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Finite-temperature force constants are essential for accurately predicting the thermal conductivity
of rutile TiO2
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Phonon transport in rutile TiO2 between temperatures of 100 and 900 K is investigated using lattice dynamics
calculations and the Boltzmann transport equation. Zero- and finite-temperature force constants are extracted
from density functional theory calculations to examine the effects of finite temperature on phonon properties
and thermal conductivity. Using the zero-temperature force constants leads to thermal conductivity predictions
along the a and c axes that are 50% lower than experimental measurements at a temperature of 300 K. The
underprediction increases as the temperature is further increased. Using temperature-specific force constants,
however, leads to thermal conductivity predictions that fall within the uncertainty bounds of multiple sets
of experimental measurements. Phonon mode analysis reveals that the thermal conductivity underprediction
from the zero-temperature force constants is a result of an underprediction of phonon lifetimes. The life-
time underprediction results from the temperature dependence of (i) the second-order force constants, which
set the phonon frequencies and thus the three-phonon scattering phase space, and (ii) the third-order force
constants, which influence the intrinsic scattering rates. Our results emphasize the importance of including
finite-temperature effects when studying phonon transport in oxides and inform how nanostructuring impacts
the thermal conductivity of rutile TiO2.
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I. INTRODUCTION

Titanium dioxide (TiO2) is a promising material in appli-
cations including photocatalysis [1–3], solar cells [4], lithium
ion batteries [5,6], pigments [7], amphiphilic surfaces [8], mi-
crowave radiation-assisted synthesis [9], and thermoelectrics
[10]. TiO2 naturally occurs in rutile, anatase, and brookite
phases. Rutile is the most common and stable phase at
temperatures below 1800 K [11]. While the optical and elec-
tronic properties of rutile TiO2 have been extensively studied
[12–16], measurements and predictions of its thermal prop-
erties are limited [17–24]. Understanding the carrier-level
behavior that leads to measured thermal conductivities is es-
sential in the design of energy conversion devices using heat
(e.g., thermoelectrics) and in developing thermal management
strategies in any application where there is excess heat gener-
ation, particularly when the TiO2 is nanostructured.

Rutile TiO2 has a tetragonal unit cell and the P42/mnm
space group, as shown in Fig. 1(a). The structure is
anisotropic, with the c-axis lattice constant larger than the
a-axis lattice constant. Around room temperature, the thermal
conductivity of rutile TiO2 has been measured by comparative
[17,18], two-heater [19], and time-domain thermoreflectance
(TDTR) [20] methods. The measured values are collected in
Table I. The c-axis thermal conductivity is always higher than
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that of the a axis. Charvat and Kingery [18], Yoshida [21],
Koenig [22], Ok et al. [23], and Touloukian [24] reported
measured thermal conductivities at higher temperatures and
Thurber and Mante [19] reported data at lower temperatures,
all of which are plotted in Figs. 2(a) and 2(b). Given the
wide spread of the measured values at any given temperature
and the measurement uncertainties, theoretical predictions
are needed to provide fundamental benchmarks and to elu-
cidate the underlying thermal transport physics.

In rutile TiO2, which can be an electrical insulator or
a semiconductor, the dominant heat carriers are phonons.
Recently, a phonon-based computational framework [25–32]
has been widely employed to predict thermal conductivity.
In the framework, harmonic and anharmonic force constants
(FCs) are extracted from first-principles density functional
theory (DFT) and/or density functional perturbation theory
(DFPT) calculations. Using the harmonic FCs, harmonic lat-
tice dynamics calculations are performed to obtain the phonon
frequencies and eigenvectors. The harmonic properties and
the anharmonic FCs are then used to determine phonon scat-
tering rates with perturbation theory (e.g., due to interactions
with other phonons or defects) and/or empirical models (e.g.,
the Fuchs-Sondheimer model for phonon-boundary scatter-
ing). With the full set of phonon properties, the Boltzmann
transport equation (BTE) is then solved for the phonon distri-
bution function and thermal conductivity. This parameter-free
framework has enabled agreement between predictions and
measurements for diverse crystalline materials over a wide
range of temperatures, e.g., silicon [25,33], diamond [34],
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FIG. 1. Rutile TiO2 (a) atomic structure and (b) correspond-
ing first Brillouin zone and its high-symmetry points including Z
(0,0,0.5) (reduced coordinates), A (0.5,0.5,0.5), M (0.5,0.5,0), R
(0,0.5,0.5), and X (0,0.5,0).

