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Atomic mechanism of the phase transition in monolayer bismuthene on copper oxide

Dechun Zhou ,1,* Chao Yang,2,* Saiyu Bu ,3,*,† Feng Pan ,4 Nan Si,1 Pimo He,2 Qingmin Ji ,1

Yunhao Lu ,2,‡ and Tianchao Niu 1,§

1Herbert Gleiter Institute of Nanoscience, School of Material Science and Engineering,
Nanjing University of Science & Technology, Nanjing 210094, China

2Department of Physics, Zhejiang University, Hangzhou 310027, China
3School of Mechanical Engineering, Shanghai Jiao Tong University, Shanghai 200240, China

4Research Institute for Frontier Science of Beihang University, Beihang University, Beijing, 100083, China

(Received 24 November 2020; revised 30 March 2021; accepted 14 May 2021; published 3 June 2021)

Problems associated with large-scale growth of high-quality single-layer bismuthene constitute one of the
main obstacles to the applications of bismuthene in electronic devices. Here we report the direct synthesis of
high-quality bismuthene using molecular-beam epitaxy on dielectric copper oxide thin films. Scanning tunneling
microscopy (STM) reveals the generation of dimer pair arrays and black-phosphorus-like bismuthene (BKP-Bi, α
phase) at the initial stage on Cu3O2/Cu(111) surface. A phase transition from BKP-Bi to blue-phosphorus-like
bismuthene (BLP-Bi, β phase) is characterized by high-resolution STM, complemented with first-principles
calculations based on density-functional theory (DFT) showing a bond-breaking path. Employing the phase
transition, we also demonstrate the construction of an atomically sharp in-plane homojunction along the phase
boundary. DFT calculations reveal a one-dimensional edge state along the homojunction.
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I. INTRODUCTION

Bismuth (Bi, Z = 83), the heaviest nonradioactive ele-
ment, has attracted a tremendous amount of attention from
the materials and physics community owing to its strong spin-
orbit coupling (SOC) that makes it a promising candidate for
topological systems [1–5]. In particular, freestanding single
layer of blue-phosphorus-like (BLP, β phase) Bi(111), bis-
muthene, is regarded as a two-dimensional (2D) topological
insulator (TI) with the largest nontrivial gap (0.6 eV) [6–9].
In addition, its 2D allotrope adopting black-phosphorous-like
(BKP, α phase) puckered structure exhibits topological prop-
erties when the Bi atoms in the top layer have a buckling
height less than 0.1 Å [10,11].

Abundant efforts have been devoted to the synthesis of
these 2D allotropes on a variety of substrates that the sub-
strate registry and/or orbital-filtering effect contributes to the
stabilization of the wide-gap quantum spin Hall phase [12,13].
However, preparation of bismuthene film with well-controlled
properties is still a daunting challenge that requires a com-
prehensive understanding of the growth mechanism at the
atomic scale [14]. In previous investigations, Bi started from
a three-monolayer base featuring an α phase on weakly in-
teracted graphite surface at room temperature [15]. However,
single-layer α-bismuthene can be stabilized on graphite at
low substrate temperature (∼220 K), while the second layer
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exhibits a β phase [16]. On metallic surfaces, such as Ni
[17,18], Cu [19,20], and Ag [21,22], Bi tends to form sur-
face alloy at initial stage. Dealloying occurs after increase in
coverage that finally results in β phase. On a chemically inert
substrate, Au(111), Bi aggregates into p × √

3 stripe arrays at
the first atomic layer, and transits to α phase from the second
to 60 layers [23–27]. On semiconducting Si (111) [28–31] and
Ge(111) [32–34] surfaces, Bi also shows a phase transition
as a function of layer thickness that α phase is stabilized
at low coverage and transforms into β phase above six lay-
ers. To circumvent the difficulties in preparing a single-layer
bismuthene, one effective approach is to deposit directly on
Bi-based TIs, such as Bi2Te3 [35–37], Bi2Se3, and Bi2Te2Se
[38], on which β phase is favorable. On 1T -TaSe2 [39] and
NbSe2 [40–43], which belong to charge-density wave and
superconducting compounds, α phase can be stabilized.

