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Nodal points in three-dimensional carbon networks without inversion symmetry
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Three-dimensional (3D) carbon networks provide a great platform to search and investigate various topo-
logical phases. A lot of nodal-line and nodal-surface topological phases have been found in the 3D carbon
networks. However, nodal points are few in them because most carbon networks have high symmetries including
inversion symmetry. Here, we propose that nodal points can be generated in low-symmetry carbon structures
without inversion symmetry. Two sp*-hybridized 3D carbon networks, consisting of distorted six-membered
rings and a double helix, respectively, are used as examples to show nodal points. There are several pairs of
nodal points locating on the high-symmetry paths of the first Brillouin zone. These nodal points are Dirac points.
However, they can also be treated as Weyl points because of the negligibly small spin-orbit coupling in the
carbon structures. These nodal points only shift in the momentum space but do not disappear when perturbations
such as strains are applied on the carbon structures. We have also studied the topological surface states and found
Fermi arcs linking the nodal points. In addition, the synthesis of two carbon networks is discussed.
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L. INTRODUCTION

Carbon is an amazing element, not only because many
carbon allotropes [from zero dimensional (0D) to three dimen-
sional (3D)] [1-6] have been synthesized, but also because
the excellent physical properties behind the allotropes shock
us continuously. Recently, 3D carbon networks have attracted
much attention. A lot of carbon networks [7-11] have been
proposed theoretically, and some experiments have been tried
to realize them [4-6,12]. These 3D carbon structures are
considered good candidates for searching for new topolog-
ical phases and investigating novel topological properties
[11,13-23]. Many topological phases have been found in
the carbon structures to date. For example, nodal lines/rings
[11,13-20], (interlocking) nodal chains [21], and nodal nets
[22] have been proposed and also realized in different
graphene networks; nodal surfaces, nodal spheres, and nodal
tubes have been generated in carbon networks consisting of
nanotubes and ribbons [23].

In contrast to nodal-line and nodal-surface [24,25] topolog-
ical phases, isolated nodal points were rarely found in the 3D
carbon networks, although two-dimensional (2D) graphene
[26] is a natural Dirac/Weyl material with Dirac/Weyl points.
The most important reason is that the 3D carbon networks
proposed before have high crystal symmetries including in-
version, mirror, rotation axis, etc. In most cases, the crystal
symmetry of a 3D nodal-point material is lower, comparing
with those of 3D nodal-line and nodal-surface topological
materials. It is known that carbon has negligibly small spin-
orbit coupling (SOC). The carbon structures can be considered
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spinless systems with spin-rotational symmetry, and thus, the
nodal points in the carbon structures can be regarded as Weyl
points mathematically [27-30], even if they are Dirac points
physically. If one wants to get a Weyl-point semimetal, the
structure should have no inversion symmetry or time-reversal
symmetry [30-38]. Therefore, nodal points only appear in the
3D carbon networks without inversion symmetry in the case
of no external magnetic field.

The important premise of getting nodal points in 3D
carbon networks is to find low-symmetry carbon struc-
tures. The 3D carbon networks proposed before are mostly
made of graphene nanoribbons or carbon nanotubes. Be-
cause graphene nanoribbons and carbon nanotubes, made
of hexagonal rings, have high symmetry, the 3D car-
bon networks made of them inherit the high symme-
try. To obtain low-symmetry 3D carbon structures, one
should find low-symmetry basic structural units to construct
them.

In this paper, we propose two low-symmetry 3D carbon
networks. The two networks are made of distorted six-
membered rings and a double helix and thus named warped
six-ring carbon networks (WSCNs) and double helix carbon
networks (DHCNS; see Fig. 1), respectively. The symmetries
of both distorted six-membered rings and double helix carbon
networks are very low, and thus, WSCNs and DHCNs have
low symmetry. The space group of a WSCN is C222, be-
longing to the noncentrosymmetric orthogonal crystal system,
while that of a DHCN is /422, belonging to the noncentrosym-
metric body-centered tetragonal crystal system. By checking
the electronic properties of the two structures, we find that
both are nodal-point semimetals with four pairs of nodal
points in the momentum space. These nodal points locate on
the high-symmetry paths, and they only move in the momen-
tum space but do not disappear when perturbations such as
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FIG. 1. Perspective views of two three-dimensional (3D) car-
bon networks (a) warped six-ring carbon network (WSCN) and (b)
double helix carbon network (DHCN). (c) WSCN is formed by
connecting warped six-membered rings, (d) while DHCN is formed
by connecting double helix carbon chains. Side views of primitive
cells of (¢) WSCN and (f) DHCN, respectively, where the atoms are
numbered.

strains are applied on the carbon structures. In addition, we
analyze the topological surface states and Fermi arcs between
the nodal points.