and compound semiconductors [35]. The framework has also
been employed to study two-dimensional materials such as
graphene [36] and phosphorene [37].

For oxides, however, this computational framework has
seen limited application [38–44] and less success. The chal-
lenges may originate from the following: (i) Atomic structures
with large unit cells and/or low symmetry (e.g., brookite TiO2

[45], β-Ga2O3 [40]), which lead to large computational cost.
(ii) Naturally occurring oxygen vacancies may result in an
overprediction of measured thermal conductivities (e.g., in
SrTiO3 [41]). (iii) The temperature dependence of the phonon
frequencies. Recent studies have demonstrated the importance
of including temperature-dependent phonon frequencies in
making accurate predictions of the optical properties of MgO
[46] and α-Al2O3 [42]. Our objective here is to examine the
effect of (iii) on thermal conductivity predictions for rutile
TiO2, whose phonon frequencies have a significant temper-
ature dependence [47,48].

The harmonic phonon properties of rutile TiO2 have
been studied using input from first-principles calculations
[47,48,51–54]. Harmonic FCs are typically extracted using
finite differences on structures with displaced atoms or from
DFPT. Such calculations are based on the zero-temperature
energy surface and lead to what we will refer to as the
0 K FCs. Montanari and Harrison [53] examined the effect
of the exchange-correlation functional in DFT calculations
on the phonon frequencies of rutile TiO2 using the finite-
difference method. They found that the generalized-gradient
approximation from Perdew-Burke-Ernzerhof overestimated
the zero-pressure lattice constants and predicted imaginary
transverse optical modes, which indicates an unstable struc-
ture. No imaginary modes were found using the local density
approximation (LDA). Through DFPT calculations with the
LDA, Mitev et al. [54] showed that isotropic tension or
anisotropic compression/tension led to significant soften-
ing of the transverse acoustic (TA) modes and eventually
imaginary frequencies. Wehinger et al. [47] experimentally
observed a significant temperature dependence of the TA
mode frequencies. Their DFPT calculations revealed an un-
derestimation of the TA frequency along the �-Z and M-A
directions in the first Brillouin zone [Fig. 1(b)]. The strain-
and temperature dependencies of the phonon frequencies of
rutile TiO2 indicate the importance of anharmonicity, which

leads to thermal expansion and atomic oscillations in an an-
harmonic energy well.

The impact of thermal expansion can be partially in-
cluded by using finite-temperature lattice constants in the
harmonic framework (i.e., the quasiharmonic approximation).
This approach, however, will predict imaginary frequencies
for structures that are not stable at zero temperature. For
rutile TiO2, Lan et al. [48] demonstrated the failure of
the quasiharmonic approximation by predicting imaginary
phonon frequencies at a temperature of 1373 K. They then
used the temperature-dependent effective potential (TDEP)
method [55–57] to extract finite-temperature FCs from
ab init io molecular dynamics simulations. By doing so, they
were able to computationally reproduce the temperature-
dependent acoustic phonon frequencies and phonon density
of states measured from inelastic neutron scattering. The only
first-principles-based thermal conductivity prediction for ru-
tile TiO2 used 0 K FCs [58].

