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Effects of Cu doping on thermoelectric properties of Al–Si–Ru semiconducting
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We have attempted to improve the thermoelectric performance of an Al–Si–Ru semiconducting ap-
proximant through optimizing the carrier concentration. The effects of Cu doping on the thermoelectric
properties of an Al–Si–Ru semiconducting quasicrystalline approximant with the nominal composition of
Al69−0.75xSi7.5CuxRu23.5−0.25x (x = 0, 2, 4, 6, 8) are investigated. At approximately room temperature, an increase
of x leads to a decrease of the Seebeck coefficient S and an increase of the electrical conductivity. Density
functional theory and the Boltzmann transport theory are used to calculate S as the hole concentration and
the band gap are varied. The temperature dependence of S is quantitatively described by an increase of the
hole concentration and narrowing of the band gap with increasing x. Cu doping is shown to increase the hole
concentration and narrow the band gap. The maximum dimensionless figure of merit increases from 0.03 at 400 K
for x = 0 to 0.2 at 500 K for x = 4. These results indicate that the semiconducting quasicrystalline approximant
could be a suitable candidate as a thermoelectric material for low grade waste heat recovery.
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I. INTRODUCTION

Aluminum-based quasicrystals and their approximants,
which have the same local structure as quasicrystals, are ex-
pected to exhibit a high thermoelectric performance because
they usually possess semimetallic electrical properties owing
to a deep pseudogap in the density of states and a low thermal
conductivity that results from their complex structure [1–17].
The performance of thermoelectric materials is usually evalu-
ated by the dimensionless figure of merit zT = S2σT/(κel +
κlat ), where S, σ , T , κel, and κlat are the Seebeck coeffi-
cient, electrical conductivity, absolute temperature, electronic
thermal conductivity, and lattice thermal conductivity, respec-
tively. The highest zT among quasicrystals achieved so far is
0.26 at 500 K in an Al–Ga–Pd–Mn quasicrystal [9], which is
only a quarter of the general target value of unity. The main
problem is that the value of S (≈90 μV K−1) is approximately
half that of typical practical materials. To obtain a large S at a
certain T , a semiconductor with a band gap of 6-10kBT , where
kB is the Boltzmann constant, is usually required [18]. In the
search for semiconducting quasicrystals, we have investigated
semiconducting approximants. Because quasicrystalline ap-
proximants exhibit similar properties to quasicrystals, they
are considered to be important materials for understanding
the physical properties of quasicrystals [6,10,12]. While it is
difficult to find semiconducting quasicrystals by calculating
the band structure of quasicrystals using density functional
theory (DFT) owing to their aperiodicity, it is possible to do so
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for approximants because of their periodicity. Therefore, the
search for semiconducting quasicrystalline approximants can
be a good approach to discover semiconducting quasicrystals.
Recently, we have shown that the Al–Si–Ru 1/0 quasicrys-
talline approximant exhibits semiconducting properties with a
band gap of approximately 0.15 eV [19]. However, the synthe-
sized sample exhibited an intrinsic semiconducting behavior
and quite a low maximum zT of 0.03 at 400 K because the car-
rier concentration was not optimized. Our previous study also
suggested that the zT could reach a maximum of 0.7 at 500 K
by optimizing the hole concentration. As a candidate for a hole
dopant, we have focused on Cu with a valence number of +1,
which can substitute for Al with a valence number +3 and is
often used to determine the valence electron number of qua-
sicrystals and their approximants [20]. According to previous
reports [21,22], the binary Al–Ir and Al–Rh 1/0 quasicrys-
talline approximants, which are the same type of approximant
as an Al–Si–Ru 1/0 quasicrystalline approximant, have a wide
solubility limit (≈15 at. %) of Cu. Furthermore, it has been
reported that there is a 1/0 quasicrystalline approximant in the
composition of Al55.1Si10.1Cu14.6Ru20.2 [23]. Therefore, the
aim of the present work is to improve the thermoelectric per-
formance of the Al–Si–Ru 1/0 quasicrystalline approximant
by optimizing the carrier concentration through Cu doping.

