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Ab initio investigation of the atomic volume, thermal expansion, and formation
energy of WTi solid solutions
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WTi is used as an adhesive layer in integrated circuit devices. The temperature dependent mechanical
properties of WTi are still largely unexplored. In this paper we investigate WTi solid solutions with density
functional theory calculations to determine the temperature and concentration dependent behavior of volume
and coefficient of thermal expansion. The coefficient of thermal expansion is analyzed in terms of the bulk
modulus, heat capacity, and Grüneisen parameter. Furthermore, we gain insight into the bonding of the system
via investigation of the electronic structure, phonon density of states, and analysis of the formation energy. Low
Ti concentrations lead to strong W-Ti bonding, as manifested in additional high frequency peaks in the phonon
density of states. As a consequence, deviations from Vegard’s law are found at low Ti concentrations, with a
minimum of the lattice constant at about 15 at. % Ti. The CTE as a function of Ti concentration shows a negative
trend at low temperatures and Ti concentrations, which is related to a strong decrease of heat capacity. Finally
we show that the Debye-Grüneisen model yields results for WTi comparable to the quasiharmonic approach at a
fraction of the computational cost.
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I. INTRODUCTION

Metallizations in integrated circuits (ICs) have been a sub-
ject of intense research. As the performance of the IC is
limited by the resistivity of its metallization, only four el-
ements can be used: Au, Ag, Al, and Cu. Ag and Au are
problematic due to their high diffusion rate in dielectrics and
are therefore not suited for most IC applications. Al, which
used to be the standard material for metallization, offers ac-
ceptable resistivity at a low density. However, it is inferior
to the other three elements in terms of resistivity and leads
to pronounced electromigration, a diffusion process that can
lead to the failure of the electronic devices. This has mainly
been solved by alloying Al with Cu, which slows down the
electromigration rate. Nevertheless the increasing demand for
low resistivity has caused Cu to replace Al and Al-Cu as a
metallization for IC devices [1–3]. A challenge when using
Cu is its limited adhesion to the dielectric layer of the IC
device which in turn leads to delamination [4–6]. An inter-
layer is needed to facilitate the adhesion of the Cu layer to the
dielectric layer. Physical vapour deposition sputtered WTi is
a commonly used interlayer, as it shows good adhesion and
high thermal stability in a wide range of concentrations. As
a consequence, most experimental publications focus on the
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sputtering process and the temperature dependence of barrier
properties [7–12].

In terms of ab initio calculations, a series of articles
dealing with the physical and thermodynamic properties of
W alloys as a function of alloy concentration were pub-
lished. They were based on ordered structures [13], special
quasirandom structures (SQSs) [13–16], the cluster expansion
approach [17–20], the virtual crystal approximation (VCA)
[21–23], and the coherent potential approximation (CPA)
[24,25]. WTi, however, has remained relatively unexplored.
One work [13] has investigated elastic properties, atomic vol-
ume, and formation energies of ordered WTi structures for
assessing mechanical properties. Furthermore, a recent work
by Ångqvist et al. [26] deals with ab initio calculations of WTi
in the entire concentration range with a focus on the formation
energy and revision of the phase diagram.

Despite the high relevance of WTi as a diffusion barrier,
many fundamental physical properties of the solid solution
are still not known. The solid solution is not only the main
phase at high temperatures according to the phase diagram
of WTi [27], which is valid for the case of thermodynamic
equilibrium. It also results from process conditions starting
from a random distribution of atoms where the temperature
is too low or cooling is too fast to allow one to achieve
thermodynamic equilibrium via diffusion. This is the case for
typical sputtering processes used in microelectronics, as well
as metallurgical processes involving quenching from high
temperatures. Several publications confirm the sputtered WTi
as a solid solution phase [28,29]. In particular this includes
the dependence of the atomic volume on composition over
the whole Ti concentration range. The latter is highly relevant
in view of the decomposition observed in WTi12 which can
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cause volumetric mismatch. Furthermore, phonon properties
and thermal expansion, which are relevant for residual stress
minimization during operation of the ICs, has so far not been
investigated systematically. This work closes this gap with a
systematic investigation on the concentration-dependent lat-
tice constants and formation energies at 0 K together with
the temperature-dependent atomic volume and coefficient of
thermal expansion (CTE) of the WTi solid solution. These
properties are highly relevant for understanding and predict-
ing the mechanical properties in layered systems used in ICs.

