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Novel approach to characterize the deformation under Berkovich and spherical indentations:
Study on magnesium single crystals
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In this work, we have developed a mathematical framework to investigate the deformation response under
Berkovich and spherical indenters. Nanoindentation experiments are carried out on two single-crystal magne-
sium (Mg) samples oriented for basal slip and tensile twinning. The indentation load vs penetration depth curves
are then analyzed to explain the pop-in events with the help of Schmid factor analysis and to identify the favorable
deformation modes directly beneath and around the indentation. These results explain why there is only a small
difference in the values of hardness between the two orientations despite having a significant difference in their
crystallographic orientations. In addition to this, the role of indenter tip radius on the formation of extension
twins when indented along the crystallographic c axis is analyzed with the help of a simple analytical model.
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I. INTRODUCTION

Nanoindentation is by far the most popular technique to
investigate the mechanical behavior of materials at small vol-
umes due to its ability to apply indentation loads as small
as a few nano-Newtons (nN) [1]. The indentation load P
vs penetration depth h curves obtained from nanoindentation
are extremely helpful in characterizing deformation events
such as dislocation nucleation in crystalline materials [2–6],
shear band nucleation and propagation in amorphous ma-
terials [7,8], phase transformations in crystals [9–11], and
cracking events in brittle materials [12–14]. However, the
analysis of plastic deformation during indentation, unlike uni-
axial loading conditions, is not straightforward due to the
multiaxial stress state present in the deformation zone un-
der indentation. Though there have been a few studies in
recent years to understand the onset of plastic flow under
spherical indentation, no detailed mathematical framework
is available for characterizing the plastic deformation under
the widely used Berkovich indenter. In the current study, we
developed a mathematical framework to understand the plas-
tic deformation beneath the Berkovich indenter considering
the indenter geometry, and the crystallographic orientation of
the specimen. The analysis used in this study is generic to
all crystalline materials although magnesium (Mg) is chosen
for the current experiments. Unlike face centered and body
centered cubic crystals, the plastic deformation in hexagonal
close packed (hcp) Mg is highly anisotropic owing to the large
differences in critical resolved shear stress (CRSS) for differ-
ent slip and twin systems [15,16]. The slip systems include
〈a〉 slip on basal, prismatic, and pyramidal planes; 〈c + a〉 slip
on pyramidal planes while twinning occurs on {101̄2} 〈101̄1〉
and {101̄1} 〈101̄2〉 systems, also referred to as extension and
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contraction twinning, respectively. Of all these, basal slip (BS)
and extension twinning (ET) have the lowest CRSS and hence
are ubiquitously seen during the plastic deformation in Mg.
Under uniaxial loading conditions, the loading direction with
respect to the crystal orientation determines the active defor-
mation mode which differs significantly from one orientation
to the other. However, during the indentation, BS and ET
are observed to be the most commonly observed deformation
modes for all the crystal orientations owing to their low CRSS
and presence of multiaxial stress state [17–22] underneath the
indenter. A few recent studies also reveal that indenter tip
radius and penetration depth influence the formation of ET
for loading along the crystallographic c axis. For the same
penetration depths, Berkovich and Vickers indentations lead
to profuse ET [19,20] while spherical indentation does not
[21,22]. In the present work, we also explain this discrepancy
with the help of a simple mathematical model in which the
Schmid factor analysis for all the twin variants is performed
by incorporating penetration depth and indenter radius.