In the TDEP method, which was developed by Hellman
and co-workers [55–57], finite-temperature FCs are ex-
tracted from atomic force–displacement data sets obtained
from molecular dynamics simulations or stochastic sampling
[59,60]. Using finite-temperature FCs allows for a direct
sampling of the effective potential surface at each finite
temperature considered. By using the TDEP method, the im-
portance of finite-temperature FCs has been shown through
accurate predictions of thermal conductivity in materials such
as Bi2Te3 [61], lead chalcogenides [59], and AlN [62].

In this work, we perform first-principles and lattice dynam-
ics calculations combined with an iterative or direct solution
of the BTE to study the thermal conductivity and phonon
properties of rutile TiO2 at temperatures ranging from 100
to 900 K. Finite-temperature harmonic and cubic FCs are
extracted by the TDEP method, such that we remove all ap-
proximations associated with temperature. We also extracted
the 0 K FCs to assess their validity. We first compare the
predicted thermal conductivities of rutile TiO2 using differ-
ent sets of force constants with available experimental data.
The use of finite-temperature FCs leads to accurate pre-
dictions, while significant underpredictions are found when
using the 0 K FCs. The mode-dependent phonon frequencies,
group velocities, and lifetimes are then analyzed to reveal
the fundamental reasons for why finite-temperature FCs are
essential.

II. METHOD

From the linearized BTE and the Fourier law, the thermal
conductivity kα in direction α can be expressed as [25]

kα =
∑

κ,ν

cphv
2
g,ατα. (1)

For each phonon mode identified by wave vector κ and po-
larization branch ν, the volumetric specific heat, cph, and the
α component of the group velocity vector, vg,α , are obtained
from harmonic lattice dynamics calculations. τα is the phonon
lifetime as heat flows along the α direction. Three-phonon
scattering is included by using anharmonic lattice dynamics
calculations combined with the BTE. Phonon-isotope scat-
tering leads to a reduction in thermal conductivity of 3% at
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a temperature of 100 K (where it will be most pronounced)
and is thus not included in the reported data. No other phonon
scattering mechanisms are included.

System energies and atomic forces are obtained from
DFT calculations using the VASP package [63,64]. The LDA
exchange-correlation functional [65] and projector augmented
wave pseudopotentials [64] are employed in all calcula-
tions. Similar to previous works [53,66], we found that
the Perdew-Burke-Ernzerhof exchange-correlation functional
overestimates the lattice constants and leads to imaginary
phonon frequencies at zero temperature.

The equilibrium zero-temperature atomic structure of ru-
tile TiO2 is obtained through an energy minimization using
DFT calculations with a plane-wave cutoff of 500 eV and an
electronic wave vector grid of 6 × 6 × 6. The lattice constants
and the internal coordinates are allowed to vary. The a-axis
and c-axis lattice constants are la = 4.554 Å and lc = 2.922
Å, respectively. The value of u is 0.3039, which can be used
to specify the internal coordinates. The coordinates of the four
oxygen atoms are (ula, ula, 0), [(1-u)la, (1-u)la, 0], [(0.5-u)la,
(0.5+u)la, 0.5lc], and [(0.5+u)la, (0.5-u)la, 0.5lc], while those
of the two titanium atoms are (0,0,0) and (0.5la, 0.5la, 0.5lc),
as shown in Fig. 1(a). The finite-temperature atomic structures
are taken from the LDA ab init io molecular dynamics simu-
lations of Lan et al. [48].

The 0 K harmonic and cubic FCs are extracted from the
finite displacement method [67]. The atomic forces are cal-
culated by building a 3 × 3 × 5 supercell and moving one or
two atoms with a displacement of 0.03 Å. The convergence of
the 300 K thermal conductivity based on the zero-temperature
FCs with the supercell size is shown in Table S1 of the
Supplemental Material [68]. The electronic wave vector grid
is 2 × 2 × 2 and the plane-wave cutoff is 500 eV. Born ef-
fective charges and dielectric constants are obtained from
DFPT calculations to include long-range interactions. A direct
solution of the linearized BTE is used to calculate the phonon
properties and thermal conductivity with a phonon wave vec-
tor grid of 15 × 15 × 25. Further increasing the resolution
changes the predicted thermal conductivities by less than 1%.
The extraction of the zero-temperature FCs, the lattice dynam-
ics calculations, and the direct BTE solutions are performed
using the PHONO3PY package [67].

