect site. Thus, we have V = VK only for �M and �B

in MB2. IFC perturbations are considered only up to third-
nearest neighbor of every atom in a sphere of radius ∼5 Å
(6 NN) centered at the vacancy site. VK is further corrected
using an iterative scheme to annihilate the nonzero terms
beyond the cut-off, as discussed in Ref. [30].

FIG. 1. Side and top view of MB2 hexagonal crystal structure
(space group P6/mmm). The structure has stacked up alternate layers
of metal (pink) and boron (blue) atoms.

The atomic forces to determine IFCs for perfect and de-
fect structures are calculations using density functional theory
(DFT) package Quantum Espresso [39–44]. 5×5×4 super-
cells of ZrB2 and HfB2 are considered for IFC calculations.
Second- and third-order IFCs are extracted as implemented in
Phonopy and thirdorder.py respectively [33,45]. Further com-
putational details and expressions for different perturbations
V are found in the Supplemental Material (SM) [46].

III. RESULTS AND DISCUSSION

A. Atomic structure and phonons

Figure 1 shows the hexagonal crystal structure of MB2

with alternate stacking of metal and boron layers (space group
P6/mmm). Both the boron and metal layers are planar with
covalent and metallic bonding nature, respectively. The inter-
layer bonding in MB2 has mixed ionic and covalent behavior
[15,47,48]. With such bonding, MB2 has a compact unit cell
with three atoms (one metal and two borons) and only slight
differences in the ⊥ and ‖ lattice parameters (c/a � 1). The
obtained relaxed cell parameters for ZrB2 are a = 3.17 Å,
c = 3.54 Å, and HfB2 are a = 3.13 Å, c = 3.47 Å, which
are in good agreement with literature (see SM for details)
[46,49,50].

Phonon dispersion curves for ZrB2 and HfB2 are shown
in Fig. 2. Several overlapping features could be seen for
these compounds due to their same crystal structures and the
fact that Hf and Zr are iso-group elements. For both MB2,
there are in total nine phonon branches at a given q-point
(three acoustic and six optic branches) and a similar disper-
sive nature of these branches is seen in the IBZ path. The
differences in the phonon dispersion are mainly seen in the
phonon frequency range and acoustic-optic gap. ZrB2 with
larger unit-cell volume (� = 31.059 Å3) has slightly narrower
frequency range than HfB2 (� = 29.87 Å3). Bonds are stiffer
in HfB2 than ZrB2. Thus, HfB2 bonds can be imagined as
stronger springs with larger IFCs, leading to a wider phonon
frequency range. Figure 2 also shows acoustic-optic energy
gaps for both ZrB2 and HfB2, however with different widths.
The acoustic-optic (a-o) gap is due to mass variations of
the constituting elements (here, mZr

mB
= 8.44, mHf

mB
= 16.51),

as heavier elements contribute majorly to the low-frequency
modes and vice versa (ω ∝ 1/

√
m). Furthermore, as the tran-

sition metal mass increases, mHf (= 174.49 amu) > mZr ({=}
91.22 amu), the frequencies of acoustic modes are lowered

065403-2



SITE-INDEPENDENT STRONG PHONON-VACANCY … PHYSICAL REVIEW MATERIALS 6, 065403 (2022)

Γ K M Γ A
0

20

40

60

80

100

120

140

160

ω
(r

ad
p
s−

1
)

ZrB2

Γ K M Γ A

HfB2

FIG. 2. Phonon dispersion of ZrB2 and HfB2. The calculations
(lines) are compared with the available experiments (dots) for
ZrB2(0001) surface phonons [38].

in HfB2. The calculated phonon dispersion of ZrB2 is further
compared with available experiments on surface phonons of
ZrB2(0001) produced by electron energy loss spectroscopy
[38]. Surface termination leads to interlayer bond breaking,
which affects the force constants and softens the acoustic
modes than in bulk [38]. To our knowledge, no experiments
on “bulk phonons” are found in literature. Overall, we find a
good agreement with the experiments and previous ab initio
investigations [15,51].

B. Thermal conductivity of MB2

A fair intuition of κl of a material could be gained from
its phonon dispersion. A large a-o phonon gap reduces an-
harmonic scattering and thus could lead to high thermal
conductivity [30,32]. Similarly, higher phonon group veloc-
ities, obtained as ∂ω/∂q, contribute to a higher κl . However,
a further detailed comment requires explicit calculation of the
phonon relaxation time τ and κl .