II. MATERIALS AND EXPERIMENTS

Single-crystal Mg samples having 5N purity prepared
using the Bridgman method are used for the indentation ex-
periments. The orientations of the crystals, determined using
electron backscattered diffraction (EBSD), are identified to be
[21̄1̄2] and [21̄1̄0]. For detailed EBSD analysis and images,
the reader is referred to the work of Prasad et al. [23]. The
Schmid analysis suggests that for uniaxial compression, the
most favorable deformation modes for [21̄1̄2] and [21̄1̄0] are
BS and ET, respectively [23]. The orientations [21̄1̄2] and
[21̄1̄0] are hereafter referred to as C45 and C90, respectively,
with the prefix representing the crystallographic c axis while
the suffixes (45 and 90) represent the angle between the in-
dentation direction and c axis [as shown in Fig. 1(a) with
respect to the hcp unit cell]. Nanoindentation experiments are
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FIG. 1. (a) ABC, ABD, and ACD are three faces of the Berkovich
indenter. AF is a line lying on ABC. L1 and L2 are normals to
faces ABC and ADC, respectively. ID is the indentation direction
along [21̄1̄0] in C90 and [21̄1̄2] in C45 samples. The indenter can
be oriented at any arbitrary angle θ (rotation about the Z axis). For
reference orientation, θ = 0, indenter edge BC is along the X axis,
the line AF and L1 vector lie on the ZY plane as shown in (b).

performed using a Berkovich indenter with a peak indentation
load of 8 mN, with loading and unloading rates of 0.8 mN/s.
The samples for nanoindentation are prepared by polishing the
surfaces to be indented to a surface finish of 0.25 μm.

III. RESULTS AND DISCUSSIONS

Indentation load P vs penetration depth h curves obtained
for C45 and C90 are shown in Figs. 2(a) and 2(b), respec-
tively. It can be observed from Fig. 2 that all the loading
curves exhibit discrete displacement bursts (also known as
pop-ins) which are generally attributed to the dislocation/twin
nucleation event in Mg. Previous experimental and molec-
ular dynamics (MD) simulation studies of nanoindentation
of Mg [20,21,24,25] clearly showed that the first pop-in in
the loading curves corresponds to nucleation of dislocations.

FIG. 2. Nanoindentation load P vs penetration depth h curves of
(a) C45 and (b) C90 samples.

Prasad et al. [23] have shown that the stress drops during
microcompression (equivalent to pop-in under constant strain
rate loading) correspond to nucleation of deformation twins,
so twinning is also expected to cause pop-in during nanoin-
dentation as reported by Guo et al. [26]. Therefore, the first
pop-in marks the onset of plasticity and the loading curves
obey the Hertzian elastic contact equation until the first pop-in
as shown in Fig. 3. The good agreement between the loading
curves until the first pop-in (as shown in the inset of Fig. 3) is
attributed to the high elastic isotropy of Mg.

It can be noticed from Fig. 2 that the penetration depth
corresponding to maximum indentation load Pmax is higher
for C45 indicating that C45 is softer compared to C90. The
hardness of the samples is computed using the Oliver-Pharr
method [27,28] and the average hardness values H of C45 and
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FIG. 3. Representative P vs h curves for C45 and C90 samples up
to a load of 1 mN. The first pop-ins indicating the onset of plasticity
are shown as a magnified view in the inset figure. Both curves are
well described by the Hertzian elastic contact theory until the first
pop-in.

C90 are found to be 539 ± 19 MPa and 586 ± 22 MPa, re-
spectively, which differ only by 9%. Interestingly, Prasad et al.
[23] performed uniaxial compression experiments and have
reported the compressive flow stresses at 8% strain (σ0.08)
to be 60 and 372 MPa for C45 and C90, respectively, which
differ by 520%, much higher than the difference observed in
the case of H. The flow stress values are taken at 8% strain
as it corresponds to the representative strain underneath a
Berkovich indenter (stems of the geometry of the indenter)
[29]. The significant difference in the flow stress between
the two orientations under uniaxial compression is primarily
due to the operation of contrasting deformation modes un-
like indentation where multiple deformation modes are active
because of the multiaxial stress state. However, there is no
analytical solution to date to explain the reasons for small
differences in H values as compared to the flow stress. In order
to address this issue, we have developed a novel mathematical
framework in this work by considering indenter geometry, the
crystallographic orientation of the sample.

