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From pseudo-direct hexagonal germanium to direct silicon-germanium alloys
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We present ab initio calculations of the electronic and optical properties of hexagonal SixGe1−x alloys in the
lonsdaleite structure. Lattice constants and electronic band structures in excellent agreement with experiment are
obtained using density-functional theory. Hexagonal Si has an indirect band gap, whereas hexagonal Ge has a
pseudo-direct gap, i.e., the optical transitions at the minimum direct band gap are very weak. The pseudo-direct
character of pure hexagonal Ge is efficiently lifted by alloying. Already for a small admixture of Si, symmetry
reduction enhances the oscillator strength of the lowest direct optical transitions. The band gap is direct for
a Si content below 45 %. We validate lonsdaleite group-IV alloys to be efficient optical emitters, suitable for
integrated optoelectronic applications.
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I. INTRODUCTION

Alloys of silicon (Si) and germanium (Ge) in the diamond
crystal structure with a molar fraction x of Si and (1 − x)
of Ge, i.e., SixGe1−x, are commonly used as semiconduc-
tor materials in integrated circuits, as heterojunction bipolar
transistors, or as strained layers in complementary metal-
oxide semiconductor transistors [1]. These SixGe1−x alloys
are indirect semiconductors and, hence, not optimal for use
in active optoelectronic devices, such as photonic integrated
chips [2]. Therefore, over the past years, a lot of effort has
been devoted to engineer group-IV materials (and their alloys)
with direct gaps and strong dipole-active optical transitions
at the minimum band gap by straining, nanostructuring, or
amorphization [3–8].

At present, the hexagonal (hex) lonsdaleite phase
P63/mmc (D4

6h) of group-IV semiconductors is attracting
growing attention. The backfolding of the conduction-band
minima of the cubic phase from the L points onto the � point
of the hexagonal Brillouin zone renders hex-Ge a direct semi-
conductor [9]. However, this direct band gap has a pseudo-
direct character, as optical transitions at the lowest gap are
very weak. Hex-Si, instead, remains an indirect semiconduc-
tor [9,10], since another band minimum at the M point is situ-
ated at lower energy than the backfolded minimum at �. Lons-
daleite group-IV materials have been fabricated using ultravi-
olet laser ablation [11,12] or the crystal-phase transfer method
[5,13]. Recently, hex-Si and hex-Ge have been realized grow-
ing on templates of wurtzite GaP nanowires in the form of
core-shell nanowires [8,14] with high crystal quality [15].

The first theoretical study of hex-SixGe1−x, using a
virtual-crystal approximation, suggested a direct-indirect gap
crossover for intermediate compositions and negative direct
gaps for Ge-rich alloys [16]. The precise composition x of
this crossover and the strength of the lowest-energy optical
transitions over the whole composition range, which rule the

radiative lifetime, remain important open questions that will
be addressed in the present paper using ab initio density-
functional theory (DFT) calculations in combination with a
cluster expansion and alloy statistics. This allows us to make
more accurate predictions of the structural, electronic, and
optical properties of the disordered system than it was possible
with the approximate approaches to alloy statistics used in
Ref. [8]. In Sec. II, we briefly sketch the theoretical approach.
In Sec. III, the evolution of lattice constants, band edges,
band gaps, and radiative lifetime with alloy composition is
discussed. Finally, we summarize our findings and draw con-
clusions in Sec. IV.

II. METHODS

We have performed DFT calculations using the VASP pack-
age [17] with the projector-augmented-wave method [18] and
a plane-wave cutoff of 500 eV, treating the shallow Ge 3d
electrons as valence electrons. For geometry optimization, we
have employed the PBEsol [19] exchange-correlation func-
tional, which gives accurate results for lattice parameters of
solids [20,21]. The Brillouin-zone integration was performed
using �-centered k-point grids with a density equivalent to
a 12 × 12 × 6 mesh for the primitive lonsdaleite unit cell
(approximately 5000 points per reciprocal atom [22]). Atomic
geometries were relaxed until the forces on the atoms were
smaller than 1 meV/Å.

Accurate band structures were computed using the mod-
ified Becke-Johnson exchange-correlation potential [23],
including spin-orbit coupling. Previous work has proven ex-
cellent agreement with experiment for the band gaps of
semiconductors [24] and, in particular, cubic as well as hexag-
onal Si and Ge [9,10,25].

In addition to the band gaps, we also study the radiative
lifetime τ as a global measure of the light-emission properties.
To this end, we compute the radiative recombination rate Acvk
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for vertical optical transitions between a conduction state |ck〉
and a valence state |vk〉 with the one-particle energies εck and
εvk as [26,27]

Acvk = neff
e2(εck − εvk )

πε0h̄2m2c3

1

3

3∑
j=1

|〈ck|p j |vk〉|2, (1)

with neff the effective refractive index of the medium. The
squares of the momentum matrix elements 〈ck|p j |vk〉 are
averaged over the Cartesian directions, corresponding to the
emission of unpolarized light. The decay rate 1/τ can then
be approximated as the thermal average of the recombination
rates at temperature T ,

1

τ
=

∑
cvk

Acvk
wk e−(εck−εvk )/(kBT )

∑
c′v′k′

wk′e−(εc′k′−εv′k′ )/(kBT )
, (2)

with the k-point weights wk. The direction-averaged refrac-
tive indices of hex-Si and hex-Ge are 3.2 and 3.7. As in cubic
SixGe1−x alloys [28], a smooth but not linear variation can be
expected for intermediate compositions. For not introducing a
bias in the absence of data for the intermediate compositions,
we plot 1/(τneff ).

