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Short-to-medium range structure and glass-forming ability in metallic glasses
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In this paper, we investigate the clustering model and glass-forming ability (GFA) in response to variant
compositions and cooling rates. The structural units are obtained by molecular dynamics and hierarchical
clustering. In the clustering model, a nesting relationship from small- to large-scale units, i.e., from short-
to medium-range order, is observed during the hierarchical clustering. Furthermore, the packing efficiency of
short-range units is applied to depict the GFA, and the result suggests that the packing efficiency is not strictly
increased with respect to cooling rate. A positive correlation between a high packing efficiency and a large
skewness is found, which validates that alloys with the stronger GFA have a more disordered structure.
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I. INTRODUCTION

The atomic structure of metallic glasses (MGs) is a
formidable scientific challenge in condensed matter physics.
Unlike metallic crystals, MGs have no long-range transla-
tional or orientational order, although some degrees of short-
and medium-range order do exist [1]. Initially, the local units
in MGs were supposed to have the same type of structure
as their crystalline compounds with similar composition in
the stereochemically defined model [2,3]. This model is still
controversial, as the experimental evidence has not been
conclusive. Solute-centered clusters were identified as the fun-
damental building blocks or short-range order in MGs [4–6].
Taking the earlier models further, the idealized cluster packing
schemes, such as efficient cluster packing on a cubic lattice [4]
and quasi-equivalent clusters on an icosahedral packing [5],
were proposed and provided insights on the medium-range
order in MGs. Recently, a local SU(2) bonding topology de-
picted the connectivity rules in the model of binary glasses [7]
based on the local bonding constraints developed by Nelson
[8]. These structural motifs play an important role in under-
standing the structure of MGs. Here, we propose innovative
structural motifs containing one, two, and three coordination
layers to study the structural model about the MGs.

Indirect criteria to estimate glass-forming ability (GFA)
have been proposed [9,10], including the critical cooling rate
[11], width of subcooled liquid zone [12,13], and reduced
glass transition temperature [14]. Li et al. [15] discovered
a universal indicator �q, i.e., the width of the first peak in
x-ray diffraction (XRD), for depicting GFA. Additionally,
numerous investigators suggest that glass formation of an
alloy is affected by short-range order and its interconnectivity
[16,17]. It was perceived that the structures of MGs could
contain partial crystalline orders [18], and the hidden orders
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were formulated by inheriting the order of the crystal during
glass formation [19]. The formation of hidden orders during
cooling and their topological entanglement produced geomet-
ric frustration against crystallization, which correlated closely
with the GFA [19]. From a short-range perspective, the higher
atomic packing efficiency resulted in stronger glass formation
[20,21]. There was also a correlation between medium-range
structure and glass formation in Zr-Cu-Al MGs, and the re-
sults suggested that improving GFA in this alloy system may
depend more on destabilizing crystallike structures than en-
hancing noncrystalline structures [22].

How to depict the short-range order to long-range disorder
in MGs has remained an open problem. Motivated by this
issue, we propose a structural model of MG by molecular
dynamics and hierarchical clustering (a kind of method in
machine learning). Here, we choose the binary Cu-Zr MG as a
representative material because it has a broad composition re-
gion forming MG ribbons [23] and a relatively simple system
[24]. Initially, we use molecular dynamics simulation to get
the atomic coordination of CuZr MGs, then structural units
are obtained directly from the atomic position without human
intervention. A clustering model is proposed according to the
nesting relation of structural units. In addition, the packing
efficiency of the structural motifs is utilized to investigate the
effects of alloy composition, cooling rate, and structural order
on GFA.

II. METHODS

A. Preparation of Cu-Zr MGs

The initial B2 Cu-Zr alloy is enlarged by 20×20×20,
50×50×50, and 100×100×100 to construct Cu50Zr50 MGs
containing 16 000, 250 000, and 2 000 000 atoms, respec-
tively. The Cu and Zr atoms account for half each. Based
on the embedded atom method potential [25], the periodic
boundary condition is applied to simulate in three Cartesian
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directions. Relaxing the system 2 ns under the isothermal-
isobaric (NPT) ensemble, the initial temperature of the system
is 2798 K, and the pressure is 0 GPa. A time step of 2 fs is
used. The system is cooled down continuously to 298 K at
the rate of 20 K/ps and relaxed for 2 ns to obtain the stable
amorphous state. For the Cu50Zr50 alloy containing 16 000
atoms, Cu50Zr50 MGs are obtained at cooling rates of 1011,
1012, 1013, and 1014 K/s of different orders of magnitude
and rates of 5×1012, 8×1012, 5×1013, and 8×1013 K/s of
different values of the same order of magnitude. Moreover, we
randomly substitute an appropriate number of Cu atoms with
the same number of Zr atoms in the initial alloy (Cu50Zr50

alloys with 16 000 atoms) to obtain Cu40Zr60, Cu64Zr36, and
Cu80Zr20 alloys. The corresponding MGs are obtained by the
same rapid cooling method. They are applied to investigate
the impact of composition on GFA.