II. MODELS AND COMPUTATIONAL METHODS

As mentioned above, 3D carbon networks with nodal
points should be made of low-symmetry basic structural units.
Therefore, we propose two 3D carbon networks shown in
Figs. 1(a) and 1(b). The structure named a WSCN in Fig. 1(a)
is formed by connecting warped six-membered rings [see
Fig. 1(c)], while the structure named a DHCN in Fig. 1(b)
is formed by connecting double helix carbon chains [see
Fig. 1(d)]. The symmetries of both warped six-membered
rings and double helix carbon chains are very low, and the two
basic structural units have no inversion symmetry. Therefore,
the symmetries of the two 3D carbon networks in Fig. 1 are
also lower. The side views of primitive unit cells of a WSCN
and a DHCN are show in Figs. 1(e) and 1(f), respectively.
There are six atoms in the primitive unit cell of a WSCN
and eight atoms in the primitive unit cell of a DHCN. The
atomic coordinate positions in a conventional cell of a WSCN
can be expressed as 8/ (0.16951, 0.40874, 0.65781) and 4
(0.00000, 0.50000, 0.15808), and those in a conventional
cell of a DHCN can be expressed as 16k (0.87965, 0.28936,
0.91029). Both are made of sp>-hybridized atoms.

To calculate the electronic properties of two carbon struc-
tures, we performed first-principles calculations based on
density functional theory as implemented in the Vienna ab
initio Simulation Package (VASP) [39]. The projector aug-
mented wave approach [40] and the generalized gradient
approximation [41] described by Perdew-Burke-Ernzerhof
was adopted for the potential of the core electrons and the
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FIG. 2. Phonon dispersions of (a) warped six-ring carbon net-
work (WSCN) and (b) double helix carbon network (DHCN).

exchange-correlation interaction between the valence elec-
trons. The kinetic energy cutoff of 520 eV was employed.
The atomic positions were optimized using the conjugate
gradient method. The energy and force convergence criteria
were set to be 107°eV and 10~*eV/A, respectively. The
Brillouin zones (BZs) of the WSCN and the DHCN were
sampled with 11 x 11 x 7 and 9 x 9 x 9 Monkhorst-Pack
special k-point grid for optimization, respectively. The band
structure and partial density of states (PDOS) were calculated
by using a primitive cell. Phonon dispersions of the struc-
tures were calculated by using the force-constants method
by the PHONOPY package [42]. The Fermi arc calculations
were calculated by the open-source software WANNIER-TOOLS
package [43].

The space group of the structure WSCN is €222 (D$) (No.
21), only including three twofold rotational axes C,; perpen-
dicular to the planes k, = 0, k, = 0, and k, = 0, respectively.
Its optimized lattice parameters are a = b = 3.69(A) and ¢ =
4.49 (A), and the included angle 6 between a and b is 130.68°.
The bond lengths are in the range of 1.42—1.53 (A), which are
between those of diamond (1.54 A) and graphite (1.42 A). The
space group of the structure DHCN is [ 422(D2) (No. 97), in-
cluding seven rotational axes. Its optimized lattice parameters
are @ = b = ¢ = 4.41 (A), and the bond lengths are in the
range of 1.39-1.51 (A). Because the two structures are made
of distorted six-membered rings and a double helix, respec-
tively, their crystal symmetries are lower and lack inversion
symmetry. However, the two structures show good stability.
The cohesive energies E.on of the WSCN and the DHCN
are —7.12 and —6.77 eV /atom, respectively. These energies
are larger than those of graphite (—7.90 eV/atom) and di-
amond (—7.77 eV /atom) but smaller than that of T-carbon
(—6.55 eV/atom). To further demonstrate dynamic stabilities
of the two structures, we calculated their phonon dispersions,
as shown in Figs. 2(a) and 2(b), respectively. No imaginary
frequency can be found in the entire BZ. These results fully
indicate that the WSCN and the DHCN are metastable carbon
allotropes. In Table I, we compare structural parameters of
the WSCN and the DHCN with other carbon allotropes such
as T-carbon [44], bco-C¢ [17], CKL [45], IGN [11], graphite,
and diamond.
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TABLE 1. The space group, lattice parameters, density, bond lengths, and cohesive energy of WSCN, DHCN, and some other carbon