II. METHODOLOGY

Density functional theory (DFT) calculations were per-
formed using the Vienna Ab initio Simulation Package (VASP)
and the projector augmented wave (PAW) method [30–37],
with exchange-correlation effects treated in the Perdew-
Burke-Ernzerhof (PBE) approximation [37]. For all calcula-
tions of cubic systems, a k-point density corresponding to
20×20×20 k points in the conventional two-atom unit cell
was used, while for the two-atom hcp Ti cell, 22×22×14
k points were employed. In all cases the k-point mesh was
Gamma centered. W was treated using 12 valence elec-
trons (5p65d46s [2]) and Ti using ten valence electrons
(3p63d24s [2]), respectively, and the energy cutoff was set to
400 eV.

In order to model a solid solution a random distribution of
the alloying elements on the crystal lattice needs to be simu-
lated. This was done using 16- and 128-atom supercells with
minimized Warren-Cowley short range order (SRO) parame-
ters for the first five coordination shells [38–40] for 6.25%,
12.5%, 18.75%, 25%, 31.25%, 50%, 68.75%, 75%, 81.25%,
87.5%, and 93.75% of titanium atoms. See the Supplemental
Material [41] for the Warren-Cowley SRO parameter for all
supercells. The 128-atom supercell proved to be an excellent
approximation to an ideal solid solution, with all SRO pa-
rameters up to the fifth coordination cell very close or equal
to zero. These supercells were used to calculate formation
energies and served as a benchmark for the 16-atom supercells
in terms of energetics. The calculation of all other properties
were based on the 16-atom supercells.

The equilibrium volume for each Ti concentration was de-
termined by fitting the Birch-Murnaghan [42] equation to the
DFT total energy results, where nine different volumes were
considered. In the total energy calculations, atomic positions
were allowed to relax. The temperature dependent volume
and linear thermal expansion coefficient were calculated using
two different methods: the Debye-Grüneisen (DG) model as is
implemented in THERMELPY [23], and from the quasiharmonic
approximation (QHA) from explicit phonon calculations us-
ing PHONOPY [43].

The DG model applied in this work follows the method-
ology described in Refs. [23,44,45]. The volume at a given
temperature is obtained from minimizing the Helmholtz free
energy. The latter is obtained from the Grüneisen parame-
ter γ as described in Ref. [46] The temperature-dependent
Grüneisen parameter γ (T) is obtained via

γ (T ) = γLT +
1
3 f

1 + f
with f = e−(�0

D/3T )
3

, (1)

where �0
D is the Debye temperature at the 0-K equilib-

rium volume which we calculate as described by Korzhavyi
et al. (Ref. [47]) and γLT is the low temperature limit of
the Grüneisen parameter which is calculated as described in
Ref. [46]. Note that this particular form of γ (T) is similar
to that in Ref. [48]. Although it has not been reported, it
was already used in Refs. [45,47]. Compared to the other
implementations of the DG model discussed before [46–48] it
yields the best agreement to QHA calculations reported below.

In the QHA calculations, the small displacement method
was used to determine the force constant matrix for a
2×2×2 supercell of the 16-atom SQS (128 atoms in total).
The phonon frequencies, the phonon density of states, and
the vibrational free energy were obtained by the PHONOPY

code [49]. In addition, the accuracy of forces was improved
by using an additional support grid for the evaluation of the
augmentation charges (ADDGRID = TRUE) [50,51]. The vi-
brational free energy was combined with the equation of state
(EOS) for 0 K to obtain the free energy as a function of volume
for each temperature and therefore the temperature dependent
equilibrium volume. The linear coefficient of thermal expan-
sion (CTE) α was obtained from numeric differentiation of the
volume as a function of T.