Firstly, we take up the pristine cases of ZrB2 and
HfB2. Considering a large variation in the literature values
[6,7,20,21,24,52], we perform a convergence analysis of κl

at first. The experimental literature values considered here are
only the lattice contribution of measured thermal conductivity
given in Refs. [7,20,52]. These are obtained by separating
out significant electronic contributions in such ceramics orig-
inating from their metallic behavior [52,53]. Figure 3 (inset)
shows ZrB2 and HfB2 κl variation with respect to the cut-off
radius (rcut-off) used for the IFC calculations. Only within this
rcut-off, the double atomic displacements are considered while
calculating third order IFCs for τ−1

anh. The analysis is done at
two different temperatures and we find convergence for a large
rcut-off of ∼6.5 Å (9th atomic neighbor shell). This analysis
helps to avoid the ambiguity of a higher κl reported previously
[24,25], that could result from using a randomly chosen small
rcut-off.

The κl variation with temperature is shown in Fig. 3, where
ZrB2 has lower κl than HfB2 due to a stronger τ−1

anh for ZrB2,
Fig. 4. This originates from both (a) smaller a-o gap and (b)

FIG. 3. κl variation with T for ZrB2 and HfB2 including different
phonon scattering contributions. 0.1% and 1% defect concentrations
are considered to elucidate the similar effect of �M and �B defects
over a range of temperatures. Our results are compared with previous
calculations by Lawson et al. [6] and a general experimental range
of lattice part of thermal conductivity found in most of the literature
[7,21] (excluding outliers [20]). Inset shows κl convergence for ZrB2

and HfB2 with respect to the IFC cut-off radius (rcut-off).

larger cell volume of ZrB2. At 300 K, κl for ZrB2 is nearly
half of that of HfB2. We also include the effect of isotope
scattering—a reportedly significant phonon scattering mech-
anism for wide a-o gap materials [54]. τ−1

iso and τ−1
anh variation

with ω are shown in Fig. 4. The expected behavior of τ−1
iso

prominence at high ω is seen for MB2, where τ−1
iso is of the

same order of magnitude as τ−1
anh. A substantial effect of the

isotope scattering on thermal conductivity is seen over a range
of temperatures, with a reduction of 25% and 21% at 300 K for
ZrB2 and HfB2, respectively, arising due to the mass variances

FIG. 4. Phonon scattering contributions from other phonons at
300 K, natural isotopes and vacancy defects in ZrB2 and HfB2 as a
function of ω. Vacancy concentration of 1% is considered here for
both �M and �B.
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FIG. 5. Variation of κl/κBulk at 300 K (a) with respect to phonon
mean free path (MFP) contributions, and (b) as a function of defect
concentration.

(g) of mostly the heavier elements in the compounds (gZr =
3.42×10−4, gHf = 5.29×10−5) [55]. The effect of isotope
scattering can thus be reduced by synthesizing isotopically
enriched samples. Excellent findings on isotopic enrichment
have recently been reported for boron nitride [56].

C. Effective grain sizes

The differences in the experiments and our calculations of
κl are still large, Fig. 3 (labelled “Isotopic”). Such a differ-
ence cannot be explained by only a strong phonon-electron
scattering in MB2. Yang et al. reported 38% reduction in κl of
ZrB2 considering phonon-electron interactions, although still
higher than the experiments [25]. Moreover, this interaction is
expected to be weaker in HfB2 due to a wider a-o gap. This
hints toward the presence of crystallographic defects in the
samples, such as grain boundaries and native point defects,
manifesting themselves as strong phonon scatterers. As most
of the experiments have reported a low κl [7,20,21], such
defects seem to appear naturally and more frequently during
the synthesis of MB2, specially when no other doping or phase
mixing is reported.

Grains smaller than the mean free path (MFP) of the
phonons will interfere with phonon propagation, whereas
larger grain sizes would have no substantial phonon scattering
effect. Previous experiments on ZrB2 and HfB2 have reported
grain sizes of the order of a few microns in their samples
[7,20]. To gauge their effectiveness in reducing the κl , we
calculated the mode-wise cumulative contribution of κl at
300 K as a function of phonon MFP, Fig. 5(a). We find that
∼85% of the κl contributions are from the phonons of MFP =
10 nm-1 μm for both ZrB2 and HfB2. Thus, grain sizes >1μm
are unlikely to strongly scatter phonons to witness a very low
κl seen in experiments.

