PHYSICAL REVIEW MATERIALS 4, 104405 (2020)

Breakdown of ion-polarization-correspondence and born effective charges:
Algebraic formulas of accurate polarization under field
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Polarization, especially of ferroelectrics FEs, is conventionally described by ion positions, e.g., by Born
effective charges, where the complete entanglement of electron polarization with that of ions is implicitly
assumed. We find that such descriptions or Born effective charge polarization-type approaches break down
partially in the presence of high field, owing to the partial disentanglement of electrons with ions. To overcome
this, we propose a correction (non-Born effective charge polarization) that calculates both macroscopic and
unit-cell-by-unit-cell total polarization accurately. The accuracy of this method is demonstrated in prototypical
situations of depolarization field E; that exists in finite-size or inhomogeneous insulating FEs: paraelectric/FE,
FE capacitors, and FE/vacuum. Here, FE/vacuum are shown to be electrically identical to encountering domains.
This method provides simple algebraic formulas to calculate total polarization Ps and E; using conventionally
estimated polarizations that are obtained from local ion positions. Therefore, it can be easily used in experimental
estimations of Ps and E,, including 3D cases. For example, this method reveals that Ps varies across ferroelec-
tric/insulator far less than the conventional estimate, which explains substantially reduced E; and the absence
of metallicity. In addition, vortexlike domains are discussed in view of E,. The partial disentanglement of ion
and electron polarization would imply limitation of Ginzburg-Landau framework of ferroelectrics under high

field.
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L. INTRODUCTION

Ferroelectrics (FEs) have reversible spontaneous polariza-
tion Ps that is useful in numerous applications, for which a
good insulator with a wide bandgap Eg is desired to apply
external electric field E.y. In real, i.e., finite-size FE, the
depolarization electric field E; exists in FEs even for Eqy =
0; E; emerges by the existence of surfaces, interfaces, and
inhomogeneity in the direction of Py [Figs. 1(a)-1(c)]. E4
is considered essential for domain configurations [1-6], and
the properties and existence of FEs [7-10]. For example, a
simple Kittel model based on E; [1] shows nanometer-scale
vortexlike Pg patterns and nanodomains [6].

The emergence of the spontaneous polarization in standard
FEs is described by the disappearance of inversion-symmetric
ion positions. Accordingly, the phase transitions and prop-
erties of FEs are explained by the polar distortions of ion
positions u [2,11-14] and their dynamics, i.e., polar soft-
mode phonons. That is, the polar distortions of ion positions
are equated with the spontaneous polarization, as shown by
Ginzburg-Landau theory as a linear relationship between po-
larization and lattice strain n, e.g., n = QPS2 for stress-free
case, where Q is constant [15] [Fig. 1(d)].

For the understanding of FEs, especially nanometer-scale
FEs, atomic-scale understanding of polarization and E; is in-
dispensable. Standard experimental atomic-scale estimations
of spontaneous polarization are based on local ion positions
or distortion u [11,12] measured by x-ray diffraction or trans-
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mission electron microscopy (TEM). These estimations are
performed also for E; # 0 and E. # 0 [2-5,7,8] and ba-
sically the same as those using phonon modes with Born
effective charges Z* [13] that are defined at macroscopic
electric field E = 0.

These local ion-position based estimations are used also in
ab initio calculations; for example, the surface of freestanding
FEs and head-to-head/tail-to-tail (HH-TT) domains possess
metallic bands owing to E;, when Ps L surfaces or Ps L
boundaries [10,16—19]. In these cases, empirical formulas
based on ion positions or Born effective charges are used
[10,19].

The present paper suggests the polarization that has been
missing in these conventional estimates. In case of partly
metallic FE slabs [Fig. 1(e)], E; originates from surfaces or
domain boundaries, which are absent in the extracted (copied)
bulk unit-cell [Fig. 1(f)] that has the same ion positions of the
unit-cell in the slab [Fig. 1(e)] (Table I). Consequently, E; is
absent in the copied bulk unit-cell, although the ion positions
are exactly the same as those in the slab and contain the ion
distortion u due to E;. Because electrons move with ions, the
polarization of electrons in the slab is partly included in the
polarization of this extracted bulk unit-cell Ps**™!¥ whereas
the polarization of ions in the slab is completely included in
Pgisobulk - poiso-bulk ¢orresponds to the polarization described
by conventional estimates based on local ion-positions such
as Born effective charge XZ*u [distortion u depends on E:
u(E)).