allotropes.
Lattice parameters A

Structure Space group a=>b c Density (g/cm?) Bond lengths A E.on (eV/atom)
T-carbon 14, /amd 5.31 5.31 1.51 1.42,1.50 —6.55
DHCN I422(DZ) 4.41 441 2.67 1.39-1.51 —6.77
WSCN C222(Dg) 3.69 4.49 2.58 1.42-1.53 —7.12
bco-C16 IMMA 4.90 4.90 2.52 1.39-1.47 -7.50
CKL P65 /mmc 4.46 2.53 2.75 1.50,1.53 —7.44
IGN CMCM 4.33 2.47 2.59 1.41,1.53 —7.62
Diamond Fd3m 3.56 3.56 3.55 1.54 —-7.77
Graphite P65 /mmc 2.46 6.80 2.24 1.42 —-7.90

III. RESULTS AND DISCUSSIONS

In Fig. 3(a), the orbital-projection band structure of the
WSCN is shown. There are four nodal points labeled as W,
W,, W3, and W, along the high-symmetry lines I'-Y, S-T,
Z-T, and T-N, respectively. The right panel of Fig. 3(a)

presents PDOS. The orbital projections and PDOS indicate
that the crossing bands of the nodal points are attributed by
orbitals p,, p,, and p.. We further calculate wave functions
of the two states F; and F, around points W, and W, re-
spectively [see the insets in Fig. 3(a)]. One can find that the
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FIG. 3. (a) Orbital-projection band structure of warped six-ring carbon network (WSCN) along high-symmetry paths (left panel) and the
corresponding projected density of states (PDOS; right panel), where the green, red, and blue lines (or dots) correspond to p,, p,, and p.
orbitals of atoms, respectively. Four irreducible nodal points are labeled as W, W,, W3, and W4. The insets show wave functions of two states
F, and F, around points W and W,, respectively. (b) Evolution of the Wannier charge centers around the W, W,, W3, and Wy, respectively.
The 6 and ¢ represent the azimuth angles of the different direction around the closed sphere enclosing the nodal point [47]. (c) Topological
phase of WSCN in the first Brillouin zone (BZ), where there are four pairs of nodal points.
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FIG. 4. (a) The included angle o between the lattice vectors b and
¢ of warped six-ring carbon network (WSCN) varying from 90° to
85°, when a strain is applied along the line [0, 1, —1]. (b) Topological
phase of WSCN in the first Brillouin zone (BZ) after strain. The four
pairs of Weyl points still exist in the first BZ, but they shift away the
high-symmetry lines. The coordinates of the four irreducible Weyl
points are W, (0.002, 0.279, —0.008), W, (0.182, —0.027, 0.012),
W3 (0.005, 0.202, 0.470), and W4 (—0.265, 0.495, 0.458).

orbitals are normal to the bonds, which is like the p, orbitals
in graphene. Because of the negligibly small SOC in carbon
materials, the carbon structures can be considered spinless
systems with spin-rotational symmetry, and thus, these nodal
points can be treated as Weyl points. Then the related charac-
teristic quantities, such as Chern number and chirality, can be
calculated for the nodal points.

In Weyl semimetals, the Weyl points with opposite chi-
rality always appear in pairs. Moreover, the total number of
Weyl points in a Weyl semimetal with no inversion symmetry
should be a multiple of four [46]. This is because, if a structure
has time-reversal symmetry, a Weyl point at momentum kg
will be converted into another Weyl point at —ky with the
same chirality. By checking the band crossings around the

Fermi level, we find that, in the entire BZ of the WSCN, there
exist four pairs of Weyl points (i.e., Wi, W, W3, and Wy)
locating on the planes k, = 0 or & [see Fig. 3(c)]. Each pair of
Weyl points are symmetric with respect to the I" point because
of the time-reversal symmetry. To determine the chirality of
the Weyl points, we calculated the Wannier charge centers of
the four irreducible points [47]. As shown in Fig. 3(b), the
Weyl points W; and W, have a chirality C = +1, while the
points W, and W3 have a chirality C = —1.