As demonstrated above, substrate and temperature are key
factors in determining the as-prepared phases that have been
applied to the phase engineering of other group 15 elemental
Xenes [44]. For example, theoretically, freestanding BKP is
more stable than BLP regardless of the temperature. There
is an energy barrier of 0.48 eV/atom when BKP transforms
to BLP that is kinetically unlikely. However, when placing
on Au(111), BLP is more stable than BKP, suggesting that
the substrate strongly influences the phase diagram [45]. The
substrate-governed phase engineering has also been experi-
mentally and theoretically explored in the phase transition of
antimonene [46,47]. On Bi2Se3, α-antimonene dominated at
room temperature, but transformed to β phase after annealing
at 473K via an asymmetric bond-breaking path because of
the specific lattice matching between the β-antimonene and
Bi2Se3. Nonetheless, on twofold symmetric substrates, such
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as WTe2 [48] and SnSe [47], antimonene adopted the puck-
ered honeycomb lattice (α phase) due to as well the lattice
registry. Therefore, understanding the growth mechanism is
of paramount importance to delicately tune the phases of
these elemental Xenes, which is vital for their applications in
topological systems [49,50].

Here, we successfully grow single-layer α- and
β-bismuthene on Cu3O2/Cu(111) by using molecular-beam
epitaxy (MBE). We present the phase transition from α- to
β-bismuthene induced by thermal annealing. Properties of
both phases and the phase transition processes are revealed
by high-resolution scanning tunneling microscopy (STM)
at the atomic scale. DFT-based first-principles calculations
comprehensively explain a bond-breaking pathway. Finally,
an in-plane homojunction with sharp atomic interface is
constructed at the phase boundary between α- and β-
bismuthene, which demonstrates one-dimensional edge state.

II. EXPERIMENTS

A. Sample preparation and STM measurements

Sample preparation and STM measurements were per-
formed in a SPECS Joule-Thomson scanning probe mi-
croscopy system comprising of an ultrahigh-vacuum MBE
chamber and a probe chamber with a base pressure better than
2 × 10−10 mbar [51]. All the samples were prepared in the
MBE chamber, and transferred directly to the STM chamber
without breaking the vacuum. Single crystals of Cu(111) were
cleaned by repeated Ar+ sputtering (1 kV, 10−5 mbar, 15 min)
and annealing cycles (700 K, 10 min). Bi was deposited from
a thermal evaporator onto the substrate held at 370 K. All the
STM images were taken at 77 K with a tungsten tip, and the
bias voltages were defined as the sample bias.

B. Computational techniques

The first-principles calculations are based on DFT, as im-
plemented in the Vienna Ab initio Simulation Package [52].
The Perdew-Burke-Ernzerhof [53] realization of the gener-
alized gradient approximation was used for the exchange
correlation. The projector augmented wave [54] method was
employed to model the ionic potentials. The energy cutoff was
set to 500 eV for all calculations. A vacuum space of 20 Å
was introduced to avoid interactions between structures. In
all geometry optimizations, van der Waals (vdW) correction
(in Grimme-D2 approach) was considered [55]. All the atoms
are allowed to relax until the calculated forces are less than
0.01 eV/Å, while the electronic minimization was applied
with a tolerance of 10−6 eV. The Monkhorst-Pack k-point
sampling was used for the Brillouin-zone integration: 10 ×
12 × 1 for α-bismuthene, 12 × 12 × 1 for β-bismuthene
which unit cell is rhomboid, 8 × 12 × 1 for Bi(111) which
unit cell is rectangular, 1 × 12 × 1 for the α-β homojunction,
3 × 5 × 1 for the α-bismuthene on the Cu3O2/Cu(111), and
1 × 1 × 1 for the β-bismuthene on the Cu3O2/Cu(111). The
phase transition in freestanding bismuthene was simulated
using the variable-cell nudged elastic band scheme (VC-NEB)
[46,56], as implemented in the USPEX code [57,58]. Within
the two pathways, both the α- and β-bismuthene are allowed
to relax freely, while the lattice constants of transition state 1

(TS1) are fixed during optimization. Furthermore, the x- and
y coordinates are also fixed for other structures.