II. EXPERIMENTAL AND CALCULATION METHOD

A. Sample preparation

Because the sample with a nominal composition of
Al67.6Si8.9Ru23.5, which was prepared in a previous study
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[19], had a poor reproducibility for obtaining a single phase,
we found that a nominal composition of Al69Si7.5Ru23.5

can reproduce a single phase well and adopted this as
the base composition for the Cu doping samples. Synthe-
sis of the single-phase Al–Si–Cu–Ru 1/0 quasicrystalline
approximant samples was performed from commercial ele-
ment powders, Al (3N purity; Kojundo Chemical Laboratory
Co., Ltd., Japan), Si (4N purity; Kojundo Chemical Labo-
ratory Co., Ltd., Japan), Cu (3N purity; Kojundo Chemical
Laboratory Co., Ltd., Japan), and Ru (3N purity; Rare
Metallic Co., Ltd., Japan) with a nominal composition of
Al69−0.75xSi7.5CuxRu23.5−0.25x (x = 0, 2, 4, 6, 8). Note that we
needed to substitute Cu for both Al and Ru in a 3:1 ratio,
otherwise a secondary phase of RuAl2 would appear. In this
system, RuAl2 phase contains several at. % Si and is an n-
type semiconductor with a large negative Seebeck coefficient,
which may negatively affect the thermoelectric properties of
the matrix phase [24]. The mixed powders were pressed under
200 MPa into disk-shaped pellets. Each pellet was melted
in an arc-melting furnace (NEV-ACD-05, NISSIN GIKEN
Corporation, Japan) under an argon atmosphere. The weight
loss of all the samples during arc melting was less than 1%.
The ingots were wrapped in tantalum foil and sealed in a
quartz tube filled with argon gas, followed by annealing at
1273 K for 72 h and water quenching. The annealed ingots
were reground into powder and then sintered by spark plasma
sintering (SPS) using a SPS apparatus (SPS-515S; Sumitomo
Coal Mining Co., Ltd., Japan). The temperatures of the spec-
imens were increased from room temperature to 1273 K, and
then the samples were kept for 20 min at a uniaxial pressure
of 90 MPa under an argon atmosphere. The sintered samples
were annealed again under the same conditions as above. The
relative density of each sintered bulk sample was greater than
95%.

B. Characterization

Phase identification was performed by x-ray diffraction
(XRD) measurements with Cu K-L2,3 radiation (Smart Lab;
Rigaku Co., Japan). The lattice parameter a of each sam-
ple was refined by Le Bail analysis [25] using RIETAN-FP
[26], and silicon powder was used as a line position standard
(SRM640d; NIST, USA). Compositional analysis was per-
formed by conventional scanning electron microprobe–energy
dispersive x-ray spectroscopy (SEM–EDX) measurements
(JSM-6010LA; JEOL Ltd., Japan) using the Al, Si, Cu,
and Ru standards for EDX (JEOL Ltd., Japan). The true
density was measured in a helium atmosphere with a mul-
tivolume pycnometer (AccuPyc 1330; Micrometrics, USA).
The σ and S were measured in a helium atmosphere from
350 to 800 K by the four-probe method and the steady-state
temperature gradient method, respectively, using a Seebeck
coefficient/electric resistance measurement system (ZEM-1;
Advance Riko, Inc., Japan). The speed of sound was mea-
sured by the ultrasonic pulse echo method using an echometer
(Echometer 1062; Karl Deutsch Co., Germany). The thermal
conductivity κ of the sample was measured using the laser
flash method with a laser flash analysis apparatus (TC-7000,
Advance Riko Co., Ltd.).

C. Calculation methods

The electronic structure was calculated by using the
WIEN2k package, which is based on the full potential aug-
mented plane wave + local orbitals method [27]. We note
that the band gap Eg in the electronic structure used in the
calculation of the thermoelectric properties was corrected as
a parameter to describe the experimental results. The crystal
structure of the calculated model Al18Si5Ru8 and the con-
ditions, such as the number of the k-mesh grid and energy
cutoff constant used for the self-consistent-field calculation,
have already been reported in our previous work [19]. The
eigenenergy εnk and the group velocity vnk on each k point
were calculated on an unshifted 30 × 30 × 30 k-mesh grid
in the Brillouin zone. S and the Lorenz number L were then
calculated in the same manner as described in Ref. [14] on the
basis of the Boltzmann transport theory within the constant-
diffusivity approximation, which has been frequently used to
explain thermoelectric properties of quasicrystalline approx-
imants [6,14,19]. This was expected to describe S and L of
the approximants in a similar manner as quantum-mechanical
transport theory that takes into account some non-Boltzmann
contributions [17].

