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Ordered and disordered phases in CaCus-type derived structures: Dumbbell cluster modeling with
first-principles calculations
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We investigate the structural stabilities of CaCus-type derived structures (Sm,,—, T5,,42,, T = Fe, Co) and
predict metastable structures with the dumbbell cluster expansion model in which the dumbbell atoms are
regarded as virtual single atoms. The metastable structures are concentrated from n/m = 1/3 to 1/2, suggesting
the existence of compounds with high magnetization. The disordered TbCu5-type structures are stabilized by the
configurational entropy of the dumbbell clusters. The estimated solubility limits of the 7-7" dumbbell are close
to the experimental results. The difference in the phase diagram for the Sm-Fe and Sm-Co systems is explained

from their effective cluster interactions.
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I. INTRODUCTION

The development of high-performance magnets is one of
the most challenging problems in materials science. These
magnets require a ferromagnet with high magnetization, high
magnetic anisotropy, and high Curie temperature as the main
phase. Compounds containing 3d transition metals and rare-
earth elements are expected to be good candidates for the
main phase, in which the rare-earth elements and 3d transi-
tion metals are crucial in enhancing the magnetic anisotropy
and magnetization, respectively. For example, Nd,Fe 4B is
the main phase in NdFeB magnets [1]. However, because
Nd,Fe 4B does not have a high Curie temperature (585 K),
the development of other permanent magnets is still desirable.
Many Fe/Co-rich rare earth compounds have CaCus-type de-
rived structures, and most rare-earth magnets to date, with the
exception of NdFeB magnets, have this class of compound as
the main phase [2].

Rare-earth magnets are classified into structure groups
depending on their chemical composition (see Fig. 1 for
the schematic crystal structures and Fig. S.1 of the Sup-
plemental Material [3] for details). The simplest group is
the CaCus-type structure (space group P6/mmm), and first-
generation rare-earth magnets SmCos and YCos belong to
this group [4]. Although SmFes is metastable and does not
exist in the Sm-Fe equilibrium phase diagram, it was syn-
thesized using the melt-spinning technique [5]. By replacing
n out of m R atoms with a pair of transition metal atoms,
known as the T-T dumbbell, R,,_,T5,+2, is obtained, where
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R is a rare-earth element and 7 is a magnetic transition
-metal element. For [(m, n) = (3, 1)], there are two struc-
tures: the rhombohedral Th,Zn7-type structure (space group
R3m) and the hexagonal Th,Ni,;-type structure (space group
P63 /mmc). Sm,Coy7 and Sm;Fe 7, which have ThyZn7-type
structures, belong to the R,71; group [6-8]. Not only Sm
compounds but also Ce compounds (Ce,Co;7) have been
fabricated, and their magnetic anisotropies have been inves-
tigated experimentally and theoretically [9,10]. When half
of the R atoms in RT5 are substituted with 7-7 dumb-
bells, RTy, [(m, n) = (2, 1)] for the tetragonal ThMn,-type
structure (space group [4/mmm) can be obtained with the
structural change from the orthorhombic structure (space
group Immm) [11-13]. This group has been studied inten-
sively because it can produce rare-earth-lean and Fe-rich
magnets with high magnetization. In particular, it has been
found experimentally that nitrogen-intercalated NdFe, and
Sm(Fe,Co),, films have high magnetocrystalline anisotropies
and high remanent magnetizations [14—16], which outper-
formed the intrinsic magnetic properties of Nd,FesB. In
addition to those ordered phases, TbCu;- or TbCug-type
structures have been identified as the disordered phase at
finite temperatures [17,18]. In this group, the 7-T dumbbells
and R atoms are randomly distributed. Because the Sm-Co
and Sm-Fe compounds in this group are metastable phases,
nonequilibrium processing or third element substitution is
necessary to synthesize them [19-22].