III. RESULTS AND DISCUSSION

A. Coverage- and temperature-dependent phase transition

To prohibit the formation of substitutional surface alloy
[19], a buffer layer is introduced by simply annealing Cu(111)
single crystal at 650 K in oxygen to generate an oxide thin film
[59] (Fig. S1 in the Supplemental Material [60]). Figure 1(a)
shows an STM image of the oxide surface after Bi deposition
at 370 K in the submonolayer regime. Bi atoms assemble into
dimer arrays with a square unit cell of 1.35 nm × 1.35 nm
[inset in Fig. 1(a)]. Increasing the coverage to 1 ML, Bi
adatoms pack densely to form short-range ordered atomic
islands with an average interatomic distance of 0.4 nm that
span over the entire surface [Fig. 1(b)]. Annealing for 10
min at 470 K generates domains possessing different orien-
tations together with isolated clusters [circles in Fig. 1(c)].
An angle of 60° in neighboring domains indicates a threefold
symmetric substrate underneath. The zigzag structure with
a rectangle unit cell of 0.46 nm × 0.51 nm suggests the
formation of α-bismuthene [61]. Such growth mode differs
greatly from that on clean Cu(111) homogeneous reparation
of Bi atoms occurs to form substitutional BiCu2(111) surface
alloy [19]. In Fig. 1(d), we show two terraces consisting of
α- and β-bismuthene, respectively, which illustrates evolution
of β phase after annealing at 500 K for 20 min. Zoom-in
scans are taken across bright strips showing the mirror twin
boundaries and atomic lattices of the α- and β-bismuthene,
respectively [insets in Fig. 1(d)]. A mirror twin boundary
consists of distorted lattice in both sides linked by Bi atoms
propagating along the dislocation lines [62]. The measured
unit-cell sizes of α- and β-bismuthene are 0.45 nm × 0.52 nm,
and 0.45 nm × 0.45 nm, respectively, close to the values
of freestanding single-layer cases (measured line profiles in
Fig. S2 within the Supplemental Material [60]) [11,43]. Af-
ter more than 40 min annealing, the surface is covered by
uniform β-bismuthene [Fig. 1(e)]. The atomically resolved
STM image [inset in Fig. 1(e)] reveals distinctly the hexagonal
structure that matches well with the atomic termination of
β-bismuthene. The fast Fourier transform (FFT) shows the
hexagonal lattice on the measured terraces [inset in Fig. 1(e)].
Figure 1(f) is the time rate of change of surface ratio, going
from a β-phase free surface to being completely covered
with β-bismuthene. More STM images can be found in
Fig. S3 in the Supplemental Material [60]. Furthermore, we
also performed high-temperature annealing that showed 530
K for 10 min is sufficient to complete the phase transition.
This feature verifies that the ripening of β phase is qualita-
tively proportional to the annealing temperature [46].

B. Phase transition mechanisms

Figures 2(a) and 2(b) demonstrate the optimized config-
urations of freestanding α- and β-bismuthene, respectively
(for DFT details see Computational techniques in Section
II: Experiments). Examining their atomic structures, one can
see that the unit-cell size (4.42 Å) along the x axis of α-
bismuthene is coincident with that along the zigzag edge of
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FIG. 1. Coverage- and temperature-dependent structural evolution of Bi atomic layer on Cu3O2/Cu(111). (a) 0.5 monolayer (ML) [1 ML
equals a fully covered Bi(111) layer] Bi deposited on the substrate held at 370 K; inset is a high-resolution STM image of the Bi dimer array.
(b) Increasing the coverage to 1 ML without annealing. (c) Annealing at 470 K for 10 min. (d) Subsequent annealing at 500 K for 20 min;
insets are high-resolution STM images of the α- and β-bismuthene, respectively. (e) 500 K annealing for 40 min; insets present the FFT pattern
and atomic lattice of the β-bismuthene. (f) Ratio of β-bismuthene to both phases as a function of annealing time. The annealing temperature
is 500 K. Scanning parameters: (a) 2.5 V, 90 pA; (b) 1.5 V, 67 pA; (c) 2.5 V, 80 pA; (d) 1.2 V, 90 pA; (e) 0.6 V, 100 pA.