D. Effect of vacancies

Native defects such as elemental vacancies, antisites, and
interstitials could be inherent during material synthesis. Out of
these, the antisite and interstitial defects in MB2 are found to

TABLE I. κl values at 300 K for ZrB2 and HfB2 from our
calculations by gradually including anharmonic scattering, isotope
scattering and defect scattering (1% concentration), and within amor-
phous limit. The results are compared with the experiments (only
lattice contribution) [7,20]. Multiple values correspond to different
samples in the study with the mentioned averaged grain sizes in
bracket. Large variation in experiments is evident.

κl (Wm−1K−1)

ZrB2 HfB2

Anharmonic 53.20 85.46
Isotopic 39.78 67.24

This paper �B (1%) 20.30 21.12
�M (1%) 18.94 20.19

Amorphous 0.33 0.26
Expt. Ref. [20] 23

Ref. [7] 6.25 9.09 (5.5 μm)
” 0.6 (10.7 μm)

be energetically unfavorable [15,27]. In fact, our preliminary
phonon calculations for BZr antisites show dynamical insta-
bility [46]. Metal and boron vacancies, even though having
positive formation energies (see Ref. [46] for our calculations
of defect energetics following Refs. [57,58]), are shown to
be more stable than other defects along with their reported
occurrences in MB2 [26,27,58–62].

Defects change the local environment of charge distri-
bution, mass density, chemical bonding, which are static
properties but affect the forces seen by dynamic properties.
Vacancy defects exhibit their effect through change in these
properties only and hence are phenomenologically treated like
any other point defect. However, vacancies could create rela-
tively larger distortion in the lattice than other point defects
due to the absence of atom and consequently broken local
bonds. These distortions act as strong scattering centres for
phonons [32,63]. The τ−1

�M
and τ−1

�B
are calculated using Eq. (2)

for given vacancy concentrations, Fig. 4, to further compute
κl . Figure 3 shows the variation of κl with temperature for
only two concentrations—a low (0.1%) and a high (1%) con-
centration respectively, whereas κl as a function of vacancy
concentration at T = 300 K is presented in Fig. 5. Noticeable
effects of both �M and �B on κl are seen, Table I and Fig. 3.
For ZrB2, κl reduction (at 300 K) of 13% and 15% is seen for
0.1% of �M and �B respectively, which increases up to 52%
and 49% for 1% defects. Similar trend is seen for HfB2 with
κl reduction of 27% and 32% for 0.1% and 70% and 69% for
1% of �M and �B, respectively.

One of the striking features seen in our results is the similar
effect of �M and �B on κl . The similarity is seen across a
wide range of temperatures and concentrations, Figs. 3 and 5.
For a quantitative understanding, we introduce a κl similarity
measure (Sκl ) by calculating the geometric mean of the ratio
of κl,�M

and κl,�B
as

Sκl =
(

n∏
i=0

κl,�M
/κl,�B

)1/n

,

where index i runs through the temperature (T = 250 −
900 K) and concentration (c = 10−3 – 10%) individually to
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FIG. 6. Squared-L2 norm of the perturbations (a) IFCs (VK ) and
(b) atomic positions (VP) with reference to the distance from the
vacancy (d) for �M and �B vacancies respectively in ZrB2. Strong,
short ranged IFC perturbations are seen for �B, in contrast to weaker,
long-ranged perturbations for �M. Similar trends are seen for HfB2

in the SM [46].

give Sκl ,T and Sκl ,c, respectively. Sκl should be ∼1 to exhibit
a good similarity, which we clearly see in our results with
S0.1%

κl ,T
, S1%

κl ,T , S300 K
κl ,c equal to 0.99, 1.02, 1.12 for ZrB2 and

0.96, 0.99, 1.08 for HfB2, respectively. Such a trend is due
to comparable phonon scattering rates of �M and �B, Fig. 4.
The comparison is further explained by finding a Pearson’s
correlation coefficient of 0.97 in τ−1

�M
and τ−1

�B
using isotonic

regression. This is surprising because boron is less than half
the size of and around an order of magnitude lighter than Zr
and Hf. Thus, a common understanding is that the transition
metal vacancies scatter phonons more strongly than boron
vacancies. This is also true in the case of Klemens model
that considers vacancy perturbations as V = −m� − 2〈m̄〉,
where m� is the mass of vacancy and 〈m̄〉 the average atomic
mass in the lattice [64–66]. Thus, Klemens model suggests
a stronger phonon scattering by �M due to a higher mass
perturbation than �B. However, the explicit consideration of
the IFC perturbations (VK ) in our ab initio Green’s function
approach reveals a prominent effect of �B irrespective of its
smaller size.