A. Mathematical model to characterize deformation
under Berkovich indenter

The schematic of a Berkovich indenter is presented in
Fig. 1(a) along with the important loading directions used in
the analysis: ID represents the indentation direction, which is
normal to the sample surface while L1, L2, and L3 correspond
to loading directions normal to the triangular faces of the
indenter. Two such loading directions L1 and L2, i.e., normals
to the faces ABC and ADC of the indenter, are shown in
Fig. 1(a). The model developed here is based on the Schmid
factor analysis and does not consider the non-Schmid effects
on the deformation. In magnesium, deformation by slip is
mainly determined by the Schmid criterion and non-Schmid
effects are negligible. Unlike slip, the mechanism of twinning
in hcp metals is a debatable topic as it has been proposed that
twin boundary motion is assisted by atomic shuffling [30–32]
and movement of basal/prismatic or prismatic/basal interfaces
contrary to the gliding of twinning dislocations [33–37]. How-

ever, in the current analysis, we have assumed that the ET
occurs on the {101̄2} 〈101̄1〉 twin system [38,39]. Beyerlein
et al. [40] observed that, during the uniaxial compression
of a Mg polycrystal, the twin variants with higher Schmid
factor have a higher thickness assuming that the twin growth
process obeys the Schmid criterion. However, in the same and
other similar studies [41,42] it has been observed that twin
variants with lower Schmid factor also nucleate, although their
growth is restricted and accounts for a very small fraction of
the total number of observed twins. It has been argued that
these twins with negative or small Schmid factors were most
likely introduced during the metallographic polishing of the
section. Nevertheless, among the population of twins formed,
a larger population is constituted by those with higher Schmid
factor, indicating that twin nucleation also obeys the Schmid
criterion.

Therefore, the Schmid factors, mL1, mL2, and mL3 (for BS
and ET) corresponding to L1, L2, and L3, respectively, de-
termine the prominent deformation mode around the indenter
while Schmid factor mID, corresponding to ID, indicates the
favorable deformation mode directly beneath the indenter. In
C90, ID is along [21̄1̄0] and mID for BS and ET is 0 and 0.38,
respectively, and hence deformation is accommodated by ET
directly beneath the indenter. In the case of C45, ID is along
[21̄1̄2] and mID for BS is 0.49 which is the most favorable
deformation mode directly beneath the indenter. Unlike mID,
the determination of mL1, mL2, and mL3 is not straightforward
as they depend on the in-plane orientation of the indenter
which is described by angle θ . If the indenter is oriented in
such a way that the edge of the indenter, BC is along the X
axis, then the line AF and L1 lie in the ZY plane as schemat-
ically presented in Fig. 1(b). This orientation is taken as the
θ = 0 orientation and L1|θ=0 = 0î + sin(24.7) ĵ − cos(24.7)k̂
where î, ĵ, and k̂ represent the unit vectors along the X, Y, and
Z directions, respectively, while the angle 24.7° arises due to
the geometry of the Berkovich indenter. L1 at any θ can be
obtained by rotating L1|θ=0 by θ° about the Z axis.

L1 = R

⎡
⎣ 0

sin (24.7)
− cos (24.7)

⎤
⎦, (1)

R =
⎛
⎝cosθ −sinθ 0

sin θ cosθ 0
0 0 1

⎞
⎠, (2)

where R represents the rotation matrix about the Z axis
in the counterclockwise direction. For any in-plane ori-
entation θ , L1 is expressed as L1 = − sin(θ ) sin(24.7)î +
cos(θ ) sin(24.7) ĵ − cos(24.7)k̂. The Schmid factors for BS
and ET systems in C90 corresponding to L1 are calculated
by the following procedure: Let αp, βp, and γp be the an-
gles that the slip (or twin) plane normal makes with X, Y,
and Z directions lying along [0001], [011̄0], and [21̄1̄0], re-
spectively, and let αd, βd, and γd be the angles that slip (or
twin) direction makes with X, Y, and Z. Then for any slip or
twin system (hkil ) [uvtw], the above-mentioned angles can
be found by crystallographic calculations [43]. The slip/twin
plane normal np and slip/twin direction d are then rep-
resented by cos(αp)î + cos(βp) ĵ + cos(γp)k̂ and cos(αd )î +
cos(βd ) ĵ + cos(γd )k̂, respectively, in sample coordinate
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FIG. 4. The variation of m with θ for (a) basal slip and (b)
extension twinning corresponding to loading along L1. The m cor-
responding to loading along L2 and L3 also can be read from the
same plot based on the relation described in Eqs. (5) and (6).