β-bismuthene. This coincidence masks an atomically sharp
in-plane epitaxy along the phase boundary. Meanwhile, for-
mation of such an interface involves the phase transition
process that needs to conquer a barrier [46]. Figure 2(c) shows
two kinds of boundaries displaying distinctly different atomic
structures with a rotation angle of 120°. Enlarged STM image
of Fig. 2(d) (type I) shows an atomically sharp interface. The
line profile (right panel) taken perpendicular to the boundary
and across the y axis of both phases illustrates the formation
of a homojunction, as shown below. The measured line profile
demonstrates a height difference in a range of 0.17 to 0.50 Å
(α-β) that depends strongly on the sample bias (see Fig. S4
in the Supplemental Material [60] for more STM images).
These values are much lower than the typical thickness of a
single-layer bismuthene [16]. Meanwhile, it is also interesting
to note that the β phase is higher than α phase in the bias
range from −1.2 to +1.5 V. This feature is in striking contrast
to theoretically optimized layer thickness that the puckered
α phase is 1.6 Å higher than the buckled β phase. Since
STM image contains both topographical and electronic den-
sity information, the unusual height difference between such
an in-plane homojunction should be correlated to the different
local density of state (DOS). STM image [Fig. 2(e)] distinctly
reveals disordered Bi atoms in the α-bismuthene lattice (edge
II), which rotate by 120º with respect to the sharp edge I.
This feature is reasonable because 120º rotation generates no
ordered atomic structure of α-bismuthene to bond with the

zigzag edge of β phase [atomic models in Figs. 2(a) and 2(b)],
implying a possible bond-breaking pathway.

To get deep insight into the mechanism of phase transi-
tion, we adopted the VC-NEB scheme to model the transition
processes from α- to β-bismuthene. Similar approaches have
been applied to simulate the α to β-phase transition of phos-
phorene [63] and antimonene [46]. Firstly, we consider a
similar approach with the conversion from puckered BKP
to buckled BLP by introducing an array of dislocation [63],
as depicted schematically in Fig. 3(a). Briefly, the transition
process involves the stretching of α-bismuthene along the y
axis, followed by the out-of-plane displacement of atoms in
the reaction coordinates 2–8 [Fig. 3(b)]. The relative energy
of structure 8 (β-bismuthene) is higher than that of structure
1, so it is distinct that α phase is more stable than β phase.

The second approach is a bond flipping path. As shown
in their atomic structures, both α- and β-bismuthene con-
sist of a honeycomb subunit adopting puckered and buckled
structure, respectively. Thus, the direct transition from puck-
ered structure to buckled configuration through flipping the
bonds connecting the hexagons is reasonable. As depicted in
Fig. 3(c), the lattice expands along the y axis (TS1) to offer
enough space for the bond flipping. TS1 comprises flat sp2-
like geometry of Bi atoms in the flipping process that requires
an energy barrier of 0.31 eV/atom. This energy is comparable
to that of the predicted transition via introducing an array of
dislocation [Fig. 3(b)]. TS2 also experiences sp2-like geome-
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FIG. 2. Domain boundaries between α- and β-bismuthene. Atomic model of freestanding (a) α-bismuthene with a buckling height of
0.65 Å and (b) β-bismuthene. Top panels: top view. Bottom panels: side view. The unit cells are marked by black lines. The dashed red lines
show the matched lattice constant between α- and β-bismuthene along the x axis. Purple and blue balls represent the upper and lower Bi atoms,
respectively. (c) Two different boundaries (I and II) between α- and β-bismuthene on the Cu3O2/Cu(111) surface. (d) Enlarged STM image
of edge I with sharp interface and measured line profile along the red arrow. (e) Edge II with broken bonds. Scanning parameters: (c)–(e)
1.2 V, 90 pA.

try and bond flipping. The energy increases by 0.06 eV/atom
from TS1 to TS2, while it decreases by 0.318 eV/atom to the
final β-bismuthene.

Another transition pathway involving bond breaking is
calculated which exhibits a lower energy barrier but more
complicated than other cases. As plotted in Fig. 3(d), at the

FIG. 3. Different transition pathways from α- to β-bismuthene. (a) Schematic of the transition by introducing dislocations, highlighted by
the arrows. (b) Total energy change during the phase transition via introducing dislocations. (c) Energy change during bonding flipping path.
Transition state 1 (TS1) and transition state 2 (TS2) present the extension of unit cell with elongated bond lengths. (d) Bond-breaking path. It
involves the lattice distortion (TS1) and bond breaking (TS2).
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initial stage, the unit cell remains fairly constant (TS1) where
only considerable distortion occurs with a low-energy barrier
of 0.22 eV/atom. Bond breaking occurs from TS1 to TS2
path where TS2 displays linear zigzag chains adopting buck-
led structure. This process differs from antimonene, where
the bonding breaking occurs at TS1 that undergoes a local
minimum state before reaching TS2. Lattice expansion takes
place in the next stage to form preliminary structure of the β

phase. The energy barrier is identified at 0.33 eV/atom. Our
calculated barrier is higher than the reported α → β transition
of antimonene [46] via the similar path of bond breaking, but
lower than that of phosphorene [63], even though the bond
dissociation energy of Bi-Bi is the lowest [64].