The finite-temperature FC extraction and the subsequent
lattice dynamics calculations and BTE solutions are per-
formed with the TDEP package [55–57]. The stochastic
sampling approach developed by Shulumba et al. [59,60] is
used to include Bose-Einstein statistics and to reduce the
required DFT calculations compared to running ab init io
molecular dynamics simulations. In the stochastic scheme,
an iterative procedure is used to converge the FCs. The FCs
are initialized using the Debye temperature and then used to
generate a series of 3 × 3 × 5 supercells. The convergence of
the 300 K thermal conductivity based on the 300 K FCs with
the supercell size is shown in Table S1. The force-structure
data set is built by calculating the atomic forces in DFT calcu-
lations. The FCs are then updated using a least-squares-fitting
method. In our calculations of rutile TiO2, 128 supercells
are generated in each step and the FCs are converged such
that the maximum change of the phonon frequencies is less
than 3% after seven iterations. The harmonic (cubic) cutoff is

6.0 (4.0) Å. The DFT calculation parameters are the same as
those when extracting the 0 K FCs. Lattice dynamics calcu-
lations with an iterative solution of the BTE are performed to
calculate phonon properties and thermal conductivity with a
phonon wave vector grid of 15 × 15 × 25. Further increasing
the resolution changes the predicted thermal conductivities
by less than 2%. Results from the convergence tests for both
TDEP and the 0 K FCs are plotted in Fig. S1. The predicted
thermal conductivities based on the relaxation-time approxi-
mation are <3% smaller than the iterative/direct results for
both the 0 K and the 300 K FCs, showing the dominance
of umklapp scattering. All the reported data are based on the
iterative/direct BTE solutions.

III. RESULTS AND DISCUSSION

A. Thermal conductivity

The thermal conductivities of rutile TiO2 predicted at a
temperature of 300 K from the 0 and 300 K FCs are provided
in Table I. Both calculations show the expected anisotropy,
with a higher thermal conductivity along the c axis. The
a-axis (c-axis) thermal conductivity from the 0 K FCs, how-
ever, is 52% (51%) smaller than that from the 300 K FCs. The
a-axis (c-axis) thermal conductivity from the 300 K FCs is 7%
larger (4% smaller) than the two-heater result [19] and 15%
(8%) larger than the TDTR result [20]. Our predictions fall
within the reported uncertainties for both measurements. The
0 K FCs underpredict the a-axis (c-axis) thermal conductivity
by 49% (53%) compared to the two-heater results [19] and by
45% (47%) compared to the TDTR results [20].

The predicted thermal conductivities at temperatures be-
tween 100 and 900 K are plotted in Figs. 2(a) and 2(b) along
with previous measurements that span the full temperature
range. Three sets of predictions are plotted, each with thermal
conductivity evaluated in increments of 50 K. In the first, de-
noted as “Temperature-Specific FCs” by the solid blue curve,
the thermal conductivity is predicted by using the TDEP force
constants at each temperature. We first discuss the results for
the a axis. At temperatures below 200 K, the predictions are
more than 20% higher than the measured values from Thurber
and Mante [19]. A similar divergence at low temperatures was
observed in SrTiO3 [41]. At low temperatures, phonon trans-
port is sensitive to impurity scattering. Oxides like SrTiO3