We have also done calculations by the exact muffin tin
orbital method within the coherent potential approximation
(EMTO-CPA) [52–55] for electronic structure of random al-
loys. The Lyngby version of the EMTO code has been used.
In these calculations Ti p-semicore states and W f - and p-
semicore states have been included. A 34×34×34 k-point
mesh of the Monkhorst-Pack grid was used in the calculations
and the total energy was obtained within the full charged
density technique using the PBE exchange-correlation energy.

III. RESULTS

A. Electronic density of states

In this work we target a fundamental understanding of the
WTi solid solution. For this purpose it is useful to first investi-
gate what impact alloying has on the occupation of electronic
states. In the upper panel of Fig. 1, we show the electronic
density of states (DOS) as a function of Ti concentration
obtained with EMTO-CPA (the corresponding VASP supercell
results are included in the Supplemental Material [41]). The
most important feature of the DOS for a bcc crystal is a
shallow valley around the Fermi energy, forming the so-called
pseudogap [56–58]. For the Ti concentrations up to 31.25%,
the shape of the DOS changes rather little. The main change
is in the position of the Fermi energy, which shifts to lower
energies with Ti concentration since Ti has only two electrons
in the 3d shell, while W has four electrons in this shell. In
the lower panel of Fig. 1, the electronic DOS as obtained for
pure W with VASP is shown, together with the shift of the
Fermi level with titanium concentration due to the change
in the number of valence electrons, based on a rigid-band
approach. One can clearly see that in this case the Fermi
level remains inside the pseudogap until 12.75% Ti, and with
increasing Ti concentration it starts to move to larger values
of the DOS. The smearing and broadening of the DOS peaks
with Ti concentration is due to the randomness captured by the
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FIG. 1. Top: Electronic DOS for WTi random alloys obtained by
the EMTO-CPA method showing the overall shift of the DOS with
Ti concentration. Bottom: Electronic DOS for pure W obtained by
VASP; the colored vertical lines indicate the position of the Fermi
level using the DOS of W as a basis, but changing the filling of the d
bands according to the Ti concentration.

CPA, whose effect increases with concentration. The change
in DOS and, in particular, the shift of the Fermi level is the
main cause for changes in lattice parameters, phonon energies,
and coefficient of thermal expansion discussed in the later
sections.

B. Atomic volume as a function of Ti content

As a first step we shortly focus on the volumes of pure
W and Ti crystals. Our results, shown in Fig. 2, show that
the atomic volume of Ti is larger than the one of W. Our

FIG. 2. Atomic volume vs Ti concentration for bcc WTi: Lines
denote results from the current work; filled symbols the current result
for hcp Ti and DFT results from literature [59,60]; open symbols
show experimental results at room temperature [7,61,62,64]. The
black dashed line indicates the volume as a function of concentration
according to Vegard’s law.

results closely match previous ab initio literature data for
pure W [59] and pure Ti [60], respectively, except for the
result for bcc Ti from Argaman et al. [60], where a different
exchange-correlation potential was used. Also, the results are
in good agreement with experiment. The DFT results with
PBE slightly overestimate the volume for W but underesti-
mate the hcp Ti volume when compared to the experimental
data [61,62], which is a known feature of the potential [60,63].
For bcc Ti an extrapolation to room temperature is avail-
able [64] and shows the same trend as with hcp Ti. Overall,
the larger volume of Ti with respect to the W is also observed
in experiment.