system (X-Y-Z). The Schmid factor corresponding to L1, mL1
is given by (L1 · np)(L1 · d ) which is multiplied with a neg-
ative sign in the case of ET due to its polar nature while the
sign is irrelevant for BS because of its nonpolar nature and
hence absolute value is used for BS. Following this, mL1 for
ET (mET

L1 ) and BS (mBS
L1 ) are computed from Eqs. (3) and (4),

respectively, as follows.

mET
L1 = − [L1 · np] · [L1 · d], (3)

mBS
L1 = |[L1 · np] · [L1 · d]|. (4)

A similar procedure is employed to compute the Schmid
factors for C45. The variation of mBS

L1 and mET
L1 with θ is plotted

for both the orientations as shown in Figs. 4(a) and 4(b),
respectively. From the geometry of the Berkovich indenter, the
directions L1, L2, and L3 are 120° apart. Therefore, at any
orientation of indenter, θ , the Schmid factors corresponding
to L2 and L3 are related to L1 by the Eqs. (5) and (6),
respectively.

mL2|θ = mL1|θ+240◦ , (5)

mL3|θ = mL1|θ+120◦ . (6)

Therefore, the Schmid factors corresponding to L2 and L3
can also be obtained from the plot (Fig. 4) using Eqs. (5)
and (6).

In the proposed model, the complex stress state underneath
the indenter is resolved into compressive stress acting along
the normal to the faces of the indenter. Brookes et al. [44]
proposed a model (based on the Schmid factor analysis) in
the early 1970s to analyze the hardness anisotropy. In the
proposed model, the effective resolved shear stress (τe) for
all the possible slip systems around the indenter is computed
considering that the tensile stress is being acted on the in-
denter face having a steeper slope. The active slip system is

then predicted by comparing the τe vs θ curves with the H
vs θ curve, where θ represents the in-plane orientation of the
intender. However, one of the limitations of this analysis is
that only one deformation mode is assumed to get activated
underneath the indenter at a time. But in Mg, the literature
studies [20–22,26,45,46] show the operation of both BS and
ET simultaneously at different locations underneath the inden-
ter. The advantage of the model presented in the current work
is its capability to predict all the possible deformation modes
(though we have presented only the most favorable modes, BS
and ET) directly beneath and around the slanting faces of the
indenter separately.

B. Active deformation modes underneath indenter
in C90 and C45

It can be noticed from Fig. 4(a) that, for any θ , BS has a
nonzero Schmid factor (at least one among mL1, mL2, and mL3)
in both C90 and C45 and hence BS possibly occurs around the
indenter in both orientations. Similarly, the Schmid factor for
ET has non-negative values [at least one among mL1, mL2, and
mL3 as shown in Fig. 4(b)] suggesting that the deformation by
ET is also possible in both C45 and C90. Based on this, it
can be interpreted that both ET and BS are active deformation
modes in both orientations under Berkovich indentation which
could be one of the reasons for similar hardness values for
both orientations. Deformation by ET directly beneath and
around the indenter [many twin variants have non-negative
Schmid factor, Fig. 4(b)] can lead to a multicrystalline state in
the subsurface deformation zone and hence irrespective of the
initial orientation of the crystal, the material underneath the
indenter behaves like a polycrystal whose volume increases
with increase in indentation load. This is also a possible reason
for similar hardness value for both orientations. Sánchez-
Martín et al. [45] and Hiura et al. [47] also observed that the
variation of H with crystal orientation is not very significant in
Mg single crystals. At lower indentation loads, owing to their
low CRSS, the BS gets activated more easily, while at high
indentation loads, both ET and BS are feasible deformation
mechanisms underneath the indentation [45]. Therefore, it is
expected that the difference in hardness between the orienta-
tion is high at low indentation depths (due to the contrasting
deformation mechanisms) and decreases with an increase in
indentation depths. A detailed experimental study by vary-
ing the crystallographic orientation and indentation loads will
provide further insights to understand the role of penetration
depth on H.