and TiO2 have a natural oxygen deficiency [19,69], which we
suggest to be the origin of our low-temperature overpredic-
tion. Between temperatures of 200 and 300 K, the predictions
are less than 20% higher than the results from Thurber and
Mante [19]. Above room temperature, the predictions agree
well with the measurements from Thurber and Mante [19],
Koenig [22], Ok et al. [23], Yoshida [21], McCarthy and
Ballard [17], and Jiang et al. [20]. Between temperatures of
400 and 900 K, the predictions are 13%–41% smaller than
the measured values from Charvet and Kingery [18]. The
predicted thermal conductivity shows a T −0.697 temperature
dependence, close to the T −0.691 measured by Charvat and
Kingery [18] but stronger than the T −0.474 scaling reported
by Ok et al. [23]. Our results suggest that it is sufficient
to consider three-phonon scattering in predicting the thermal
conductivity of rutile TiO2.
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TABLE I. Thermal conductivity of rutile TiO2 around room temperature from previous measurements [17–20] and the present predictions
with 0 and 300 K force constants (FCs).

Method Temperature (K) Direction Thermal conductivity (W/m K)

Measurement Comparative [17] 317 a axis 8.8
309 c axis 12.5

Two-heater [19] 300 a axis 7.0 ± 0.5
300 c axis 10.4 ± 0.7

TDTR [20] 300 a axis 6.5 ± 2.0
300 c axis 9.3 ± 1.1

Prediction 0 K FCs 300 a axis 3.6
300 c axis 4.8

300 K FCs 300 a axis 7.5
300 c axis 10.0

In the second data set, denoted as 0 K FCs by the dash-
dotted blue curve, the 0 K FCs are used to predict thermal
conductivity over the full temperature range. The result is
a large underprediction compared to the thermal conduc-
tivities from both the temperature-specific FC predictions
and the measurements. The underprediction compared to the
temperature-specific FCs increases with increasing tempera-
ture and is 52% at 300 K, 61% at 600 K, and 65% at 900 K.
This finding demonstrates the strong finite-temperature effects
on the force constants and thus thermal conductivity of rutile
TiO2 [70]. Mitra et al. [50] also predicted lower thermal
conductivities at temperatures between 250 and 400 K by
employing 0 K FCs, which are plotted as a dash-dotted green
line in Fig. 2(a).

In the third data set, denoted as 300 K FCs and plotted as
a dashed blue curve, the 300 K FCs are used to predict the
thermal conductivity between temperatures of 300 and 900 K.
As the temperature increases to 600 K, the 300 K FCs predict a
thermal conductivity that is 22% smaller than the value from
the 600 K FCs. At 900 K, the underprediction from 300 K
FCs increases to 29%. Consistent with the 0 K FC predictions,
these results indicate that using force constants extracted at

lower temperatures will underpredict the thermal conductivity
at higher temperatures.

Predicted and measured thermal conductivities along the
c axis at temperatures between 100 and 900 K are plotted
in Fig. 2(b). For the temperature-specific FCs, the predictions
below a temperature of 130 K are more than 20% larger than
the measurements from Thurber and Mante [19], similar to the
a-axis results in Fig. 2(a). At temperatures between 200 and
300 K, the predictions agree well with the measurements from
Thurber and Mante [19] and Jiang et al. [20]. Above a tem-
perature of 300 K, the predictions are <23% larger than the
measurements from Touloukian [24] but 18%–31% smaller
than those from Charvat and Kingery [18]. From 400 to 900 K,
the predicted temperature dependence, T −0.694, is close to the
T −0.597 scaling measured by Charvat and Kingery [18] and
T −0.829 from Touloukian [24]. Similar to the a-axis results, the
0 K FCs underpredict the thermal conductivity compared to
the measurements and the predictions of temperature-specific
FCs and the 300 K FCs underpredict thermal conductivity at
temperatures above 300 K.