The search for other CaCus-type derived (meta)stable
structures is fundamental and important for developing rare-
earth magnets. First-principles calculations based on density
functional theory (DFT) is a powerful approach for materials
discovery. However, there is an infinite variety in the arrange-
ment of 7-7 dumbbells in CaCus-type derived structures, and
some structures contain a large number of atoms in a unit cell.
This makes direct DFT calculations unsuitable for searching
for CaCus-type derived structures or disordered TbCu;-type
structures.
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FIG. 1. Structural relation for CaCus-type derived materials.
(a) The top view of the 3 x 3 x 3 CaCus-type supercell structure.
The unit cell of the corresponding CaCus-type derived structures
are plotted with the blue lines. (b),(c) The side view of the 3 x 3 x
3 CaCus-type supercell structure. (d) Some R atoms are replaced by
T-T dumbbells, leading to the CaCus-type derived structures.

In this work, we investigate this problem with DFT by
using the cluster expansion model (CEM) with DFT data.
The CEM has been used to search structures of various ma-
terials efficiently and to study order-disorder transitions at
finite temperatures [23-25]. We present metastable structure
distributions of Sm-Fe and Sm-Co systems and propose other
structures that do not exist in available databases with high
magnetization. Furthermore, we investigate the formation en-
ergies of disordered (TbCus-type) structures and their phase
transitions at finite temperatures with the CEM.

II. METHOD

The CEM is constructed as follows. In the CaCus structure,
R atoms form a simple hexagonal lattice. Our target structures
are generated by replacing some R atoms with 7-7 dumb-
bells. By considering the 7-T dumbbells as virtual single
atoms, we construct the dumbbell CEM, which is written as
an Ising-like Hamiltonian,

E({o}) =) Juka({o}), (1

g,(fo)) = Nia;as,asz% ..o, )

for the total energies E ({o'}) of the different dumbbell config-
urations ({o'}). The occupation of the sth site (o) is denoted
by pseudospin variables with oy = +1 or —1 for a T-T
dumbbell or R atom, respectively. Each dumbbell is placed
parallel to the ¢ axis. The J variables are called effective
cluster interactions (ECIs) of the clusters (e.g., empty, singlet,
pair, and triplet clusters). The singlet cluster represents the
concentration of 7-T dumbbells (x = n/m). The &,({c}) is
the correlation function associated with a cluster specified by
«. The sum in Eq. (2) is over all «-tuple clusters. N, is the

T-T dumbbell
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FIG. 2. Clusters considered in our CEM. The numbers in paren-
theses are the multiplicities (per site). Here the clusters from pairs to
quadruplets, except for the empty and singlet clusters, are illustrated.

total number of clusters. These ECIs are determined by the
structure inversion method [23] with E({o}) obtained from
DFT in the generalized gradient approximation [26] using the
OPENMX program package [27]. The open-core treatment is
used for 4f states of Sm atoms [28-30]. For training data,
we use the 2 x 2 x 2 supercell of CaCus-type structures and
find 22 symmetrically independent structures in this system.
These training data do not include the Th,Zn ;-type structure,
but do include the ThMn,-type structure. Therefore, it is
possible to construct the CEM of 22 independent clusters up to
octuplets from the 22 structures. However, to avoid the
overfitting problem [31], clusters with an order higher than
quadruplets are truncated. Thus, we use the CEM with 14
clusters. The selected clusters and these multiplicities are
shown in Fig. 2, where the clusters from pairs to quadru-
plets, except for the empty and singlet clusters, are illustrated.
Considering up to quadruplets is necessary to obtain suitable
leave-one-out cross-validation (CV) errors for training data
(22 structures from the 2 x 2 x 2 supercell). The validation
of the obtained CEM and other computational details are
explained in the Supplemental Material [3]. These procedures
are performed using Python Materials Genomics (PYMATGEN)
[32] and the Alloy Theory Automated Toolkit (ATAT) program
packages [33,34].