Here S and L are represented by following equations:

S = − 1
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)
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, (1)
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�(ε) ≡ 1
3 D(ε)v(ε)2τ (ε), (3)

where e, T , ε, f , μ, D(ε), v(ε), and τ (ε) are the elemental
charge, the absolute temperature, the energy, the Fermi-Dirac
distribution function, the chemical potential, the density of
states, the group velocity, and the relaxation time of electrons.
Applying the constant diffusion coefficient approximation
[�(ε) = D(ε)del, where del is the diffusion constant of elec-
trons del = 1

3v(ε)2τ (ε) = const.] to Eqs. (1) and (2), we
obtain the following equations:
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L = 1

e2T 2

∫
D(ε)

(− df
dε

)
(ε − μ)2dε

∫
D(ε)

(− df
dε

)
dε
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Here we note that the magnitude of both S and L are indepen-
dent from del.

III. RESULTS AND DISCUSSION

A. Structural properties

Figure 1 shows the XRD patterns for each Cu-doped sam-
ple. All of the diffraction peaks were indexed to the primitive
cubic lattice with a ≈ 7.7 Å, and no secondary phases were
observed in any of the samples. The absence of any secondary
phases was also observed in the SEM backscattered elec-
tron images. The analyzed composition obtained by EDX for
each sample is shown in Table I. The analyzed compositions
were almost the same as the nominal compositions for all
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FIG. 1. XRD pattern of each synthesized sample with a nominal
composition of Al69−0.75xSi7.5CuxRu23.5−0.25x (x = 0–8) together with
a previously investigated sample [19].

samples, although the analyzed compositions for several sam-
ples tended to be slightly Al poor and Si rich compared with
the nominal compositions. The analyzed composition of Cu
increased with increasing x, which indicated that the Cu was
properly doped for all the samples. Figures 2(a) and 2(b),
respectively, show a and the number of atoms per unit cell n,
calculated by using a, the analyzed composition, and the true
density as shown in Table I, as a function of x together with
a previously investigated sample [19]. Even for the undoped
samples (x = 0), a had a range of 0.01 Å from approximately
7.71 Å for the previous sample [19] to 7.72 Å for the present
sample. The effect of Cu doping on a was well within the
above range of 0.01 Å. Therefore, a is almost independent
from x although the atomic radius of Cu is smaller than that
of Al and Ru, assuming the atomic radii as Al: 0.143 nm,
Cu: 0.128 nm, and Ru: 0.134 nm [28]. However, n increases
with increasing x, which indicates that the doped Cu atoms are
not only substituted for Al atoms but also add into interstitial
sites. Such an interstitial Cu doping was also observed in our
previous report regarding the Cu doping effect on an Al–Ir
1/0 quasicrystalline approximant [13]. Here the number of

FIG. 2. (a) Lattice constant a and (b) number of atoms per unit
cell n of each synthesized sample with a nominal composition of
Al69−0.75xSi7.5CuxRu23.5−0.25x (x = 0–8) together with a previously
investigated sample [19].

Al/Cu atoms in the cluster fluctuates from 10 to 12 for each
unit cell. Therefore, the number of atoms in the cluster are
averaged over 10 to 12 in an experimental bulk sample, so we
can get n with noninteger values. These results suggest that
the contribution of a decreasing, owing to the replacement of
Al and Ru by Cu, and the contribution of a increasing, owing
to the interstitial doping of Cu, cancel each other out, which
results in a being independent of x.

B. Thermoelectric properties

Figures 3(a) and 3(b), respectively, show the T depen-
dence of σ and S for a series of Al69−0.75xSi7.5CuxRu23.5−0.25x

(x = 0–8) as well as a previously investigated sample [19].
The σ monotonically increased with increasing T for all the
samples. While the undoped samples (x = 0 and previously
investigated sample [19]) showed an intrinsic semiconducting
trend, the Cu-doped samples (x > 0) showed a doped semi-
conducting trend. The S for the Cu-doped samples showed
a maximum value in the range of 350 to 500 K and then
decreased with increasing T at higher temperatures owing to
bipolar diffusion. As x increased, the T at which S showed
its maximum value shifted to a higher temperature and the
maximum value of S decreased from approximately 170 to
85 μV K−1. Over the entire investigated temperature range,
σ increased with increasing x. Conversely, S monotonically
decreased with increasing x near 350 K. Figure 3(b) also
shows S calculated by using the parameters Eg and the number
of holes per unit cell h shown in Fig. 3(c) for each sample.

TABLE I. Lattice constant, true density, speed of sound, and analyzed compositions for each element for the synthesized samples with a
nominal composition of Al69−0.75xSi7.5CuxRu23.5−0.25x (x = 0–8).