We conclude that (i) 0 K FCs significantly underpredict
the thermal conductivity of rutile TiO2 between temperatures

FIG. 2. (a) a-axis and (b) c-axis thermal conductivities of rutile TiO2 versus temperature from 100 to 900 K. The measurements are from
McCarthy and Ballard [17], Charvat and Kingery [18], Thurber and Mante [19], Jiang et al. [20], Yoshida [21], Koenig [22], Ok et al. [23],
and Touloukian [24]. A Debye fitting [49] for Touloukian’s data and a prediction based on the 0 K FCs from Mitra et al. [50] are also provided.
Three sets of predictions from the calculations presented here use the temperature-specific, 300 K, and 0 K FCs.
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FIG. 3. Phonon spectral function at a temperature of 300 K plotted with (a) measured values from inelastic neutron scattering (open circles)
[71] and inelastic x-ray scattering (open triangles) [47] and (b) phonon dispersion obtained from the 0 K FCs. (c) Predicted frequency of the
TA phonon mode at the M, X, and Z points [Fig. 1(b)] plotted as a function of temperature. The measurements from Wehinger et al. [47] are
also plotted.

of 100 and 900 K. (ii) By extracting force constants at each
finite temperature, the predictions capture the magnitudes
of the measurements. Above room temperature, good agree-
ment between predictions and measurements is achieved.
(iii) Using force constants extracted at finite but lower temper-
atures leads to an underprediction of thermal conductivity at
higher temperatures. In the next section, we explore the mode-
level phonon properties to reveal the origin of these findings.

B. Phonon spectral function

To start, we will examine the phonon frequencies using
the phonon spectral function [48,59,60], which starts from the
harmonic phonon dispersion and includes the frequency shifts
and broadening that result from anharmonicity. The intensity
of a point represents the probability that a phonon mode exists
at that frequency (vertical axis) and wave vector (horizontal
axis). The phonon spectral function along high-symmetry di-
rections calculated by TDEP at a temperature of 300 K is
plotted in both Figs. 3(a) and 3(b). The spectral functions
at temperatures of 600 and 900 K are plotted in Figs. S3(a)
and S3(b).

Measured phonon frequencies are also plotted in Fig. 3(a).
Along the �-X, �-M, and �-Z directions, the spectral func-

tion peaks agree with the phonon frequencies measured by
inelastic neutron scattering (open circles) by Traylor et al.
[71] at a temperature of 300 K. Along the M-A direction,
Wehinger et al. [47] observed a minimum for the TA branch
using inelastic x-ray scattering at a temperature of 295 K.
Their measurements are plotted as open triangles in Fig. 3(a).
Our predictions reproduce the measured frequencies and the
minimum.

In Fig. 3(b), the harmonic phonon dispersion predicted
from the 0 K FCs is plotted along with the 300 K spec-
tral function. There are large differences for low-frequency
phonons along the �-X-M-� loop and the M-A direction,
with the 0 K FCs predicting smaller frequencies for the TA
and the lowest optical branches. Along the �-M direction,
the measurements [Fig. 3(a)] and the spectral function show a
degeneracy of the TA branch at a temperature of 300 K that
is not predicted by the 0 K dispersion near the � point. Along
the M-A direction, the TA branch for the 0 K dispersion has
a maximum near the A point that is not present in the spectral
function or the measurements. The M-A TA frequencies for
the 0 K dispersion are also smaller than the spectral function.
For other branches, the 0 K dispersion and 300 K spectral
functions have similar magnitudes and shapes, except for the
highest optical branches along the �-X direction.
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FIG. 4. Frequency-dependent thermal conductivity accumula-
tion functions predicted from 0 and 300 K FCs at a temperature
of 300 K. The vertical dotted line at 7 THz indicates the highest
acoustic phonon frequency along the �-X and �-M directions. The
vertical dashed line at 14 THz indicates the highest acoustic phonon
frequency along the �-Z direction.