To investigate deeper, we looked into the perturbations
created by both the vacancies in MB2, Fig. 6. The squared-L2

norm of VK is plotted as a function of the distance from the
vacancy (d). ‖VK‖ for �B is stronger in the neighborhood of
the vacancy site than that for �M, and the effect drops quickly
with increase in d . In contrast, �M exhibit a long-range effect
in its perturbations. Perturbations in atomic positions (VP) are
also found to be more for �B, suggesting that the prime cause
of strong τ−1

�B
stems from large atomic displacements near the

vacancy, Fig. 6(b). On the other hand, �M shows some atomic
rearrangements only near the defect site. This extraordinary
behavior in ZrB2 and HfB2 comes from peculiar nature of
their bonding. Study of electron localization function (ELF)
by Lawson et al. [15] highlights the covalent bonding in B lay-
ers and metallic bonding between M layers. Covalent bonding

is known to be stronger and directional in space, breaking of
which leads to an increased local entropy and strong pertur-
bations than for the case of metallic bonding. Consequently,
we see τ−1

�M
∼ τ−1

�B
in ZrB2 and HfB2, a phenomenon, which

could be present in other diborides too. Boron is previously
found to be a super scatterer in SiC too, exhibiting resonant
phonon scattering [30].

Figure 5 further elucidates the region of maximum impact
of �M and �B on κl at a given temperature. A sharp reduction
in κl is seen for the vacancy concentrations ∼0.05%–5%, a
range that has also been studied for stability and supercon-
ductivity in MB2 [26,58–61]. κl flattens for concentrations
<0.01% and >10%, where τ−1

anh leads in the former case and
τ−1
�M/B

in the latter.

E. Amorphous limit

Finally, to find the lower bound of κl in MB2, we have cal-
culated the amorphous limit of κl using Cahill’s model that has
previously shown good agreement with experiments [67,68].
This lower limit could give an estimation of κl at extremely
high temperatures. As proposed by Cahill et al. [67] phonon
lifetimes in the case of highly disordered structures are taken
to be half of their oscillation periods, τ = π/ω. Using these
phonon lifetimes and full phonon dispersion, we calculate the
thermal conductivity of ZrB2 and HfB2. The obtained results
are shown in Fig. 3, where κl < 0.5 Wm−1K−1 is found for
both MB2. In contrast to the bulk case, HfB2 has slightly
lower κl in the amorphous case than ZrB2, which is primarily
because of higher phonon velocities in ZrB2 (calculated speed
of sound, vsZrB2

= 7.2 Km s−1 > vsHfB2
= 5.3 Km s−1). It

is worth noting that amorphous κl are around two orders
of magnitude smaller than the experiments for both MB2,
Table I, which indicates that the samples with more disorder
and defects could show further low κl in experiments. This
is an important aspect while designing for both low and high
thermal conductivity applications of these high-temperature
ceramics.

IV. CONCLUSIONS

To conclude, we have studied crucial effects of �M and �B

on the κl of ZrB2 and HfB2. Our results reveal a large effect
of smaller boron vacancy having a similar phonon scattering
strength as that of bigger metal vacancy. We have explained
this behavior due to strong local perturbation created by boron
vacancies. We have also elaborated on other phonon scattering
contributions such as isotopes and grain boundaries, where we
majorly find that the effective grain sizes for these materials
are in the range <1 μm. Furthermore, the amorphous limit of
the lattice thermal conductivity is also explored, which serves
as the lower bound limit of κl . We find that �M and �B play
an important role in explaining the experimentally found low
lattice thermal conductivity for these diborides. Along with
different phonon scattering mechanisms studied in this paper,
it is worth to mention about recently investigated significance
of four-phonon scattering in materials with large a-o gaps
like BAs [69]. Four-phonon scattering is although found to be
less effective at room temperature for ultrahigh-temperature
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ceramic ZrC [70], a detailed study in this respect for MB2 in
future would be certainly informative.

Overall our results serve the aim of predictive materials
modeling by providing the guidelines to tune the thermal
conductivity of ZrB2 and HfB2. A large control on κl could
be achieved by managing the concentrations of �M and �B in
the samples according to the application. In fact, we reveal a
surprising prominence of �B in MB2 and a striking behavior
of “site independent phonon-vacancy scattering”, which could
be explored in other materials too having a mixed bonding
character. Furthermore, our results for pure crystals (only
τ−1

anh) also show that the intrinsic lattice contributions to the
thermal conductivity in these ceramics is large, which could

be further improved by isotope enrichment. Considering the
experimental challenge in tuning the thermal conductivity lies
in finding a middle way between the competing density and
purity parameters of the samples. With this view, our study
provides crucial material design aspects for range of applica-
tions for which these metal diborides are actively investigated.
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