Catoor et al. [21], and Somekawa et al. [24] have carried
out nanoindentation experiments on the C90 orientation and
showed (with the help of molecular static simulations and
transmission electron microscope (TEM) imaging of the sub-
surface deformation zones) that the first pop-ins correspond to
nucleation of basal dislocations. The Schmid factor analysis
presented above suggests that BS is possible only around the
indenter in C90 (due to “zero” Schmid factor directly beneath
the indenter) while it is possible both directly beneath and
around the indenter in C45. Therefore, the first pop-in in C90
and C45 is attributed to BS occurring around and beneath the
indenter, respectively. One important observation from Fig. 3
is that the first pop-in load for BS is lower for C45 than C90.

083604-4



NOVEL APPROACH TO CHARACTERIZE … PHYSICAL REVIEW MATERIALS 5, 083604 (2021)

This is due to the following reasons: (i) The Schmid factor
for BS around the indenter in C90 [Fig. 4(a)] is lower than
that for BS directly beneath the indenter in C45 (i.e., 49).
(ii) At any given indentation load, the stress intensity is higher
directly beneath the indenter than around it [48] and hence
the CRSS for BS reaches a higher indentation load around
the indenter. The first pop-in length is found to be higher
for C90 than C45 which might be due to the higher elastic
energy stored prior to the onset of plasticity. Zhang et al.
[49] have argued that the elastic strain energy stored under the
indenter (before the first pop-in) is proportional to the pop-in
length and higher pop-in lengths are observed for orientations
characterized by higher pop-in loads. Guo et al. [26] have
observed a correlation between the onset of plasticity to the
BS traces on the surface during the indentation of Mg single
crystals along [21̄1̄0] (similar to C90 used in the current study)
suggesting that the analysis used in the current study can
capture the active deformation modes.

C. Mathematical model to characterize deformation
under spherical indenter

Further, to understand the role of indenter radius and pen-
etration depth on ET, a simple mathematic model is proposed
for spherical indentation along the c axis. The planar section
of the spherical indentation and important parameters used
in the analysis are shown in Fig. 5(a). The green arrows
represent the direction of indentation load and the hcp unit
cell shown in the inset on the bottom left indicates the crystal
orientation with respect to loading. The Schmid factor for
ET, mET, increases with increasing the angle between the c
axis and the compression axis which is normal to the indenter
surface [43]. Therefore, mET is maximum corresponding to the
load along the direction marked by LET

max1 = 0 î + sin(β ) ĵ −
cos(β )k̂, where β is the included angle between the loading
direction and the c axis [as shown in Fig. 5(a)]. From the
indenter geometry, cos β is expressed as 1− h

r where r and
h are indenter radius and depth of penetration, respectively.
Then LET

max1 can be expressed in terms of the r and h as the
following:

LET
max1 = 0î +

√
1 −

(
1 − h

r

)2

ĵ −
(

1 − h

r

)
k̂. (7)

Owing to the radial symmetry of the spherical indenter, all
the lines (besides the LET

max1) lying on the surface of the cone
of semicone angle β make the same angle with the c axis.
These directions (LET

max) can be obtained by rotating LET
max1 by

ψ from 0° to 360° about the Z axis [as shown in Fig. 5(b)],
where ψ is the in-plane rotation angle.