A Weyl point in a structure is robust because it cannot be
removed by any small perturbations. To test the robustness,
we calculate electronic properties of the WSCN in the case of
all G, symmetries being destroyed. When a strain is applied
along the line [0, 1, —1], the included angle o between the
lattice vectors b and ¢ of the unit cell changes from 90° to
85°, as shown in Fig. 4(a). Although this strain eliminates all
C, symmetries, all the Weyl points only shift away the high-
symmetry lines but still exist in the first BZ [see Fig. 4(b)].
We compare positions and energies of the four irreducible
Weyl points before and after strain, as shown in Table II.
The points W; and W, move away the k, = 0 plane, while
the points W3 and W4 move away the k, = m plane. The
energies of W;, W,, and W3 are closer to the Fermi level,
but the energy of Wy is farther away from the Fermi level. It
means that the Weyl points are robust enough against external
strains. The Weyl points can only be removed through pair
annihilation, i.e., a Weyl point with chirality C = + 1 meets
another point with chirality C = —1. For example, the points
W, and W, shift to the same point in the moment space. How-
ever, in the structure WSCN, it is very difficult to realize the
shifting.

It is known that there exist Fermi arcs [48-53] between
Weyl points with different chirality. We investigated surface
states of the structure WSCN on the (010) surface. Two Weyl
points W, are projected onto one point W, at I', and two

Weyl points W3 are projected onto one point W3 at Z [see
Figs. 5(a) and 5(b)]. Therefore, the points W, and W3 have
chirality with C = 42 and —2, respectively. The other Weyl
points W, and Wy are isolated projected on the surface, and
thus, their chiralities are 1 or —1. The spectral density at the
Fermi level for the WSCN on the (010) surface is shown in
Fig. 5(a). From point W1, there are two Fermi arcs linking
two points W, respectively. The same case occurs for W3 and
W,. This coincides with the value of chirality of the points.
As a comparison, we also calculate the surface states on the
(001) surface, as shown in Figs. 5(c) and 5(d). Different from

TABLE II. The evolutions of locations, energies, and chirality of the four irreducible Weyl points Wy, W5, W3, and Wy in the first BZ of

WSCN when a strain is applied on the structure.

Before perturbations

After perturbations

Nodes k,(2m /c) Energy (eV) Chirality Nodes k(2w /c) Energy (eV) Chirality
W, 0.000 0.101 +1 N —0.008 0.071 +1
W, 0.000 0.291 -1 W, 0.012 0.230 -1
W; 0.500 —0.765 -1 W; 0.470 —0.727 -1
W, 0.500 0.373 +1 W, 0.458 0.399 +1
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FIG. 5. (a) The spectral density at the Fermi level for the structure warped six-ring carbon network (WSCN) on the (010) surface. Four
Fermi arcs crossing the boundary of the first Brillouin zone (BZ) to indirectly connect the projections of Weyl points with opposite chirality.
(b) The first BZ and the corresponding (010) surface BZ. (c) The spectral density at the Fermi level for the WSCN structure on the (001)
surface. Only one Fermi arc linking two Weyl points with inverse chiralities. (d) The first BZ and the corresponding (001) surface BZ.
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FIG. 6. (a) Orbital-projection band structure of double helix carbon network (DHCN) along high-symmetry paths (left panel) and the
corresponding projected density of states (PDOS; right panel), where the green, red, and blue lines (or dots) correspond to p,, py, and p.
orbitals of atoms, respectively. Two Weyl points are labeled as D; and D, respectively. (b) Evolution of the Wannier charge centers around the
D, and D,, respectively. The 6 and ¢ represent the azimuth angles of the different direction around the closed sphere enclosing the Weyl point
[47]. (c) Topological phase of DHCN in the first Brillouin zone (BZ), where there are four pairs of Weyl points.
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FIG. 7. (a) The spectral density at the Fermi level for the struc-
ture double helix carbon network (DHCN) on the (010) surface. Four
Fermi arcs crossing the boundary of (010) surface Brillouin zone
(BZ) to indirectly connect the projections of Weyl points with op-
posite chirality. (b) The first BZ and the corresponding (010) surface
BZ.

the case of the (010) surface, all the Weyl points are only
projected onto one point on the (001) surface, respectively.
Therefore, one can find that there is only one Fermi arc linking
two Weyl points with inverse chiralities W; and W3 (or W,
and Wy).