In Fig. 2, the volume per atom of W1−xTix as a function
of Ti concentration x, V(x), is shown. For both VASP and
EMTO-CPA calculations, V(x) exhibits a nonlinear behavior
with a decrease for small concentrations and an increase for
concentrations larger than 20 at. % Ti. The decrease of volume
for small Ti concentrations seems counterintuitive, since Ti
has a larger atomic volume than W. This nonlinear behav-
ior was also observed previously in the calculations by Hu
et al. [65], where it was discussed only for low Ti concentra-
tions. A nonlinear trend is also observed in experiment when
comparing results for W, W0.7Ti0.3, and hcp Ti [7,61,62].

The nonlinearity marks a deviation from Vegard’s
law [66,67] which is not unexpected considering that W and
Ti are relatively dissimilar atoms with rather different valence
electron number, cohesive energy, and electron density [68].
MoTi, a system similar to WTi, shows a similar deviation
from Vegard’s law according to first principles calculations
by Barzilai et al. [69] and Sahara et al. [70]. We note that the
minimum in the volume vs concentration curve correlates with
the point where the Fermi level moves out of the pseudogap in
the DOS and starts to climb the shoulder of the peak located
below the pseudogap.

C. Formation energy

The formation energy of W1−xTix as a function of Ti con-
centration x is obtained from the energy (per atom) of the solid
solution, E(x), with respect to the energies of pure tungsten
and titanium as

EForm(x) = E (x) − [
Ebcc∗

Ti x + Ebcc∗
W (1 − x)

]
.

Figure 3 shows the formation energy of bcc W1−xTix,
EForm(x), using bcc titanium as reference, while the dashed
black line connects the true low-temperature ground states of
the pure phases, i.e., bcc W and hcp Ti. Phases below the
dashed line are expected to be stable at low temperatures,
while phases above the dashed line are expected to be unstable
with respect to demixing. In order to understand the impact of
different approximations on the result, we show EMTO-CPA
(blue line) results together with those of VASP supercells with-
out relaxation (light green and orange line) and with relaxation
(dark green and orange). The EMTO-CPA calculations do not
include local lattice relaxation effects and their results are in
good agreement with the corresponding VASP calculations. At
the same time our VASP calculations with local relaxations are
in good agreement with the results obtained from the effective
cluster interactions (ECIs) by Ångqvist et al. [26]. The curve
was calculated from the list of effective clusters [71] via the
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FIG. 3. Formation energy of bcc W1−xTix from different ap-
proaches: EMTO-CPA calculation without relaxation (blue line),
VASP result for 16-atom supercell (light green line) and 128-atom
supercell without relaxation (light orange line), and VASP results for
the 16-atom supercell (dark green line) and 128-atom supercell with
relaxations (dark orange line). The dashed orange line represents
the energies of 128-atom supercell for large Ti concentrations where
large atomic displacements from the ideal bcc positions took place.
The violet line is based on the effective cluster interactions fitted to
DFT calculations (Ångqvist et al. [26]). See text for more details.

equation EForm = ∑
α mαJα (2x−1)n [72], where mα is the

multiplicity of the cluster α, Jα is the ECI of the cluster, n
is the degree of the cluster, and x is the concentration of Ti.

Let us now look at the effect of supercell size on the forma-
tion energy, comparing the results of 16-atom and 128-atom
supercell calculations. For low Ti concentrations, the 16-atom
supercell yielded formation energies in good agreement with
the results for the 128-atom supercell, with differences smaller
than 3.1 meV/atom. For Ti concentrations larger than 12.5%,
however, the difference gets significantly larger. We attribute
this behavior to the increasing tendency of the atoms to move
off-center from their ideal positions and to form a local coordi-
nation different from the bcc one, which is possible only in the
128-atom supercell, while the 16-atom cell severely limits the
possible atomic rearrangements due to the limited cell size. In
the case of the 93.75% Ti the maximum displacement in the
16-atom cell (0.13 Å) is smaller by a factor of 4 compared
to the 128-atom cell (0.53 Å). As a consequence the 16-atom
supercell calculations follow the trend obtained by the cluster
expansion method which is also based on the total energies
of small supercells (up to 12 atoms). In contrast the 128-atom
supercell results show strong deviations from “bcc-like” be-
havior, as seen in the dashed orange line in Fig. 3. In fact we
found that the atomic relaxations were so large that the local
coordination analysis (common neighbor analysis) [73–75]
did not assign atomic sites in the supercell as belonging to
the bcc crystal structure anymore. Note that Lieser et al. [15]
found similar deviations for the HfW system. As seen in
the final point on the dashed orange line of Fig. 3, we also
investigated a 128-atom bcc supercell for pure Ti, but starting
with atomic positions shifted away from the high symmetry
positions based on the relaxed 93.75% Ti supercell. We again
obtained large relaxations and a much lower energy than the
one for ideal bcc Ti.