B. Structural units obtained by hierarchical clustering

Hierarchical clustering is the most common unsupervised
machine learning method to find natural groupings and pat-
terns in data [26]. The hierarchical clustering algorithm can
be further classified into agglomerative method and divisive
method according to whether the hierarchical decomposition
is formed bottom up or top down. Here, we adopt the agglom-
erative method. Specifically, Statistic and Machine Toolbox
[27,28] functions including pdist , linkage, and cluster per-
form all the necessary steps. Firstly, the similarity between
every pair of atoms should be recognized. The pdist function
is used to determine the Euclidean distance between every
pair of atoms. Secondly, the atoms are grouped into a binary,
hierarchical dendrogram. The linkage function is applied to
determine how atoms should be divided into clusters ac-
cording to the proximity between atoms in the dataset. As
data points are paired into binary clusters, the newly formed
clusters are grouped into larger clusters until a hierarchi-
cal dendrogram is determined. Thirdly, the cluster function,
T = cluster(X, maxclust, m) is used to create clusters by
detecting natural groupings in the hierarchical dendrogram X .
Here, m is the number of categories into which the clustering
dendrogram is finally divided, but it is not a certain number. It
is determined by the number of times required to filter out all
structural units that meet the conditions (the number of atoms
in the structural unit is less than or equal to the truncation
parameter) under the selected truncation parameter currently.
The truncation parameter is chosen as the number of atoms
in the short- and medium-range structural units. See also the
Supplemental Material [29] for the pseudocode of hierarchical
clustering.

We want to get the structural units of different scales (with
different coordination layers). Short-range order refers to the
nearest-neighbor atomic environment, and medium-range or-
der refers to the second or third nearest-neighbor arrangement
[30]. From the atomic-pair distribution function g(r) in Fig. 1,
Cu50Zr50 MG has obvious first and second peaks and weak
third peaks due to structural characteristics. The cutoff dis-
tance of first, second, and third neighbors r1, r2, and r3 are
selected, respectively, and we can get structural units with the
first, second, and third layer coordination numbers n1, n2, and
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FIG. 1. Atomic-pair distribution function g(r) of Cu50Zr50 metal-
lic glass and the cutoff distance r1, r2, and r3.

n3, respectively, combined with Eq. (1):

n = 4πρ

∫ r0

0
r2g(r)dr, (1)

where n is the coordination number corresponding to the
radial distance r0, and ρ is the number density. Here, n1 + 1,
n2 + 1, and n3 + 1 are selected as truncation parameters, re-
spectively. Taking truncation parameter n1 + 1 as an example,
the specific clustering process is as follows. Beginning with
m = 1, m is incremented by 1. All the effective structural
units (i.e., the atomic number in structural units is less than
or equal to n1 + 1) will be recorded under m = N (N is a
positive integer). Then m = N + 1, the qualified structural
units that have no intersection with the previously recorded
results are recorded. The clustering process ends when all
atoms are grouped into effective structural units. The cluster-
ing process with n2 + 1 and n3 + 1 as truncation parameters
is similar. In this way, we apply hierarchical clustering to the
whole Cu50Zr50 MG to obtain the short- and medium- range
structural units.

Moreover, according to Miracle’s efficient cluster packing
model [4,31], the nearest coordination number of the central
solute atom of the cluster is calculated by Eq. (2) but not in
the average sense:

NT =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

4π

6arccos
{

sin ( π
3 )

[
1− 1

(R̃+1)2

]1/2}−π
, 0.225 � R̃ < 0.414,

4π

8arccos
{

sin ( π
4 )

[
1− 1

(R̃+1)2

]1/2}−2π
, 0.414 � R̃ < 0.902,

4π

10arccos
{

sin ( π
5 )

[
1− 1

(R̃+1)2

]1/2}−3π
, 0.902 � R̃ < ∞,

(2)

where NT represents the coordination number of the solute
atom in the first coordination shell, and R̃ is the ratio of
the atomic radius at the center of the cluster to the radius
of coordination atom. This NT also can be selected as the
truncation parameter to get the structural units that only have
the nearest coordinate layer. Then the packing efficiency of
structural units is calculated to explore GFA.
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FIG. 2. The nested relationships of structural units with different
scales in hierarchical clustering. The three green rectangles frame
three structural units with one coordination layer, the red rectangle
frames a structural unit with two coordination layers, and the whole
hierarchy dendrogram is a structural unit with three coordination
layers.