We describe SixGe1−x alloys by a cluster expansion within
the strict-regular-solution (SRS) model [29,30]. Using the
GENSTR tool of the ATAT package [31], we constructed all
ordered SixGe1−x structures representable by eight-atom su-
percells (clusters) resulting in 118 symmetry-inequivalent
clusters of three different cell shapes. Any thermodynamic
property 〈D〉(x) of the alloy can then be written as a weighted
average over the cluster properties Dj . Within the SRS model,
the alloy average translates into 〈D〉(x) = ∑

j x0
j D j with the

weights x0
j = g j (1 − x)n−n j xn j of an ideal random alloy. Here,

n is the total number of atoms, and n j is the number of
Si atoms in the cluster cell j. The number of symmetry-
equivalent atomic configurations represented by each cluster
is given by the degeneracy g j . We found cluster sizes of n = 8
atoms sufficient for converged alloy properties.

III. RESULTS AND DISCUSSION

A. Atomic structure

In Fig. 1, we show the calculated cluster excess energies
for the eight-atom cluster cells,

E excess
j = Ej − n j

n
ESi −

(
1 − n j

n

)
EGe, (3)

where Ej is the total energy of cluster j and ESi and EGe are
the total energies of the end components. What is more, also
the alloy-averaged excess energy 〈E excess〉(x) is plotted. All
cluster excess energies are positive, as the creation of the Si-
Ge bond requires energy. The largest spread of values occurs
for clusters with stoichiometry n j/n = 1/2, ranging from 7
to 14 meV/atom. The distribution of the excess energies is
slightly asymmetric, increasing faster in the Ge-rich region,
and it reaches a maximum of 9.6 meV/atom at x = 0.47,
which is well below the thermal energy at room temperature.
This implies that hex-SixGe1−x can be treated as an ideal
random alloy at room temperature, and the SRS model is
a justified approximation under these conditions. At lower

FIG. 1. Alloy-averaged excess energy 〈E excess〉(x) of hex-
SixGe1−x as a function of composition (solid line). Dots indicate the
excess energies E excess

j of the individual clusters with the spread of
values at each composition highlighted by the shaded region.

temperatures, when thermal energies become comparable to
the excess energies, more sophisticated alloy statistics, such
as the generalized quasichemical approximation [29,30], are
necessary.

The lattice constants a and c of hex-SixGe1−x are shown in
Fig. 2. They vary almost linearly between a = 3.993 Å (c =
6.588 Å) for pure Ge and a = 3.826 Å (c = 6.327 Å) for
pure Si, which is in agreement with Vegard’s law [32]. The
alloy-averaged lattice parameters (D = a, c) can be fitted to
parabolas,

〈D〉(x) = xDSi + (1 − x)DGe − x(1 − x)bD, (4)

with small bowing parameters ba = 0.029 Å and bc =
0.040 Å. The computed values are in excellent agreement
with experimental data from x-ray diffraction [7,8].

B. Electronic structure

For optoelectronic applications, the light-emission proper-
ties of the hex-SixGe1−x are of utmost importance. As excited

FIG. 2. Alloy-averaged lattice parameters 〈a〉(x) and 〈c〉(x) of
hex-SixGe1−x . The very narrow shaded regions indicate the range of
lattice constants obtained for the individual clusters at a given com-
position. Solid squares and triangles represent experimental values
[5,8] for a and c, respectively. Experimental error bars are smaller
than the used symbols.
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FIG. 3. Band structures of hex-SixGe1−x clusters for Ge-rich stoichiometries. We plot the unfolded band structure of the eight-atom cluster
cell with the lowest gap (blue dots) for each composition as well as the band structures of hex-Si (green) and hex-Ge (red) as a guide to the
eye [(a)–(d)]. Additionally, for nj/n = 3/8, also the unfolded band structure of the cluster with the lowest direct gap is shown (e).

electrons will accumulate in the lowest-energy conduction-
band valleys of the alloy, the clusters with the smallest gap at
a given composition are particularly relevant in this context.
In Fig. 3, the unfolded band structures of the lowest-gap
clusters with stoichiometries n j/n = 1/8, . . . , 1/2 are shown
along with the band structures of hex-Si and hex-Ge. The
eight-atom Brillouin zones were unfolded onto the lonsdaleite
Brillouin zone using FOLD2BLOCH [33]. The intensity of the
blue tone is proportional to the Bloch spectral weight of each
state [33,34]. It is clearly visible that the fundamental gap is
direct for the lowest-gap clusters with n j/n = 1/8 and 1/4.
The lowest-gap cluster with nj/n = 3/8 has an indirect gap,
which is, however, very close in energy to the direct gap
at �. For comparison, we also show the band structure of
the cluster with the lowest direct gap for nj/n = 3/8 [see
Fig. 3(e)]. The lowest-gap cluster with nj/n = 1/2 has an
indirect gap. The overall dispersion of the bands remains
largely unaffected by stoichiometry, and individual bands can
still be identified, despite the disorder effects due to alloying.