The solid solution is energetically favorable up to about
55% Ti, as found below the dashed line in this concentration

FIG. 4. Formation energies derived from Redlich-Kister param-
eters of CALPHAD databases (orange and purple) compared to our
VASP formation energy results from the 16 atom SQS (light green)
and our EMTO-CPA (dark blue) calculations.

range. At Ti concentrations larger than 20%, however, the
unrelaxed results differ significantly from the relaxed ones.
This energy gain obtained from atomic relaxations indicates a
gradual decrease in stability with increasing Ti concentration,
leading to stronger local relaxations. Indeed pure bcc Ti is
known to be mechanically unstable [76].

We do not consider here the hcp phase of WTi as it is not
found in the phase diagram and the energy difference between
the bcc and the hcp phase of pure W, �Ebcc-hcp, is as large
as −499 meV/atom. This energy difference is significantly
higher than �Ebcc-hcp for hcp Ti (109 meV), which means
that the concentration range in which hcp WTi is stable is
either very narrow or does not exist at all. Calculations by
Giret et al. confirm a huge gap between bcc W and other pos-
sible modifications such as hcp [77]. Furthermore Ångqvist
et al. [26] calculated hcp WTi but as expected only found
positive formation energies for the entire concentration range.

Our results obtained for the formation energy can be com-
pared to well-known and frequently used expressions from
CALPHAD databases of Johnson [78] and Jin [79]. We
used the the Redlich-Kister parameters [80] reported in those
databases to generate the corresponding formation energies
at 0 K as seen in Fig. 4. The parameters are reproduced in
Table I. For completeness and better reusability of our results
the parameters obtained by fitting the Redlich Kister polyno-
mial to the ab initio formation energies are also reported in the
table. The CALPHAD assessments differ significantly from
our VASP and EMTO-CPA results. While there exists a general
consensus that the formation energy should be lower in the
lower concentration range compared to the higher concen-
tration range, the quantitative predictions differ substantially.
Our results indicate the necessity for reassessment of the WTi
thermodynamic database taking into account that formation
energies at low temperature should be much more negative
as currently assumed. This might lead to changes in phase
boundaries in the phase diagram especially in the tempera-
ture range below 1000 K as already indicated by Angqvist
et al. [26].

D. Phonon density of states

The phonon density of states (PDOS) of bcc WTi as a
function of Ti concentration is plotted in Fig. 5. It shows
remarkable features: First, the PDOS of pure bcc W and the
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TABLE I. Redlich-Kister parameters based on our formation energy curves and from CALPHAD calculations [78,79]. The VASP and
EMTO-CPA values have no T dependence and are only valid for 0 K.

VASP EMTO-CPA Johnson [72] Jin [73]

L0 (meV) −199.41 −151.77 44.70 + 0.13*T 19.81 + 0.11*T
L1 (meV) 211.50 491.15 101.24 − 0.04*T 218.80 − 0.09*T
L2 (meV) −590.35 −388.33 0 53.64

real modes of bcc Ti almost perfectly overlap in terms of
the occupied frequency range, in agreement with ab initio
calculations [23,81]. Moreover, experimental results of the
phonon DOS for the high temperature bcc phase of Ti found
in the literature [82,83] are in line with the calculated phonon
frequencies for bcc Ti. Since the mass of Ti is about a factor
of 4 smaller than the one of W and the phonon frequencies
scale with 1/