To examine the temperature dependence of the spectral
function, the TA frequencies at the X, M, and Z points are
extracted by finding the spectral function peaks. The results
are plotted in Fig. 3(c) from 300 to 900 K. The Z and
X point frequencies increase by 0.4 and 0.5 THz over this
range, respectively, while the M point frequency increases by
0.1 THz. A similar temperature dependence is obtained for the
lowermost optical branches. The predicted frequency increase
for these low-frequency phonons is similar to the measured
results at lower temperatures from Wehinger et al. [47].
Furthermore, as temperature increases, the modes broaden
due to the increased anharmonicity, especially for the optical
branches. We hypothesize that the temperature dependence
of the phonon frequencies is one of the origins of the ther-
mal conductivity underprediction observed when using the
0 K FCs.

C. Thermal conductivity accumulation function

To test this hypothesis, the thermal conductivity contri-
bution from each phonon mode can be examined using the
modal heat capacities, group velocities, and lifetimes. The
thermal conductivity accumulation functions as a function of
frequency calculated by the 0 and 300 K FCs at a temperature
of 300 K are plotted in Fig. 4. The vertical coordinate of
any point on the accumulation function represents the thermal
conductivity contribution from phonon modes with frequen-
cies less than the horizontal coordinate of that point (i.e.,
it is a cumulative distribution function). The vertical dotted
line at 7 THz indicates the highest acoustic phonon frequency
along the �-X and �-M directions. The vertical dashed line at
14 THz indicates the highest acoustic phonon frequency along
the �-Z direction. Some optical modes also have frequencies
below 14 THz. More than 95% of the total thermal conduc-
tivity is contributed by phonon modes with frequencies below
14 THz for the 0 and 300 K FCs along both the a and c axes.
The accumulations for the 300 K FCs rise faster than those for
the 0 K FCs across this frequency range, which is the origin of

the underprediction. To understand how nanostructuring will
impact thermal transport, the thermal conductivity accumula-
tion functions as a function of mean free path are plotted in
Fig. S5.

D. Phonon group velocities and lifetimes

To identify the origin of the reduced contribution from
low-frequency phonons when using the 0 K FCs, we exam-
ine the phonon properties. For the specific heat, increasing a
mode’s frequency (as happens with some modes when using
the 300 K FCs) decreases its population, leading to a smaller
specific heat and a smaller contribution to thermal conductiv-
ity. The group velocities calculated using the 0 and 300 K FCs
are plotted in Fig. 5(a). The two data sets have similar distribu-
tions, with the major differences at low frequencies. Around
a frequency of 3.0 THz, there is a cluster of group velocities
corresponding to the 0 K FCs (blue markers). Around a fre-
quency of 3.6 THz, there is a similar clustering of the group
velocities corresponding to the 300 K FCs (red markers). This
frequency shift corresponds to the discrepancy between the
0 and 300 K dispersions plotted in Fig. 3(b). The 0 K FCs
predict group velocities that are, on average, 6% larger than
those from the 300 K FCs for modes with the group velocities
greater than 7000 m/s. A larger group velocity corresponds
to a larger contribution to thermal conductivity, which is pro-
portional to the square of the group velocity. The specific heat
and group velocity are therefore not the reason why the 0 K
FCs underpredict thermal conductivity. The group velocities
obtained from the 600 and 900 K FCs are plotted in Fig. S4.
The group velocities from 300 K FCs are, on average, 1% and
3% larger than those from 600 K FCs and 900 K FCs.

The a-axis direction phonon lifetimes at a temperature of
300 K calculated using the 0 and 300 K FCs are plotted in
Fig. 5(b). The 300 K FCs predict larger lifetimes than the 0 K
FCs for low-frequency phonons. By scaling the lifetimes as
ω−2, the prefactor for the 0 K FCs is 75% smaller than that for
the 300 K FCs. For a specific phonon mode, a larger lifetime
corresponds to a larger contribution to thermal conductivity.
Recall from Fig. 5(a) that the 0 K FCs predict higher group
velocities for low-frequency phonons than the 300 K FCs.
Therefore, the underprediction of the lifetimes by the 0 K FCs
must be the cause of the accompanying underprediction of
thermal conductivity. We find similar results when analyzing
the c-axis direction lifetimes. Gu et al. [72] reported that
using 0 K FCs significantly underpredicted the four-phonon
lifetimes in graphene, which is similar to our finding for
rutile TiO2.