III. RESULTS AND DISCUSSION

A. Clustering model

How the short-range ordered structure is stacked into the
long-range amorphous structure is still a difficult problem.
Some existing structural models show how short-range units
form medium-range units [4,5]. Based on the idea of hierar-
chical clustering, we explore how short-range units stack up
to form long-range structures in MG. Bernal’s random dense
packing of hard spheres shows two structural characteristics of
MGs: random and dense-packed [32]. Hierarchical clustering
classifies units according to their similarity. When the similar-
ity is measured by the distance between the atoms, the atoms
in similar structural units are very close to each other, and
such structural units can be understood as dense structures.
Combining with the truncation parameters n1 + 1, n2 + 1, and
n3 + 1, hierarchical clustering is applied to the coordinate data
of MGs to obtain the dense structure with different scales.

How these close-packed structures form the whole struc-
ture is worth discussing. We take Cu50Zr50 MG as an example
to explore its structure. Utilizing n1 + 1 = 14 as the trunca-
tion parameter, the structural units are in small sizes and are
located at the bottom of the hierarchical dendrogram. With
the increasing truncation parameter, the distribution level of
the obtained structural units in the hierarchical dendrogram is
also improved. Figure 2 displays the nesting of units in the
clustering process. The hierarchical dendrograms surrounded
by three green rectangles represent the typical structural units
with n1 + 1 as the truncation parameter, and the hierarchical
dendrogram surrounded by the red rectangle represents the
typical structural unit with n2 + 1 as the truncation parameter.
A whole tree is a unit including 78 atoms with n3 + 1 as
the truncation parameter. In Cu50Zr50 MG, structural units of
different scales are divided under different truncation param-
eters. In the atomic coordinates of structural units obtained
by large truncation parameters, the atomic coordinates of
structural units with small scale as truncation parameters are
found, that is, small-scale units are nested in large-scale units.
Figure 3 shows the nesting relationship of structural units with
different scales. In state I, red, yellow, and blue spherical

FIG. 3. The nested relationships among structural units with one,
two, and three coordination layers. State I is three units with one
coordination layer obtained when the truncation parameter is n1 + 1.
Then these three units are clustered into effective structural units with
two coordination layers in state II due to the small Euclidean dis-
tance. The unit with three coordination layers in state III is clustered
by the two nearest units with two coordination layers in state II.

units represent three short-range units. These three short-
range structural units together constitute the medium-range
unit with n2 + 1 as the truncation parameter in state II. In
the same way, mesoscale structure units are nested within a
large-scale unit in state III.

It is a necessary condition for the model to be established
that the atom-pair distribution function g(r) of the model
agrees with the experimental results. The g(r) of the struc-
tural units with one, two, and three coordination layers are
calculated. The g(r) is a discrete histogram because of the
fewer atoms in structural units. Results show that the fitting
curves g(r) of structural units containing one, two, and three
coordination layers in Figs. 4(a), 4(b), and 4(c) are like the
curves about the first peak, the first two peaks, and the first
three peaks of total atomic-pair distribution function g(r) in
Fig. 1. The process of hierarchical clustering can reveal the
formation process of MG from short to long range. We define
this structural model of MGs connected by clustering trees as
a clustering model.

B. Atomic-scale mechanisms of the GFA

The dense packing principle may be the key factor for
GFA [33]. The higher the packing efficiency, the stronger
the GFA [21]. The NT in Eq. (2) is used as the truncation
parameter to obtain dense structural units. According to the
measured data of Egami and Waseda [34], a Cu atom has a
radius of 0.127 nm, and a Zr atom has a radius of 0.158 nm.
If the Cu atom is the central atom, according to Eq. (2), the
nearest coordination numbers are from 10 to 13. Similarly,
the nearest coordination numbers for the Zr atom are from
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FIG. 4. Structural units and the corresponding atomic-pair dis-
tribution functions for the (a) small scale, (b) medium scale, and
(c) large scale.

13 to 17. Therefore, we select 18 (the maximum number of
atoms in a cluster containing a layer of coordination atoms)
as the truncation parameter of hierarchical clustering. In this
way, the number of atoms in the effective structural units is
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FIG. 5. The average of packing efficiency about Cu50Zr50 metal-
lic glasses in five simulations under different cooling rates.