Because of the similarity of the physics or spirit, we relate
Psisobulk with Born effective charges, although Ps by Born
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FIG. 1. Images of bulk and real FEs [(a)—(c)], the corresponding
unit-cells [(d)—(f)] explaining extracted bulk unit-cell, Ps'**** and
PE. (a) bulk, ie., infinite-size FE. (b), (c) real, i.e., finite-size
FEs: FE/vacuum (b) and FE heterostructures (c), where E,; emerges
owing to the imperfect screening of polarization charges. (d)—(f)
FE unit-cells showing ions (red) and electron clouds (orange): (d)
short-circuit slab, (e) open-circuit slab, and (f) bulk having the same
ion positions as (e).

effective charges may deviate from a Berry phase Ps even for
E = 0[20] and, hence, from Pk However, Ps estimated
by an optimized Z*(u)u could agree almost perfectly with
Berry phase Ps for a wide range, while the difference between
Ps’s estimated with Berry phase using different exchange
correlation functionals was visible (Appendix). Therefore, in
general, ideal Born effective charges would be able to agree
with the exact Ps by optimizing Z* for each specific FE and
including the exact dependence of Z* on u, stress o, and
specific atomic environments such as defects. To express the
physics, Ps*°®k is identified with Born polarization esti-
mated by such ideal Born effective charges (PO ) that
are optimized for a specific FE; Péso'b“”]goml agrees perfectly
with Ps estimated with ideal Berry phase P& ™" .
Nonetheless, Ps*?k or pisobulk is considered to over-
look the possibility that electrons move partly freely from
ions; even when ion positions are the same, the polarization

of electrons or atomic polarization [21] may be different for
E =0 and E # 0 [Figs. 1(e) and 1(f)]. Hence, the total po-
larization for E # 0 is considered as Pss*™I 4 PExta where
P51 is the polarization of ion and electrons for E = 0
at u = u(E) (u is attained by E) and P5*" = (¢§ . — D)eoE
is an extra polarization by E (¢5*™: permittivity of electrons
for extra polarization). The validity of these postulates shall
be explained more in Sec. III and proved in Sec. IV.

When this inference is correct, this extra polarization Pe]f’“a
cannot be expressed by the improvements of P& or
pisobulk - that include several effects such as the dependence
of Z* on u, o, and E [22] and the rescaling [19,23]; To-
tal polarization is Ps"*o™k 4 (gExa — 1)¢oE, where we call
PEX" non-Born polarization considering ideal Born effec-
tive charges: Piotulk o — Psisobulk - Consequently, PRxa g
not included in the molecular dynamics (MD) simulations
based on effective Hamiltonian [9,24] and classical (non-ab
initio) MD simulations [25]. Similarly, the accurate experi-
mental estimation of polarization from local ion positions or
u [2-5,7,8,11,12] is Ps*Puk  and, therefore, does not contain
ngra.

We have found that P often reduces E; drastically
and propose a method to calculate this polarization, where
gExa - can be sufficiently approximated by the static permit-
tivity of electrons &°'. For paraelectric under low E, PE may
be corrected by rescaling Ps = CrPso™k [19.23], where
Cr = (1 + (&% —1)/x°") ~ 0.90 and x ™" is the susceptibil-
ity due to ions. This formula is equivalent to rescaling of
Born effective charge Z*R: Z*R = CrZ*. On the contrary, the
present extra polarization P5*™ is based on the polarization in-
dependent of u’s as expressed in the second term in Pgiso?uk 4
(ag""al — 1)eoE ; consequently, E,; is not determined by local
P55k a5 in the rescaling [23] but is determined by global
distribution of Ps*** a5 in the equations in Sec. III. Also
Pg’“a is different from the E-dependence X[Z* + AZ*(E)]u
proposed for semiconductors [22].

Using the consistencies of conventionally estimated polar-
ization Ps™**®% [11-15], we propose a method that calculates
PEX™ and total polarization, including three-dimensional (3D)
cases. This method can also be performed only with global
ion position data and, hence, is usable in experimental stud-
ies such as those using TEM [2-5,7,8]. We demonstrate the
necessity and accuracy of non-Born polarization P5*™ in pro-
totypical situations of E;: FE/vacuum, paraelectric/FE, and

TABLE I. Lattice constants and ion positions of tetragonal BaTiO; exemplarily explaining the procedure to obtain the extracted (copied)
bulk unit-cell for 5™ [Fig. 1(f)] that has the same ion positions of the unit-cell in the slab [Fig. 1(e)]. This example corresponds to BTO
in BTO(7PBE + U)/STO in Fig. 4, and ion positions are shown in fractional coordinates. The second row shows the lattice constants and ion
positions of bulk BaTiOs. The third and fourth rows show the lattice constants and ion positions of BTO unit-cell in the center of BTO layers
in the BTO/STO slab, where the fractional coordinates are with respect to the lattice constants of slab and the unit-cell, respectively. The fifth
row shows the lattice constants and ion positions of BTO unit-cell of extracted unit-cell, which is identical with the fourth row.