√
m (where m is the atomic mass), the stiffness

of the bonds must decrease roughly by a factor of 2 in order
to explain this observation. This is also in accordance with the
difference in stiffness between W [84] and Ti [85] as apparent
from the bulk and shear moduli, which are 65% and 25%
lower in Ti, respectively. Second, adding Ti to pure W, a new
isolated peak at around 9 THz appears, which is far above
the highest frequency of pure Ti. This high frequency mode,
which is dominated by Ti displacements, exhibits a rather
sharp peak indicating that it is strongly localized on the Ti
atoms. Apparently, the embedding of Ti in W leads to stronger
bonds compared to pure Ti, which together with the smaller
mass leads to the high frequencies. With increasing Ti content
the peak broadens and fills the gap to the lower frequency
modes more and more, eventually leading to a continuous
phonon DOS for more than 25% Ti. The maximum frequency,
however, changes rather little up to a Ti concentration of
18.75% and then starts to decrease.

The impact of Ti content on the lower frequency peaks
is more subtle: The peak at around 4 THz is shifted to a
slightly higher frequency when going from pure W to 6.26%
Ti, but then its frequency shows a continuous decrease with Ti
addition. The peak around 6 THz shows a monotonic decrease
in frequency with increasing Ti content. In the low frequency
region below 3 THz the PDOS hardly changes up to 12.5% Ti,
and then it slightly increases with Ti concentration.

FIG. 5. Phonon density of states of WTi from 0 to 31.25% Ti
plus pure bcc Ti for the 16 atom supercells.

E. Thermal expansion

Figure 6 shows the unit cell volume of W1−xTix as a
function of concentration x, V(x), for temperatures from 0
to 900 K as obtained via explicit phonon calculations using
PHONOPY [43]. For all temperatures, V(x) shows the same
nonlinear behavior with a minimum of the atomic volume
around 15 at. % Ti. The position of the minimum changes with
temperature, from 18% Ti at 0 K to 13% Ti at 900 K. This can
be explained by the smaller thermal expansion of pure bcc
W [86] compared to pure bcc Ti [64] which shifts the min-
imum of V(x) to lower Ti concentrations as the temperature
increases.

The upper panel of Fig. 7 shows the change in CTE as a
function of titanium concentration. Below 12.5%, the CTE
changes only very little with Ti content. A subtle but in-
teresting feature in this concentration range is the slope of
the CTE as a function of Ti concentration: For the lowest
temperature (100 K) it is negative, while it is close to zero
at 200 K, and then slightly increases when going to higher
temperatures. For Ti concentrations larger than 12.5%, the
concentration dependence of the CTE is generally stronger
and again shows a slight increase with temperature. The lower
panel of Fig. 7 shows the same data in a different representa-
tion, where the CTE is plotted as a function of temperature
for different Ti concentrations. It is also seen here that for
smaller concentrations up to 12.5% Ti, the CTE changes only
little. The largest change of CTE is found between 12.5 and
18.75% Ti, as is clearly visible in this figure. This may again
be understood by considering the electronic DOS in Fig. 1: up
to 12.5% Ti, the Fermi level is located in the region where the
DOS is the smallest, while going above 12.5% Ti the Fermi
level shifts below the pseudogap leading to weaker bonding.
Moreover, the analysis of the phonon DOS in Fig. 5 showed
that a smaller concentration of Ti atoms embedded in W show
high frequency phonons due to a stronger bonding to their

FIG. 6. Atomic volume as a function of Ti concentration for
different temperatures from 0 to 900 K. The dashed line indicates
the position of the minimum for each temperature.
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FIG. 7. Upper panel: CTE as a function of Ti concentration for
different temperatures. Lower panel: CTE as a function of tempera-
ture for different Ti concentrations.

neighboring atoms compared to pure Ti, while at larger Ti
concentrations these phonon frequencies go down.