C. Electronic structures of homojunction

Large-scale STM images demonstrate single-crystalline
growth of β-bismuthene on each terrace. Furthermore, there
is no isolated domain of β phase surrounded by α phase,
indicating that the phase transition develops from step edges.
In contrast to P and Sb, where sequential deposition and an-
nealing on copper oxide leads to only the buckled-honeycomb
β phase [59,65], Bi on Cu3O2/Cu(111) generates single-layer
puckered α phase at the initial stage. Consequently, a com-
prehensive understanding of the in-plane homojunction with
sharp atomic interface comprising TIs can be reached. Single-
layer β-bismuthene is a nontrivial TI, while α-bismuthene
with a buckling height less than 0.1 Å has been proved to be a
TI as well [11].

To illustrate their electronic properties, we performed DFT
calculations. We considered two kinds of α-bismuthene with
different buckling heights and the β-bismuthene, respectively.
Their band structures considering the SOC are shown in
Fig. S5 in the Supplemental Material [60]. Our results
reproduce well with previous studies [11]. The buckled α-
bismuthene (buckling height = 0.65 Å) Figures S5(a)–S5(c)
show the normal band structure with an indirect band gap of
0.11 eV (SOC). Both the flat α-bismuthene (h = 0) and the
β-bismuthene are nontrivial TIs with a band gap of 0.08 and
0.37 eV, respectively [Figs. S5(d)–S5(I)]. Placing bismuthene
on Cu3O2/Cu(111) substrate, we further investigated the
interaction between α- and β-bismuthene and the substrate,
respectively, as shown in Fig. 4. The lattice constants of
bismuthene are optimized based on the measured STM
data that suggest tensile strain for both cases. Comparing
with their freestanding counterparts, the lattice variation
upon placing on the substrate affects only the band-gap
size, but has no impact on their topological properties (Fig.
S6 in the Supplemental Material [60]). The α-bismuthene
with a buckling height of 0.65 Å is a trivial semiconductor
with an indirect band gap of 0.14 eV [0.20 eV with SOC,
Figs. S6(a)–S6(c)]. However, the flat α-bismuthene shows
a nontrivial band gap of 0.15 eV [0.14 eV with SOC, Figs.
S6(d)–S6(f)]. The β-bismuthene also shows a nontrivial
band gap but with a larger value of 0.54 eV [0.24 eV
with SOC, Figs. S6(g)–S6(i)]. On Cu3O2/Cu(111) surface,
α-bismuthene adopts the puckered structure with a buckling
height of 0.65 Å and an interlayer distance of 2.21 Å
[Fig. 4(a)]. It is worth noting that the optimized α-bismuthene
shows a buckling height even when using a flat α-bismuthene

FIG. 4. DFT calculated atomic structures and interfacial proper-
ties of α- and β-bismuthene on the Cu3O2/Cu(111) substrate. Top
and side views of (a) α- and (b) β-bismuthene on Cu3O2/Cu(111)
substrate. Gray, orange, purple, and blue balls represent the copper,
oxygen, upper Bi, and lower Bi atoms, respectively. The charge-
density difference of (c) α- and (d) β-bismuthene on Cu3O2/Cu(111)
substrate. Yellow and blue colors represent the gain and loss of
electrons, respectively.

as the initial structure. Regarding the β-bismuthene, the layer
thickness increases to 2.27 Å on Cu3O2/Cu(111) surface
comparing to freestanding monolayer (1.67 Å). The distance
between the Bi atoms in the bottom layer and the substrate
is 2.21 Å, suggesting a weak vdW interaction. The binding
energy of β-bismuthene on Cu3O2/Cu(111) is 55 meV/Bi
atom, which is 4 meV/Bi atom larger than the α phase.
Therefore, the β-bismuthene is more energetically favorable
when being placed on a substrate. Nonetheless, there is still
remarkable electron transfer from the lower Bi atoms to the
Cu3O2/Cu(111) substrate for both cases, as shown in the
charge-density plots [Figs. 4(c) and 4(d)].