The valence-band maximum is located at the � point for all
clusters. The conduction-band minimum at �, on the other
hand, is very sensitive to the composition of the alloy and
shifts over a comparably wide range of values, opening the
way to tune the band gap of hex-SixGe1−x via composition
engineering.

In Fig. 4(a), we trace the evolution of the alloy-averaged
conduction-band minima at the most relevant high-symmetry
points �, M, L, and U (which is close to 2/3 of the ML
line [9,35]) from hex-Ge (�-� gap of 0.3 eV) to hex-Si (�-�
gap of 1.6 eV, �-M gap of 1.1 eV). The alloy-averaged gap
increases with increasing x and is direct for the Ge-rich com-
positions with x < 0.45. For larger x, an indirect �-U or �-M
fundamental gap appears, depending on the composition. At
the direct-to-indirect transition, the gap is about 0.85 eV. If,
in view of discussing emission properties, we consider the
lowest-gap clusters at a given composition instead of the alloy
average, the direct-to-indirect transition already takes place at
x ≈ 0.375 at a gap energy of about 0.63 eV. This is consistent
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FIG. 4. (a) Alloy-averaged band gaps as a function of composi-
tion. Shaded regions show the range of gap values obtained for the
individual clusters at a given composition. Vertical dashed (dotted)
lines indicate the direct-to-indirect gap transition for the random
alloy (the lowest-gap clusters). (b) Radiative lifetime as a function of
composition (solid line). Dots indicate the results for the individual
clusters with the range at each composition highlighted by the shaded
region.

with the findings from the unfolded cluster band structures
shown in Figs. 3(c) and 3(e).

In Ref. [16], a negative direct gap for Ge-rich compositions
was found. Moreover, the gap of hex-SixGe1−x alloys was
predicted to be direct for Si concentrations x � 0.7 using the
virtual-crystal approximation [16]. This would be a clearly
wider range of composition for the direct-gap material than
supported by our calculations here. However, our results are
in excellent agreement with recent experimental data from
Fadaly et al. [8] who find direct band gaps to occur for
x � 0.35 from photoluminescence spectroscopy.

C. Radiative lifetimes

To provide a global measure for the light-emission effi-
ciency of hex-SixGe1−x alloys, we calculate the alloy average
〈1/τ 〉−1(x) of the radiative lifetime from Eq. (2) at T = 300 K
[see Fig. 4(b)]. Hex-Ge is a pseudo-direct semiconductor as
optical transitions between the top valence and the lowest

conduction band are very weak [9,36,37], resulting in long
radiative lifetimes (about 10−4s at 300 K). However, transi-
tions involving the second conduction band at about 0.6 eV
from the top valence have much higher oscillator strengths,
comparable to direct III–V semiconductors, such as GaAs
[8]. It has been predicted that moderate tensile uniaxial strain
inverts the conduction-band ordering and reduces the radiative
lifetime of hex-Ge by more than three orders of magnitude
[36].

In hex-SixGe1−x alloys, disorder reduces the crystal sym-
metry such that high light-emission efficiency is possible even
without straining the material, since the lowest �-� transition
becomes strongly dipole active for some clusters within the
alloy. As is evident from Fig. 4(b), this results in an alloy-
averaged radiative lifetime that is, throughout the entire range
of compositions, three orders of magnitude lower than the
lifetimes of the end components. As Eq. (1) takes only vertical
transitions into account, the direct-to-indirect gap transition is
not apparent in the lifetimes. However, combining the infor-
mation on the direct-to-indirect gap transition from Fig. 4(a)
with the strongly increased optical matrix element for vertical
transitions (i.e., the by orders of magnitude reduced radiative
lifetime) from Fig. 4(b), we can conclude that hex-SixGe1−x

alloys in the composition range 0 < x < 0.4 are efficient light
emitters suitable for optoelectronic applications with tunable
band gaps in the spectral range of optical telecommunication.

IV. SUMMARY AND CONCLUSIONS

To summarize, we performed a comprehensive ab initio
study of the electronic and optical properties of hex-SixGe1−x

alloys in view of their light-emission capabilities. We verified
that hex-SixGe1−x can be described as ideal random alloy
at room temperature and that the lattice parameters closely
obey Vegard’s law. We have shown that Ge-rich hex-SixGe1−x

alloys can be efficient optical emitters, in contrast to pure
hex-Si or hex-Ge. Alloying breaks the crystal symmetry and
transforms the pseudo-direct gap of hex-Ge into a strongly
dipole-active direct gap for the Ge-rich compositions. Overall,
the electronic properties of hexagonal group-IV alloys make
them very promising for active optoelectronic applications
and will surely keep attracting a fair amount of research in
the near future.
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