�18. We divide the effective structural unit into tetrahedral
sets by Delaunay triangulation [35,36]. The packing efficiency
of each structural unit is the sum of the packing efficiency of
the tetrahedron, which is the sum of the atomic volumes in
the tetrahedron divided by the volume of the tetrahedron. The
packing efficiency of the whole MG is the weighted average
of the packing efficiency of structural units. See also the Sup-
plemental Material [29] for the specific calculation of packing
efficiency. The effect of different compositions and cooling
rates on the GFA are investigated by the packing efficiency.

We calculate the packing efficiency of Cu50Zr50 MG under
different cooling rates and the packing efficiency of Cu40Zr60,
Cu50Zr50, Cu64Zr36, and Cu80Zr20 MGs. We do the simulation
five times for each chosen cooling rate with different initial
temperature seeds. The average packing efficiency under dif-
ferent cooling rates is displayed in Fig. 5. Usually, the faster
the cooling rate, the higher the glass transition temperature
Tg, and the easier the glass is to form [37]. For a finer division
on cooling rate, the GFA does not increase strictly monoton-
ically with increasing cooling rate. Under the cooling rates
of 5×1012 and 8×1012 K/s between 1×1012 and 1×1013 K/s,
the GFA fluctuates with the cooling rate. Similarly, under the
cooling rates of 5×1013 and 8×1013 K/s between 1×1013

and 1×1014 K/s, the GFA is still not strictly increasing. This
reveals that the effect of the cooling rate on glass formation
is complex, and different structural realizations are possible
during the process of cooling. Through calculating the pack-
ing efficiency of Cu-Zr MGs with different compositions, we
discover that Cu50Zr50 MG has the highest packing efficiency,
while Cu64Zr36 MG has relatively higher packing efficiency.
The result is displayed in Fig. 6. This is consistent with the
fact that Cu50Zr50 and Cu64Zr36 alloys have stronger GFAs
[21,38].

Recently, Li et al. [15] proposed a �q-GFA positive corre-
lation criterion based on material genes, where �q is the width
of the first peak of XRD. A larger �q indicates a shorter cor-
relation length, and thus, an ordered arrangement of structural
units can only be retained over a small distance, indicating
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FIG. 6. The packing efficiency and skewness of Cu-Zr metallic
glasses (MGs) with different compositions. Cu50Zr50 and Cu64Zr36

MGs have a high packing efficiency, strong glass-forming ability, and
disordered structure.

that the amorphous structure is statistically more disordered.
Here, we also illustrate the relationship between the degree of
order and GFA in MGs with the help of statistical skewness
γ describing the degree of symmetry, which does not depend
on the experimental measurement of �q. Skewness is a dig-
ital characteristic of the degree of asymmetry of statistical
data distribution. See also the Supplemental Material [29]
for the definition and general calculation of skewness. There
is local symmetry in MGs because of the short-range order
[39]. The skewness of structural units with one coordination
layer in Cu40Zr60, Cu50Zr50, Cu64Zr36, and Cu80Zr20 MGs
is calculated to reflect the degree of symmetry, and then the
degree of order is described. Following, we give the specific
calculation about the skewness. Skewness γ of a Cu-Zr MG

is the weighted average value of the skewness of the unit
containing a coordination layer γi: γ = ∑M

m=1 γi, where M
is the number of units containing a coordination layer in a
MG. The skewness of each structural unit containing a coor-
dination layer γi is the root mean square of the square sum
of the skewness of each x, y, and z direction in the structural

unit: γi =
√

(γ 2
x + γ 2

y + γ 2
z ). The value of skewness reflects

the deviation of the atomic position from the central point.
The larger the value of skewness, the lower the symmetry of
structural units and the more the disorder in structural units.
Cu50Zr50 and Cu64Zr36 MGs have a larger skewness among
the Cu-Zr binary glasses, and the result is displayed in Fig. 6.
The variation trends of skewness and packing efficiency of
MGs with different components are consistent. This also val-
idates that alloys with strong GFA have a more disordered
structure.

IV. CONCLUSIONS

Combing molecular dynamics simulation with hierarchical
clustering, we obtain the structural units at different scales
without interference. In the clustering process, we observe
a nesting relationship from small- to large-scale units and
propose a clustering model. Moreover, the packing efficiency
of structural units implies that Cu50Zr50 alloy has a stronger
GFA, and the impact of the cooling rate on glass formation
is not strictly monotonous. The Cu-Zr alloy with a higher
packing efficiency has a larger skewness, indicating that the
alloy with a stronger GFA has a more disordered structure.
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