LET
max = A

⎡
⎢⎣

0√
1 − (

1 − h
r

)2

−(
1 − h

r

)
⎤
⎥⎦, (8)

where

A =
⎡
⎣−

cos (ψ ) sin (ψ ) 0
sin (ψ ) cos (ψ ) 0

0 0 1

⎤
⎦, (9)

FIG. 5. (a) Schematic illustrating planar view of indentation
along the c axis with spherical indenter of radius r. The m for
ET increases with increasing angle between the c axis and loading
direction. The maximum m for ET (mET) corresponds to loading
along LET

max1(ψ = 0◦) and all directions obtained by rotating LET
max1

about the Z axis from ψ = 0◦ to 360° as shown in (b). The variation
of mET

max with ψ for all six possible ET variants [shown in (b)] at
different h

r is plotted in (c). Owing to the symmetry of the hcp crystal,
ψ up to only 60° is plotted.

is the rotation matrix about the Z axis in the clockwise
direction.

The mET corresponding to the loading along LET
max is com-

puted for all six possible ET variants [represented as T1–T6
along with their crystallographic planes and directions in
Fig. 5(b)] and plotted as a function of ψ for different values of
h
r in Fig. 5(c). Both the LET

max and mET varies with ψ and h
r and

the variation of mET is plotted only until 60° in Fig. 5(c) as
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it provides complete information (owing to the symmetry of
the hcp crystal) for the other angles. For example, the mET for
twin variant T2 at ψ = 90◦ is same as mET for twin variant T4
at ψ = 30◦ due to the crystallographic relation between them
[Fig. 5(b)]. It can be noticed from Fig. 5(c) that at lower h

r
ratio, all twin variants have Schmid factor less than zero and
hence ET is not a favorable deformation mode (ET is possible
only if the Schmid factor is positive) and the possibility of ET
increases with increase in h

r ratio owing to the increase in mET.
This is in agreement with the experimental observations of
Sánchez-Martín et al. [45], Nayyeri et al. [50], and Zambaldi
et al. [51] who observed ET at high h

r ratio while it is absent
at low h

r ratio when the loading along the 〈c〉 axis. This is
the reason why Shin et al. [19] and Gollapudi et al. [20] have
observed ETs around the indenter for pyramidal indentation
(having a small r and hence high h

r ratio) contrary to Catoor
et al. [21] and Kitahara et al. [22] who did not find ET around
the indenter during spherica indentation with indenters having
a higher r. Somekawa and Schuh [48] also observed a similar
effect of r on nucleation of extension twins using finite ele-
ment simulations. The current analysis clearly demonstrates
that, during indentation along the c axis, ET is not possible
directly underneath the indenter but its possibility to form
around the edges of the indenter depends on the h

r ratio. The
locations of ET formed during indentation along the c axis
carried out by Shin et al. [19] and Sánchez-Martín et al. [45]
conform to our prediction. Further, as per the proposed ana-
lytical model, at sufficiently large penetration depths (or high
indentation loads) both BS and ET are possible underneath the

indentation irrespective of the crystallographic orientation and
geometry of the indenter, so it is expected that the differences
in H among different crystallographic orientations should be
negligible at high indentation loads. In agreement with the
above argument, the experimental results of Sánchez-Martín
et al. [45] showed a little variation of hardness with crystal-
lographic orientation at large penetration depths (∼2000 nm).
However, a detailed experimental study needs to be performed
to understand the variation of H on indentation load for Mg
crystals having different crystallographic orientation.

IV. SUMMARY

In summary, a simple analytical model is proposed to
predict the primary deformation modes under Berkovich and
spherical indenters in single-crystal magnesium. The Schmid
factors for basal slip and all the possible extension twin sys-
tems for Mg single crystals loaded along two crystallographic
orientations (namely, C45 and C90) are determined consid-
ering the stress state around and under the indenter. Results
show that basal slip is possible around the indenter even for
crystals loaded along the a axis, despite having a low Schmid
factor directly beneath the indenter indicating why hardness
shows little dependence on crystal orientation in Mg. In the
case of spherical indenters, the h

r ratio markedly affects the
deformation characteristics underneath the indenter and for
indentation along the c axis, the possibility of twin formation
depends on the h

r ratio.
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