The CTE, α, can be expressed in terms of the Grüneisen
constant γ , the heat capacity cv , and the bulk modulus B
via the relation α = γ cv

3 B [87]. An analysis of the CTE in
terms of these three quantities, shown in Fig. 8, gives further
insight into the physical origin of the dip in the CTE below
12.5%. As seen in this figure, the behavior of γ , cv , and B is
different in three different concentration ranges. In the first
range from 0 to 12.5% Ti, γ , and cv decrease with the Ti
concentration, which for T � 300 K is counteracted by an
even stronger increase of B in the denominator, leading to
a slight increase of α. For T = 100 K, the decrease of cv is
very pronounced, leading to a slightly negative trend of α as a
function of Ti concentration, while for T = 200 K, α is almost
constant. From 12.5% to 18.75% Ti, the heat capacity and
bulk modulus decrease further, while the Grüneisen parameter
changes its slope and increases in this range, resulting in a
stronger increase of CTE as a function of concentration. In
the range from 18.75% to 31.25% Ti, finally, the Grüneisen
parameter γ decreases again, while the heat capacity shows a
slight increase. Together with the strong decrease of B this
leads to a slight increase in the CTE in this concentration
range. One more striking feature of Fig. 8 is the strong change
of cv going from 100 to 200 K, while for T � 300 K the
changes are much smaller. This temperature behavior of the
heat capacity curve explains the large jump in CTE between
100 and 200 K, followed by a much smaller change for each
further increase in temperature.

Using the Debye-Grüneisen method to calculate the vibra-
tional free energy is appealing in terms of easy application and

FIG. 8. Change in Grüneisen parameter γ (top panel), heat ca-
pacity cV (middle panel), and bulk modulus (lower panel) relative to
the value for pure W as a function of Ti concentration for different
temperatures.

much lower computational cost compared to explicit phonon
calculations. While the Debye-Grüneisen method worked in
WRe only to a limited extent [23], it proved to be successful
for WFe [14] and WNi [88] where it delivered results close
to the experimental values. In order to understand whether
it gives reasonable results for the WTi system, we show the
results for the CTE as a function of Ti concentrations for
different temperatures as obtained with the DG model in Fig. 9
CTE as a function of Ti concentration for different tempera-
tures as obtained with the DG model. They fit surprisingly
well to the PHONOPY results: Qualitatively all features are very
well reproduced, including the decrease of CTE with Ti alloy-

FIG. 9. CTE as a function of Ti concentration for different tem-
peratures as obtained with the DG model.
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ing for small Ti concentrations at 100 K, the steeper increase
at intermediate Ti concentrations, and again a flatter region
adding more Ti. Also quantitatively a very good agreement is
found for most of the temperatures and concentrations, except
for slightly smaller values for the results at 100 K, and a shift
of the steeper CTE increase to lower Ti values.

Overall the DG model allows us to predict the CTE in
very reasonable agreement with PHONOPY at a fraction of the
computational cost.

An experimental result of 5×10−6 K−1 for W-10% Ti was
found [89] which fits well to the calculated results. The exper-
imental results for pure tungsten [90–93] are slightly lower
than the calculated results, however such an offset between
DFT and experimental results is well established [23,94].

The calculated CTE has interesting implications for resid-
ual stresses arising in layered systems used in microelectronic
applications. At 300 K pure tungsten has a CTE between
4.3 and 4.5×10−6 K−1 as seen in Fig. 9, while the CTE
of typical metallizations are much larger, e.g., 14×10−6 K−1

for gold [95], 16.9×10−6 K−1 for copper [95], 19×10−6 K−1

for silver [91], and 23.9×10−6 K−1 for aluminum [95]. This
results in a large thermal mismatch and therefore significant
deformations under thermal load [96]. Adding Ti is a pathway
to decrease the mismatch. However, up to 12.5% Ti the ther-
mal mismatch does not change significantly compared to pure
W. Only for larger Ti concentrations does the CTE of WTI
increase substantially and close up to the values of the other
metals. At 31.25%, the highest concentration calculated using
PHONOPY, the CTE increases by 1.25×10−6 K−1 compared to
pure W which in turn decreases the thermal stresses. Summa-
rizing, the values of the CTE of WTi from Figs. 7 and 9 can be
used in finite element method simulations to predict possible
stresses in metal stacks arising from thermal gradients.