To further reveal the electronic properties of the in-plane
homojunction with a sharp atomic interface, we focus on the
phase boundary between the α- and β-bismuthene. Due to the
limitation of computational efficiency, we studied an ∼10-nm
periodic cell with freestanding α- and β-bismuthene without
considering the Cu3O2/Cu(111) substrate (Fig. S7(a) in the
Supplemental Material [60]). Remarkably, STM image shows
an ordered zigzag edge in the β-bismuthene side [Fig. 5(a)].
The self-consistent calculations show that the zigzag termi-
nation points upward and is bonded with the top Bi atoms
in α-bismuthene [Fig. 5(b)]. The simulated STM image
reproduces well the experimental result [Fig. 5(c)] that the
atoms along the boundary are brighter than surroundings. The
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FIG. 5. Electronic properties of the α-β homojunction.
(a) Experimental STM image of a sharp interface between α

and β-bismuthene. (b) Theoretically optimized in-plane interface
comprising (left) β- and (right) α-bismuthene. The red rectangle
indicates the boundary of the α-β homojunction. (c) Simulated
STM image of the interface with constant height. Because the atoms
along the phase boundary are higher than neighboring domains, the
simulated STM image shows brighter spots along the edge. Black
spots on the left side suggest the higher Bi atoms. Side view of the
homojunction is shown in Fig. S7(a) in the Supplemental Material
[60]. (d) The band structure of α-β homojunction along the y axis in
(b) with SOC. The red dots show the occupancy of the α-β boundary
atoms. (e) DOS of α-β homojunction with SOC. Top: DOS of the
total and α-β boundary. Bottom: Enlarged projected DOS of the α-β
boundary. The Fermi energy is shifted to 0 eV.

calculated band structure of the α-β homojunction along the
direction of the boundary is shown in Fig. 5(d); there are two
prominent dispersive bands crossing the Fermi level originat-
ing from the boundary. Furthermore, our calculation shows a
nonzero DOS near the Fermi energy, which is characteristic
of a metallic feature [bottom panel of Fig. 5(e)]. To further
confirm the boundary effect, we investigated the edge state of
an ∼8-nm wide nanoribbon composed of α-β homojunction
(Fig. S7(b) in the Supplemental Material [60]). The band
structures and DOS of the edges of α- and β phases show
the similar electrical occupation with the α-β homojunction
(Figs. S7(c) and S7(d) in the Supplemental Material [60]).
Furthermore, the β-bismuthene is a nontrivial TI that demon-
strates an edge state along the ordered zigzag boundary. The
α-bismuthene with a buckling height larger than 0.1 Å is a

trivial semiconductor. In the current case, the Bi atoms in the
top layer of α-bismuthene are heavily buckled with a height
of 0.65 Å, thus showing no topological properties[11]. Conse-
quently, the edge state on the zigzag edge of the β-bismuthene
can be preserved. It can be concluded that the topological state
occurs on the boundary of the α-β homojunction.

Clearly, experimental spectroscopy measurements can pro-
vide more precise characterization of the properties of edge
states. Ultimately, if such homojunction prepared on insulat-
ing substrates terminated with one monolayer copper oxide
can match what we found in this work by phase transition,
these 1D homojunctions can be exploited for devices with
topologically protected edge states [66,67].

IV. SUMMARY AND CONCLUSIONS

In summary, we studied the phase transition from single-
layer α-bismuthene to β-bismuthene on Cu3O2/Cu(111)
by means of thermal annealing. Theoretical calculations
along with high-resolution STM images demonstrate a bond-
breaking pathway during the phase transition. Phase transition
induces the formation of an atomically sharp interface be-
tween α- and β-bismuthene that allows us to study their
electronic properties. On the Cu3O2/Cu(111) substrate, the
α phase with a buckling height larger than 0.1 Å can be
stabilized, while thermal annealing induced phase transi-
tion generates an atomically sharp homojunction comprising
zigzag Bi atoms. DFT calculations reveal the edge states along
the homojunction. Our result provides a way to realize one-
dimensional edge state at the phase boundary of the strong
spin-orbit-coupling systems.
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