Fractional coordinates

inaand ¢ a (A) ZvottomBa (0,0,2Ba)  ZiopBa (0,0,2B4) c (A) 711 (0.5,0.5,z11)  zo2 (0,0.5,z11) (0.5,0,z11)  zo1 (0.5,0.5,211)
Bulk 3.979 0 1 4.069 0.5141 0.4837 —0.0301
Slab center 3.947 0.29749 0.38245 47.920 0.34118 0.33914 0.29564
Slab center 3.947 0 1 4.071 0.5142 0.4903 —0.0218
Copied bulk 3.947 0 1 4.071 0.5142 0.4903 —0.0218
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FIG. 2. Atomic model of (a) FE/vacuum and (b) FE/I,q; super-
lattice, and (c) corresponding macroscopic potential ¢. (d) Example
of the estimation of ab initio E; (E% ™) from the highest planar
averaged atomic potential ¢ by the ab initio calculation of 10-unit-
cell BTO/5-unit-cell STO. (e) DOS of STO.9999/vacuum, where /¢
in the unit of unit-cells and Iy in A are shown on the right.

FE capacitors [Figs. 1(b), 1(c), and 2]. Here, FE/vacuum can
represent HH-TT domains. In view of reduced E;, the vortex
domains [3-5,9,24,25] are discussed in comparison with flux
closures [26-28].

II. TECHNICAL DETAILS

To calculate Ps ab initio, we used insulating FE slabs con-
sisting of SrTiO3 (STO) and archetypical FE BaTiO3 (BTO).
For the achievement of the insulativity of FE, which was
necessary for the ab initio calculation of Ps of a whole slab,
FE in FE/vacuum [Fig. 2(a)] required a small Ps and a large
Eg (Appendix). These requirements were achieved by SrO-
terminated STO’s (P4mm) having a-axis lattice constant 0.5%

longer and 0.01% shorter than that of the theoretical cubic
phase [29]. We call them STO1.005 and STO.9999, respec-
tively, of which lattice-constants a and c, and Ps are 3.902 A,
3.896 A, 3.56 uC/cm?, 3.897 A, 3.898 A, and 6.15 uC/cm?,
respectively [29]. For FE/vacuum, geometries were not re-
laxed, because otherwise FE disappears (Appendix); The FE
unit-cells in each slab retained the ion positions of STO1.005
or STO.9999. Therefore, Ps'soPuk of any unit-cell was the
same as the above bulk value: 3.56 £C/cm? or 6.15 uC/cm?.
These calculations were only for the examination of P5*™ and
gEX and were not intended to explain experiments.

BTO/STO superlattices were used as FE/insulator het-
erostructures [Fig. 2(b)]. All the calculated forces were
<1 meV/A after geometry relaxation. In the calculation of
BTO capacitor structures with PBEsol, a standard electrode
material STRuO3; was 5 unit-cell thick ~20 A. The a-lattice
constant of BTO/SrRuQO3 was fixed at the theoretical a of
cubic STO, and all other ion positions were relaxed, which
corresponds to the epitaxial films on STO substrates. The
surfaces of the BTO and SrRuO; were TiO, and SrO,
respectively.

In the remainder, /,4; stands for both vacuum in FE/vacuum
and insulator in FE/insulator, and P; and E; stand for the
polarization and the depolarization field in I,q;, respectively
[Fig. 2(a)]. Ps"*°™k and P,"*°"k denote the polarizations of
the extracted unit-cells from FE and I, respectively, which
can be calculated from local ion positions. An example of the
extracted unit-cell is indicated by a blue small rectangle in
Fig. 2(a). The permittivity’s of electrons and the thickness
of FE and I,q; are denoted by &, 8, , Iy, and [; (=1ly for
I,gj = vacuum), respectively, and the length of the slab Isc
is Iy + I;. The periodic behavior of the potential in Fig. 2(c)
suggests [ E; = —[;E;. Ab initio E; (ES* ™) was obtained
from the envelope of the peak tops of atomic potential, where
the dashed red lines in Fig. 2(d) are the example of this
envelope (also in Appendix).