Figure 6(a) presents the orbital-projection band structure
of the DHCN. There are two Weyl points labeled as D; and
D; along the high-symmetry lines I'-X and E-P, respectively.
Due to the special symmetry of the DHCN, the band struc-
ture in the high-symmetry line G-X-P is the same to that of
G-E-P [see Fig. S1 in the Supplemental Material] [54]. The
corresponding PDOS of the band structure can be seen in
the right panels of Fig. 6(a). Like the case of the structure
WSCN, the crossing bands of points D; and D, are attributed
by orbitals py, py, and p, because the carbon atoms in the helix
are somewhat like those in the distorted hexagonal rings. By
checking the band crossings around the Fermi level, we find
that there also exist four pairs of Weyl points in the first BZ of
the DHCN. Different from the WSCN, the four pairs of Weyl
points in the DHCN all locate on the plane k, = 0, as shown in
Fig. 6(c). Because of the crystal symmetry and time-reversal
symmetry, the four pairs of Weyl points only have two types of
irreducible points, i.e., D; and D,. In Fig. 5(b), the calculated
Wannier charge centers of the two irreducible points indicate
that the point D; has a chirality C = —1, while the point D,
has a chirality C = +1. We also calculate the surface states
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Biphenylene sheet

Deformed biphenylene WSCN
sheet

Deformed armchair

Armchair carbon chain 3
carbon chain

DHCN

FIG. 8. Possible routines to synthesize warped six-ring carbon
network (WSCN) and double helix carbon network (DHCN) struc-
tures. (a) The front view and side view of two-dimensional (2D)
biphenylene sheet. (b) The front view and side view of 2D deformed
biphenylene sheet. (c) The perspective view of three-dimensional
(3D) WSCN structure. The green dashed box depicts the basic unit
of the WSCN structure. (d) The front view and side view of one-
dimensional (1D) armchair carbon chain. (e) The front view and side
view of 1D deformed armchair carbon chain. (f) The perspective
view of 3D DHCN structure. The green dashed box depicts the basic
unit of the DHCN structure.

for the structure DHCN on the (010) surface, as shown in
Fig. 7. There exist four Fermi arcs linking two Weyl points
with opposite chirality [see Fig. 7(a)].

In addition to the crossing points near the Fermi level, one
can note that there are some other crossing points far away
from the Fermi level in Figs. 3(a) and 6(a). After calculating
their topological number, we find that some crossing points
are also Weyl points, but some others are not (the detail is
given in Fig. S2 in the Supplemental Material [54]).

In addition, inspired by the successful synthesis of atom-
ically thin hexagonal diamond with compression [55], we
propose a process to synthesize the WSCN and the DHCN.
As shown in Fig. 8, the 2D biphenylene sheet has been
synthesized experimentally [56], so one can compress the
biphenylene sheet to get the basic unit of the WSCN structure
[i.e., the deformed biphenylene sheet in Fig. 8(b)]. Then the
deformed biphenylene sheets are compressed and combined
in a specific manner to get a 3D WSCN structure. Similarly,
as shown in Figs. 8(d) and 8(f), one can compress the one-
dimensional (1D) armchair carbon chain into the basic unit of
the DHCN structure [i.e., the deformed armchair carbon chain
in Fig. 8(e)]. Then the deformed armchair carbon chains are
compressed and combined in a specific manner to get a 3D
DHCN structure.

IV. CONCLUSIONS

In summary, to find nodal-point semimetals in 3D carbon
networks, we propose two types of low-symmetry carbon net-
works without inversion symmetry. The two carbon networks,
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named the WSCN and the DHCN, are formed by warped six-
membered rings and double helix carbon chains, respectively.
Their cohesive energies and phonon dispersions indicate that
the two structures are metastable carbon allotropes. By us-
ing first-principles calculations, we find that the two carbon
networks possess four pairs of nodal points with opposite
chirality in the first BZ. These nodal points can be treated
as Weyl points mathematically, even if they are Dirac points
physically. When some perturbations are applied on the struc-
tures, these nodal points only move in the momentum space
but do not disappear. On the structural surfaces, there are four
Fermi arcs linking two nodal points with opposite chirality.

In this paper, we not only propose two sp>-hybridized 3D
carbon allotropes without inversion symmetry, which could be
synthesized by compressing the 2D biphenylene sheets and
the 1D armchair carbon chain, but also provide a method to
find nodal-point semimetals in carbon networks.
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