The a-axis direction lifetimes calculated by the 300 and
600 K FCs at a temperature of 600 K are plotted in
Fig. S6(a). The 600 K FCs predict higher lifetimes than the
300 K FCs for low-frequency phonons. This result is consis-
tent with the 300 K FCs underpredicting thermal conductivity
at temperatures above 300 K, as shown in Figs. 2(a) and
2(b). We conclude that for rutile TiO2, using low-temperature
FCs leads to an underprediction of phonon lifetimes at higher
temperatures, which results in an underprediction of thermal
conductivity.

Phonon lifetimes are determined by the phonon scatter-
ing phase space and strength. The phonon scattering phase
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FIG. 5. (a) Phonon group velocities, (b) 300 K lifetimes, and
(c) three-phonon scattering phase space obtained from the 0 K FCs
and 300 K FCs plotted versus frequency. The dashed lines in (b) show
a ω−2 scaling.

space is calculated by counting the number of phonon-phonon
scattering processes that satisfy the phonon energy and

momentum conservation selection rules [73]. It is thus a prop-
erty that can be calculated using the harmonic FCs. A larger
number of possible phonon-phonon scattering events will lead
to lower lifetimes. The scattering strength is related to the
harmonic and anharmonic properties.

The three-phonon scattering phase space calculated by the
0 and 300 K FCs is plotted in Fig. 5(c). For frequencies
smaller than 10 THz, the 300 K FCs predict a smaller phase
space than the 0 K FCs, which is consistent with the higher
phonon lifetimes [Fig. 5(b)]. For frequencies ranging from 10
to 19 THz, the 300 K FCs and 0 K FCs predict a similar
phase space. For frequencies higher than 20 THz, the phase
space from the 0 K FCs is smaller. Therefore, the larger phase
space from 0 K FCs contributes to the underprediction of the
lifetimes for low-frequency phonons.

The three-phonon scattering phase space calculated by the
300 and 600 K FCs is plotted in Fig. S6(b). The two data
sets closely overlap. The 300 K FCs underpredict the life-
times of the low-frequency phonons at 600 K, however, which
indicates that the scattering strength also contributes to the
underprediction.

IV. CONCLUSIONS

We investigated the thermal conductivity and phonon prop-
erties of rutile TiO2 at temperatures between 100 and 900 K
using DFT calculations, lattice dynamics calculations, and the
BTE. 0 K and finite-temperature FCs are extracted to exam-
ine and compare their impact on phonon frequencies, group
velocities, lifetimes, and thermal conductivity. The 0 K FCs
significantly underpredict the thermal conductivity along the
a and c axes compared to available measurements, as shown in
Figs. 2(a) and 2(b). Extracting FCs at each finite temperature
leads to thermal conductivity predictions that are in better
agreement with the measurements. We attribute the underpre-
dicted thermal conductivities calculated by the 0 K FCs to an
underprediction of phonon lifetimes [Fig. 5(b)], which in turn
is a result of an overprediction of the three-phonon scattering
phase space [Fig. 5(c)]. The finite-temperature anharmonic
FCs are also essential to calculating the correct strength of
each scattering process. In future work, it may be interesting
to consider the effect of quadrupoles [74–77] on the phonon
properties and thermal conductivity.

Our work demonstrates that extracting finite-temperature
FCs is essential to predicting accurate phonon properties and
thermal conductivity for rutile TiO2. The strong temperature
dependence of the FCs may also exist in other phases of TiO2

(e.g., anatase, brookite) or other oxides. The frequency shifts
and phonon scattering rates predicted from finite-temperature
FCs are also critical for accurately predicting the dielectric
functions of ceramics [42].
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