In these calculations, no dipole correction was applied,
as usual for the studies of FE/I,q; superlattices and FE ca-
pacitors (The appropriateness for FE/vacuum is explained in
Appendix). These ab initio calculations rigorously correspond
to the macroscopic model in Fig. 2(c), which is sufficient
for the present paper. The correctness of no dipole correc-
tion is evident in the excellent agreements between E4° ™o
and analytical E; [30] and between ab initio and analytical
Ps (Sec. 1V). These results also explain quantitatively the
decrease of E; with /; and the emergence of metallicity in
Fig. 2(e).

In the ab initio calculations with VASP [31], the pro-
jector augmented wave (PAW) method [32] was used with
PBEsol functional [33], a Monkhorst-Pack [34] mesh of
8 x 8 x 2, and with an energy cutoff of 650 eV. Ab initio
Ps and Ps*® were obtained by Berry phase calculations
[35]. In case of FE/vacuum, the dipole moment of a whole
FE/vacuum slab was calculated with Berry phase, and Ps
was obtained by dividing this dipole moment by the vol-
ume of FE part (a x a x Iy), which we call a “rigorously
calculated Ps of the slab.” The calculations of BTO/STO su-
perlattices were examined also with PBE functional [36] with
Hubbard U [37] (PBE4+U: U on Ti 3d and O 2p). Optical
permittivity of bulk STO and BTO was calculated with ex-
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FIG. 3. Planar averaged electron density p for estimating the FE
thickness ;. All the eight p’s behave the same near the surface,
supporting the use of the same smearing length ~0.8 A for different
slabs. Inset shows the enlarged view near the surface.

act diagonalization and random phase approximation (RPA).
Eg’s are calculated with PBEsol, PBE+U, and a hybrid
functional HSEsol [38], where PBEsol is known to underesti-
mate Eg’s typically by 30%, while HSEsol yields appropriate
values [39].

In the present calculations of FE/vacuum, it is important
how to define the location of FE surface, i.e., ;. Therefore,
Iy was estimated from the planer averaged electron density p
profiles in Fig. 3, which displays that all the p profiles of 8 dif-
ferent slabs exhibit the same behaviors near the surface. This
is more evident in the enlarged view at z &~ 0, where all the
p profiles of eight different slabs overlap. The p peaks at the
right and left end (z = 0) correspond to the BaO of the top and
bottom surface, respectively. p at z = —0.8 A is same as the
minimum p of inner part in all the p — z curves. This means
that the region of z = 0 ~ —0.8 A should be considered as a
part of FE, and [ is the distance of top and bottom outermost
ion (Ba) position plus 2 x 0.8 A Asforly, I = Isc — ly.

In the calculation of BTO/STO, Iy was defined as the
distance between the top and bottom Ti ions of BTO, and
Iy =lsc — ly. In the calculation of BTO/SrRuQOj3 capacitor
structures, the effective /5 (l;.ff) was It_g — ucgto, Where It_g
is the distance between top and bottom Ti (top and bottom
of BTO are TiO;’s) and ucgro is the length of a BTO unit-
cell. The results with l;’.ff = It_g — 1.5 ucgto were almost the
same.

III. METHODS

Section I postulated Ps = PgisoPulk  pExra iy pExra —
(85"“*‘ — 1)eoE, of which technical details are explained in
Fig. 1, Table I, and the Appendix. The background of the
formulas are as follows. Within Born-Oppenheimer adia-
batic approximation, electron distribution p is considered to

depend on a total field: atomic fields from ions (E{ ), of
which macroscopic average is zero, and macroscopic field
E, e.g., E;. E displaces ions (u(E)), yielding ion polar-
ization Po,(u). Because of the coupling to EZ (u) and E,
p(EL (w), E) = p(u, E), which yields electron polarization
P,(p) = P.(p(u, E)) = P,(u, E). This expression P,(u, E) is
needed, because in general cases electrons and each ion are
governed by their own different mechanics.

For a weak E, Ps = P,,,(1#) + P.(u, 0) can be rigorously
expressed by ideal Born effective charges Ps = XZ*u, thanks
to the robust interactions between ions and electrons (Ef ).
As the last paragraph indicates, such complete entanglement
of P, with u and, hence, ion polarization P,,, is approximate,
when E is nonnegligible in comparison with E . That is,
the straightforward expression Ps = P, (1) + P.(p) is more
appropriate than Ps = XZ*u.