Analyzed composition (at. %)

Sample Lattice constant (Å) True density (g cm−3) Speed of sound (km s−1) Al Si Cu Ru

x = 0 7.7193(3) 4.95(1) 3.69 67.63(2) 8.2(2) 0 24.2(1)
x = 2 7.7167(3) 5.03(1) 3.72 66.5(9) 8.3(5) 2.2(3) 22.9(4)
x = 4 7.7193(2) 5.08(2) 3.26 65.6(3) 8.1(5) 4.1(5) 22.1(6)
x = 6 7.7127(2) 5.24(1) 3.57 64.5(4) 7.5(2) 6.0(5) 22.0(2)
x = 8 7.7129(1) 5.26(6) 3.76 62.5(3) 8.0(1) 8.4(3) 21.1(1)
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FIG. 3. Temperature T dependence of (a) the electrical con-
ductivity σ and (b) the Seebeck coefficient S of each synthesized
sample with a nominal composition of Al69−0.75xSi7.5CuxRu23.5−0.25x

(x = 0–8) together with a previously investigated sample [19], where
S calculated under the condition of (c) is also shown by a dashed
line. (c) Band gap Eg and number of holes per unit cell h used for S
calculated to reproduce the experimental S for each x.

The calculated S quantitatively described the experimental
results for all the samples, which supported that Eg and h were
reasonable values for each sample. h increased with increasing
x, which indicated that the hole doping was successful. Eg

decreased with increasing x, which indicated that the doped
Cu narrowed Eg. Here one might think that even though the
sample of x = 8 has no band gap, the temperature dependence
of σ does not decrease with increasing temperature as seen in
typical metals. However, in an electronic state with exactly
zero band gap, such as the sample with x = 8, there is no
density of states at the Fermi energy unlike in typical metals.
Therefore, the temperature dependence of the carrier density
behaves like a semiconductor, and the electrical conductivity
also behaves like a semiconductor rather than typical metals.
Such behavior is often observed in other quasicrystals with
pseudogap [1–12].

To investigate the effect of doped Cu on the band structure,
we calculated the band structure of Al17Si5CuRu8, in which
one Al was replaced by Cu in Al18Si5Ru8 calculated in our
previous work [19] and shown in Fig. 4 together with the
Bloch orbital at the valence band maximum (VBM). Although
the supercell method would usually be adopted to evaluate
the effect of atomic substitution on the band structure, it is
difficult to determine the band structure of the most stable
structure using the supercell method because the approximant
has a complex structure with large unit cell and the number
of atoms per unit cell varies with Cu concentration on the

FIG. 4. Band structure of Al18Si5Ru8 together with the Bloch
orbital at the valence band maximum and Al17Si5CuRu8.

experiment. Therefore, in this study, as a rough approxima-
tion, the symmetry of the unit cell was reduced from Pm − 3
to P1, and one of the eight equivalent Al sites was replaced by
Cu. In this case, the number of possible structural model pat-
terns is only this one. This nonsupercell method has worked
in our previous studies to qualitatively investigate the effect
of Cu doping on band structure of an Al–Ir approximant
[13]. Furthermore, we note that it is difficult to determine
the atomic positions and occupancies of doped Cu atoms by
structure refinement because the initial structure of the Al–Si–
Ru 1/0 approximant, which is necessary for Rietveld analysis,
has not yet been obtained by single crystal structure analysis.
Instead of structure refinement, we discuss where the doped
Cu occupies the sites from the model obtained by the single
crystal structure analysis of the Al–Si–Cu–Ru 1/0 approxi-
mant solved by Sugiyama et al. [23], which contains more Cu
(approximately 15 at. %) than our samples prepared in this
study. The validity of where the doped Cu occupies is dis-
cussed in the Supplemental Materials [29]. The Cu-substituted
band structure had a smaller Eg than the original band struc-
ture. This was proposed to arise from the VBM, which is
dominated by sp orbitals of Al that are shifted upward by
doped Cu so that it has a higher orbital energy than Al.