IV. CONCLUSION

In this paper we investigate the electronic density of
states, the concentration-dependent volume, formation energy,
phonon density of states, and thermal expansion of WTi solid
solutions. Analysis of the electronic DOS shows that Ti addi-
tion shifts the Fermi level out of the bcc pseudogap at around
20–25 at. % Ti. In the investigated concentration range from
0 to 30% Ti, the volume generally changes only little with Ti
content and shows a local minimum around 15% Ti, which
can be correlated to features of the electronic structure. In this
context, the EMTO-CPA calculations and the VASP supercell
calculations show similar results.

The calculated formation energies show that the bcc WTi
solid solution is energetically favorable at low temperature
for Ti concentrations up to about 55%. Therefore WTi has a
very strong tendency to mix at low Ti concentrations. It mixes
not only due to configurational entropy but already due to the
0-K energetics of the alloy. The mixing energy with respect to
bcc Ti and W is negative throughout the whole concentration
range from 0 to 100% Ti, which is in agreement with the solid
solution of WTi that forms at higher temperatures above the
hcp-bcc phase transition of Ti. Finite supercell size effects
change the formation energy significantly. We conclude that
for situations which require highly accurate total energy cal-
culations, such as the creation of a phase diagram, an accurate

representation of the solid solution using a 128-atom SQS
supercell is necessary.

The phonon density of states yields particular insight into
the bonding in the WTi system: Remarkably, the phonon DOS
of pure Ti and pure W cover the same frequency range, which
is due to the fact that the lighter mass and weaker bonds in Ti
compared to W compensate each other in terms of vibrational
frequencies. Addition of Ti to W leads to new peaks in the
DOS with frequencies as high as 9 THz. These new peaks,
which are due to localized vibrations of Ti atoms, show that
the bonding of Ti embedded in W is stronger than in pure
Ti, which together with the light mass of Ti leads to these
high frequency modes. The rest of the phonon DOS undergoes
rather small changes upon Ti addition: the phonon density
slightly increases with Ti concentration up to 3.5 THz. For
the frequency range from 3.5 to 6 THz the peak positions
generally show an increase in frequency with increasing Ti
concentration.

The thermal expansion coefficient generally increases with
Ti concentration and temperature. However, the change with
titanium concentration is not linear, but decreases from 0 to
6.25% at low temperatures and then sharply increases after
12.5%. When looking at the heat capacity, Grüneisen con-
stant, and bulk modulus we can see that the decrease at lower
temperatures for small concentrations is due to a decrease
in Grüneisen constant and especially a strong decrease in
heat capacity, while at higher temperatures the decrease in
bulk modulus causes the upward trend of the CTE. For the
intermediate concentration range between 12.5% and 18.75%
Ti, the Grüneisen parameter changes its slope and increases,
resulting in a stronger increase of CTE as a function of
concentration. The results obtained from explicit phonon cal-
culations using PHONOPY are also compared with the ones
obtained via the DG method, which is simpler to use and de-
mands far less CPU resources. In this context a version of the
DG model with two special modifications was applied which
succeeded to yield results in remarkably good agreement
with the PHONOPY results, not only reproducing all features
qualitatively, but also showing a close match quantitatively
for most of the temperatures and concentrations considered.
Our work also showed good agreement between EMTO-CPA
and VASP supercell calculations for the formation energy and
electronic densities of states. For this reason a combined
EMTO-CPA and Grüneisen approach might be of interest for
similar materials and especially for multicomponent alloys
including tungsten and titanium, since it delivers reasonable
results at a very moderate computational cost.
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