Therefore, Ps = Pon(t) + Pe(p) = Pon(1) + Pe(u, E) =
Pion(u) + Po(u, 0) + AP,E = Pgisolk 4 pBxra where
psisotlk = po (u(E)) + P,(u(E),0), PP = APE, and
quasi-equality is for E < EZ . Below, &5™s are
approximated by the static permittivity of electrons &,
as explained by the end of Sec. III.

The 1D-polarizations below denote the components per-
pendicular to the surfaces and interfaces (1D refers to the
case where properties change only along one coordinate as
in Fig. 2). Therefore, the polarizations below such as P,
Py, Pssobulk and pisobuk should be multiplied by cos8 (6:
incidence angle), when the total polarizations are oblique to
the surfaces and interfaces (Appendix).

A. Basic equations for 1D N-insulators and layer-by-layer

In the macroscopic derivation of E,, E; is constant except
for surfaces and boundaries, which is confirmed in Fig. 2(d)
and all the potential profiles studied. The thickness of surface
layers or boundaries, in which the potential corresponding to
macroscopic E; deviates from atomic potential, is only 1 ~ 2
unit-cell. In case of FE/vacuum, this deviation in 1-unit-cell
thick regions is mainly due to work function (Appendix).

The other surface effects not included in the macroscopic
derivation of E; are buckling, i.e., inward dipole layer at the
surface with ~1 unit-cell thickness [40] and the atomic-scale
variations of polarization P at the surface. However, these
effects do not change the estimate of macroscopic E; either,
while we need to change the definition of the effective I, as
the thickness of the inner layers having a constant polariza-
tion P; Exemplarily in case of freestanding insulating 1D-FE,
eoEg + P =0 shows E;(z) = —P(z)/€9, which means that
E; is unaffected by other locations as long as an end of FE
is in an open vacuum. Consequently, we could confirm that
the macroscopic formula of E,; agreed excellently with the
ab initio E; (E$ ™) in all the a-few-nanometer-scale FEs
studied here.

According to Sec. I, the correction to Ps's>*ulk

is given by

Ps = Ps" oK 4 (g€l _ 1) E,. 6))
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In Eq. (1), eE*" is approximated by & and E, is given by
ab initio calculation [Fig. 2(d)] or by

iso—bulk iso—bulk
_ Pg - B

E; = , (2a)

eo(e + &)

for a 1D system consisting of two insulators [Figs. 2(a) and
2(b)]. Equation (2a) is derived from Eq. (2b) for N = 2. Sim-
ilarly, P, = p/isobulk (5?1 — 1)eoE;, where Ej is given by ab
initio calculation [Fig. 2(d)] or E; = —E4l;/l;. The examples
corresponding to Eq. (2a) are FE/vacuum, FE/insulator, and
HH-TT domains [18]. For vacuum, 2" = 0 and ¢! = 1,
yielding Ps = P52k (1 — (e — 1) /(% + 1¢/1))}.
Polarization and E,; of the kth layer in a 1D system consist-
ing of N insulating layers are obtained by using Eq. (1): P; =
P}SO’b““‘ + (83l — D)eogEy; (Pj: corrected polarization at j =
1 ~ N), the continuity of flux P}SO'b““‘ + eilsoEdj = P}Sfib“lk +
831+180Ed_/+1 (j =1~ N —1), and the continuity of potential
for a periodic boundary condition 211\’ [ {;Ed ;=0 with Egnyy =
E, ES+1 — 8:131, and PIiVSi_FUIk — Pllsof ulk' Here, Pj, P]i_so—bulk’
831, Eg;, and [; are the corrected (total) polarization, the po-
larization of an extracted bulk unit-cell, the permittivity of

J

Z(g;l) {(P]iso—bulk _ P}so—bulk)lj/sil} + Z(a_,-){ k - }

electrons, the depolarization field, and the thickness of the jth
insulating layer. These relations yield

ZN {(P]iso—bulk _ P}So_bmk)lj/é‘jl}

.
Eg = — =1
el N
&k €0 Zj:l o

(k=1~N),

<

(2b)
which gives P, by Eq. (1). The periodic boundary condition
of electrostatic potential is clearly satisfied in short circuit 1D
systems and also in open circuit 1D systems; For example, a
freestanding FE in open vacuum is expressed by a periodic
system [Fig. 2(a)] with Iy = oo.