III. RESULT

First, we show calculated formation-energy diagrams for
the Sm-Fe and Sm-Co systems with respect to the dumbbell
concentrations in Fig. 3, and then we discuss the stability of
typical ThMn,-type and Th,Zn,-type structures with respect
to the ECIs. We search for stable structures by simulated
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FIG. 3. Calculated formation energies for the Sm-Fe and Sm-Co systems with respect to the dumbbell concentrations. The parent CaCus-
type structure (SmFes or SmCos) is set to zero at the left side and the most stable simple substance (bcc Fe or hep Co) is set to zero at the right
side for each system. At Fe; and Cos, the Sm sites are fully filled by the 7-7 dumbbell. The crosses denote predicted energies in the 3 x 3 x 2
and 3 x 3 x 3 supercells from the CEM. The purple circles, black squares, and red triangles are DFT-calculated energies for the test structures
with a 3 x 3 x 2 supercell, special quasirandom structures (SQSs) [35,36], and training structures with a 2 x 2 x 2 supercell, respectively.
The corresponding energies calculated by the CEM are shown by the open symbols. The solid lines show the formation energies of disordered

(TbCus-type) structures calculated by the CEM.

annealing based on the Monte Carlo method in 3 x 3 x 2 and
3 x 3 x 3 supercells. The crosses in Fig. 3 denote the pre-
dicted energies. Among the structure covered by the CEM, the
ThMn ,-type structure, which has a checkerboardlike struc-
ture, is the most stable at x = 1/2 in each system (see Fig.
S.3 [3]). By considering bee Fe and hep Co, the convex hulls
are restructured in Fig. 3. This result can be explained by the
ECIs for the Sm-Fe and Sm-Co systems in Fig. 4. The labels
on the horizontal axis (no. 1, no. 2, . . .) correspond to those in
Fig. 2. The pair no. 1 clusters have a strong antiferroic (hetero)
interaction, introducing the couplings with the Sm atom and
T-T dumbbell along the ¢ axes of the CaCus-derived struc-
tures (see Fig. 4). Although the pair no. 2 clusters also have
an antiferroic interaction, these ECIs are weaker than those
of the pair no. 1 clusters. Moreover, because the pair no. 3
clusters have a ferroic (homo) interaction, the 7-T dumbbells
arranged along the (101) directions of the hexagonal lattice
are energetically preferred.

The ThyZn;-type structures, which belong to the test data
set of the 3 x 3 x 3 supercell, are predicted to be most stable
at x = 1/3. The stabilities of the Th,Zn 7-type structures can
be explained mainly by the antiferroic pair no. 1 and no. 2 and
ferroic pair no. 3 clusters, which are the same as those of the
ThMn ,-type structures.

Moreover, the Th,Ni;7-type structures are also most stable
at x = 1/3 in the test data set of the 3 x 3 x 2 supercells
for all systems. In the CEM, the Th;Ni;-type structures are
energetically degenerate with the Th,Zn;s-type structures.
In the DFT calculations, the energy difference between the
Th,Zn;7-type and Th,Ni;-type structures is less than several
millielectronvolts per atom, which is smaller than the pre-
dicted performance of our model.

Furthermore, Th,Zn;-type SmyFe;; has a similar for-
mation energy to ThMnj,-type SmFe;,, and ThyZn;7-type
Sm;,Coy7 is more stable than the ThMnj,-type SmCoy, (see
Fig. 3). The ThMnj,-type structure has more antiferroic
pair no. 1 clusters than the Th,Zn;;-type structure, leading
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FIG. 4. (a) Calculated ECIs for the Sm-Fe and Sm-Co systems.
The numbers following “no.” correspond to the clusters in Fig. 2. The
insets are the quadruplet ECIs.
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to the stabilization of the ThMn,-type structure. In con-
trast, the singlet ECI and chemical potentials originating
from bcec Fe (hep Co) and Fe; (Coy) destabilize the Fe or
Co-rich composition, resulting in the destabilization of the
ThMn ,-type structure. Because of this competition and the
other ECI, ThyZn;-type Sm;Coy7 has a lower formation
energy than ThMni,-type SmCo;, (see Fig. S.5 [3] for
details). Therefore, ThMnj,-type SmCoj, is predicted to de-
compose to ThyZn7-type Sm;Coy7 and hcp Co.