Figure 5(a) shows the T dependence of κ and κlat

(≡ κ − κel = κ − LσexptT ) for Al69−0.75xSi7.5CuxRu23.5−0.25x

(x = 0–8) as well as a previously investigated sample [19],
where L is obtained by a DFT calculation with the same
conditions as those shown in Fig. 3(c), which implicitly takes
into account bipolar diffusion. The κ monotonically increased
with increasing T for all the samples because of the increase
of κel. The increasing trend in κel was not only owing to the in-
crease in σ and T , but also owing to bipolar diffusion, because
the L of each sample was larger than that of the degenerate
limit at high temperature, as shown in Fig. 5(b). This was
also consistent with the fact that the T at which L became
larger than the value of the degenerate limit for each sample
was almost equal to the T at which S started to decrease.
However, κlat exhibited quite a low value of approximately
1.0 W m−1 K−1 at room temperature in all samples probably
because of the intrinsically complex crystal structure. For all
the samples at high temperature, κlat reached the theoretical
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FIG. 5. Temperature T dependence of (a) the thermal conduc-
tivity κ and the lattice thermal conductivity κlat for a series of
Al69−0.75xSi7.5CuxRu23.5−0.25x (x = 0–8) as well as a previously in-
vestigated sample [19] and (b) the calculated Lorenz number L with
the same conditions as those shown in Fig. 3(c). Here, since the
magnitude of error bar is almost same for each sample, it is only
shown on the sample of x = 0 for improving visibility.

minimum κmin ≈ 0.76n2/3kBvs = 0.8 W m−1 K−1, based on
the diffusion-mediated thermal transport theory [30], which
could be valid for quasicrystals and quasicrystalline approx-
imants. Although the κlat is lower than κmin above 600 K, it
is difficult to discuss this underestimated κlat quantitatively.
For this point, once we obtain the refined structural model in
the future, we would like to quantitatively evaluate the κlat

using anharmonic phonon calculations and discuss the unique
scattering process.

Figure 6(a) shows zT as a function of T for
Al69−0.75xSi7.5CuxRu23.5−0.25x (x = 0–8) as well as the
previously investigated sample. We note that since this
approximant is cubic, the anisotropy does not need to be
considered. Owing to the carrier doping, zT of all the
Cu-doped samples showed a higher value than that of the
previously investigated sample over the entire investigated
T range. Finally, h was optimized in the x = 4 sample, and
the maximum zT was improved by a factor of about 6.7,
from 0.03 at 400 K in the undoped sample to 0.2 at 500 K.
The Al–Si–Ru 1/0 quasicrystalline approximant, which has a
low κlat even at room temperature and a narrow Eg of below
0.15 eV, was found to have an optimized zT at a relatively
low temperature of 500 K. Figure 6(b) shows the calculated
zT at 500 K as a function of the number of holes per unit
cell h assuming κlat = 1 W m−1 K−1, an electronic diffusion
constant del of 0.39 cm2 s−1 and Eg shown in Fig. 3(c) together
with the corresponding experimental value for each sample.
Here the del was determined in our previous study by fitting
the experimental electrical conductivity σexpt for undoped
sample with the calculated electrical conductivity σcalc using
the electronic structure obtained by DFT with the del as a
fitting parameter, where σcalc is dependent on T , h, and del,
i.e., σcalc = σcalc(T, h, del ). Here h was determined by fitting

FIG. 6. (a) Temperature T dependence of the dimensionless fig-
ure of merit zT for a series of Al69−0.75xSi7.5CuxRu23.5−0.25x (x = 0–8)
as well as a previously investigated sample [19] and (b) calculated zT
at 500 K as a function of the number of holes per unit cell h assuming
κlat = 1 W m−1 K−1, an electronic diffusion constant of 0.39 cm2 s−1,
and Eg shown in Fig. 3(c) together with experimental zT values.

the experimental Seebeck coefficient Sexpt with the calculated
Seebeck coefficient Scalc, where Scalc is dependent on T and
h, i.e., Scalc = Scalc(T, h). Then, fixed h, del was determined
by fitting σ . We note that del was assumed to be the same
value for all samples because the crystal structure of this
approximant contains a significant amount of disorder even in
the undoped sample, and its relaxation time is extremely short
in nature. The calculated zT for Eg = 0.15 eV was estimated
to increase up to ≈ 0.4 at 500 K by optimizing h ≈ 0.15.
As Eg decreased, the maximum zT decreased, which shifted
the optimum h to higher values. Therefore, the maximum
zT (= 0.2) obtained in this work, which was approximately
half of the prediction under the condition of Eg = 0.15 eV,
arose from the decrease in Eg caused by Cu doping. Future
work will be to find elements that can dope carriers while
maintaining the magnitude of Eg for further improvement
of zT .

IV. SUMMARY

The thermoelectric properties of semiconducting qua-
sicrystalline approximants Al69−0.75xSi7.5CuxRu23.5−0.25x (x =
0, 2, 4, 6, 8) were investigated in the temperature range of 350
to 800 K. The doped Cu atoms partly behave as hole dopants
and improve the thermoelectric performance. In all samples,
zT was a maximum at less than 500 K, which indicates that
the semiconducting quasicrystalline approximant could be a
suitable candidate as a thermoelectric material for low grade
waste heat recovery.
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