Some relatively stable structures are concentrated in the
x = 1/3 and 1/2 range (Fig. 3). The metastable structures are
listed in Fig. S.3 [3]. At concentrations of x > 1/2, although
more Fe- or Co-rich materials than the ThMn,-type struc-
tures are anticipated, our CEM suggests no stable structures
in this range. The formation energies rapidly increase with
increasing dumbbell concentrations from x = 1/2, mainly
owing to the pair no. 1 clusters, and all structures in the
x > 1/2 range have the energetically unfavored 7-7 dumb-
bell arrangement along the ¢ axes.

Finally, we discuss the order-disorder transitions of the
structures at finite temperatures. The energies of disordered
structures are taken from the CEM of the ideal disordered
correlation functions of the a-tuple clusters, described as

%.random — (1 _ 2)6)0[, (3)

o

where x(=n/m) is the concentration of 7-7 dumbbells.
To consider the free energies (F = E — T'S) of disordered
(TbCujy-type) structures including the configurational entropy
(Sconfig) at temperature T', we use the Bragg-Williams approx-
imation [23],

Sconfig = k{(1 —x)In(1 — x) 4 xlnx}, @)

where kg is the Boltzmann constant. The mean field val-
ues for the order-disorder critical temperatures and solubility
limits of the T-T dumbbells can be estimated from this one-
point approximation. We evaluate the solubility limits of 7-T
dumbbells in Sm75 with configuration entropy (see Fig. 5) for
the Sm-Fe and Sm-Co systems. The TbCu;-type structures
become stable as the temperature (7') increases due to the
increase of the configurational-entropy term (—7 Sconfig) Of
the free energies. The estimated order-disorder transition of
ThyZn,7-type structures for SmyFe 7 and Sm,Co,; are at 609
and 1021 K, respectively. This instability of Sm,Fe;; may
lead to the emergence of the TbCu;-type structure experimen-
tally observed [37,38], although the order-disorder transition
of SmyFe,7 has not been reported. Because the ThyZn,7-type
Sm,Coy7 has strong pair no. 2 and triplet no. 1 EClISs, the tran-
sition temperature of ThyZn,;-type Sm,Co;7 is significantly
higher than that of ThyZn;;-type SmyFe;; (see Fig. S.5 [3]
for details). For the Sm-Co system, the phase transition to
the TbCuy-type structure occurred around 1573 K in a pre-
vious experiment [18], which is about 500 K higher than our
estimated value. The vibrational entropy may explain some
of the inconsistencies in the TbCu;-type phase transition. In
the high-temperature region, the vibrational entropy becomes
large and can stabilize the ordered Sm;Fe;; and Sm,Co;7
[39].

The estimated solubility limits of the 7-7 dumbbells may
explain the observed composition of experimental TbCusy-
type structures. According to the experimental results, SmFeq
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FIG. 5. Formation energies of disordered (TbCuj;-type) structure
calculated by the CEM with configurational entropy. The corre-
sponding solubility limits are shown by the filled circles on the solid
lines. The blue vertical lines represent the composition of Sm77.

[19] and SmCogg [22] with the TbCu;-type structures have
been fabricated by using nonequilibrium processing tech-
niques. For kg7 = 0.15 eV, which is close to the melting
points of Fe and Co, the estimated solubility limits calculated
by the CEM are around the Sm7y compositions.

IV. SUMMARY

In conclusion, by combining DFT with dumbbell CEM, we
investigated the structural stabilities of CaCus-type derived
materials and predicted metastable structures. The metastable
structures are concentrated from n/m = 1/3 to 1/2. More-
over, the configurational entropy of the dumbbell clusters
stabilizes the disordered TbCu;-type structures at finite tem-
peratures. The estimated solubility-limit of dumbbells are
close to the experimental result. However the obtained order-
disorder transition temperatures are not in agreement with the
experiment. From the previous study about the order-disorder
transitions of binary alloys [40], the vibrational entropy is re-
ported to contribute to the transition temperatures. Therefore
the effect of vibrational, electronic, and magnetic entropies
will be considered in future work.
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