Equation (2b) for N =2 yields Eq. (2a), by E4; = Ey,
Pliso—bulk — Psiso—bulk’ 8?1 — 851’ ll — lf, Pziso—bulk — P]iso—bulk,
' = &, and I, = [;. The conducting layer, in which ¢ is
constant, is considered as none and expressed by 8? = 00 or
l; = 0; an example is an inner part of an electrode metal.

P of some insulating layers such as the screening
layers of metal electrodes is difficult to measure or define
and usually expressed by P; = (¢; — 1)eoEy;. When a 1D
system consists of such layers and the layers expressed by
P = P}S‘"b“'k + (8;] — 1)ggEy,; in the k™ insulating layer hav-
ing ezl is

Plso—bulk lj

Eg=—

where E(S?) and X are sum over the insulating layers
expressed by P; = P}S"'b“lk + (851 — DegEy; and Py = (g5 —
1)eoEyj, respectively.

Unit-cell-scale layer-by-layer P; and E; (1D): Layer-by-
layer polarization (corrected) P; and Ej is obtained from ion
positions in each unit-cell [Fig. 4(a)]. By regarding P}SO'b““‘
and I; as Ps"™k and c-lattice constant of each unit-cell,
respectively, Egs. (1) and (2b) [or (2¢)] provide layer-layer
Ps and E; of each unit-cell [Fig. 4(b)]. In Egs. (1), (2b),
and (2¢), P;™ and /; can be approximated by average or
typical Pi™% and I;. £$' and ¢; can also be approximated
as the constant for the same material with the same sym-
metry (Fig. 5). Because electronic peculiarity at the surface
and metallic interface is not considered, this estimate may be
inaccurate for the unit-cells at these locations.

B. Equations for typical situations

Freestanding FE and HH-TT domains: For freestanding FE
in vacuum, Eq. (2b) yields, E; = —Ps™P /ge¢! for N = 2,
Edl — Ed, Pl iso-bulk _ PSiso—bulk’ STI — 861, Pziso—bulk — 0, 83] —
1, and I, = oo. This formula E; = —Ps"™ /ge¢! is the
same for periodic HH-TT domains as given by Eq. (2b) with
N = 2’ Edl — Ed» _Pziso—bulk — Pliso—bulk — Psiso—bulk’ 8;1 —
el =¢and b =1, = Iy.

Capacitors: Another common situation is a FE (j =2)
sandwiched with metals or semiconductors (j = 1, 3) in a
short-circuited condition (N = 3). In this case, the effect of
these metals and semiconductors appears only through a fi-

el L l
Ek 80(2(8‘;1) a + Z“‘ﬂ;)

; (20)

(

nite screening length. Equation (2c) is applicable with P; =
(ej — Deokyj(j =1, 3) and Xy in the numerator being
zero. By setting P,k = pgisobulk jn 53, ) of the numerator,
and sgl =¢landl, =1 70 Xe e of the denominator,

Ed — EdZ - _ (Psiso-bulkll /81 + Psiso—bulkl3/83)/8e1£0
(/e + 11 /&1 + 3/e3) = —Ps* ™™ /o (! + €117 /21,). The
last equality is for identical electrode materials: &y = &3 and
[y = I3, which is similar to a well-known formula [41]. This
E, yields Ps = {1 — (¢! — 1)/(e% + &11;/21;)} P51k,

Because P**™*’s are accurately estimated from local ion
positions by either the ab initio calculation or empirical for-
mula [12] of an extracted unit-cell, these equations show that
the corrected Ps (P;) and E4(Ey;) are obtainable from global
ion positions. To obtain a macroscopic E; (not layer by layer
Ey), P50 and PSPl (Pl can be approximated as
constant except for the 1 unit-cell at the interface [Fig. 4(a)].

Metallic surface and domain boundaries: Ea‘,’b initio js ob-
tainable from ab initio potential profiles [Fig. 2(d)]. This
estimation is possible, even when the surface and domain
boundaries exhibit metallic energy band [16-18]. E, is esti-
mated experimentally as E; = Eg/el™ %, where [iMUa° =
Iy —2l,, and I, is the thickness of metallic layer and e is
elementary charge. I, is 2 A ~ 10 A. Therefore, the corrected
Ps (P;) and E; (Ey;) are also obtainable from theoretical or
experimental global ion positions.

When [*"1*¢ of FE is too short, the ab initio potential pro-
file of Iq; is used to calculate E, through E; = —[E;/ l}"s‘”a‘e
. Preferentially, the method of the estimation of E g is same as
that used for Ps'*°""%; When Pg's°"K is calculated ab initio
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FIG. 4. (a) Layer-by-layer plot of the distance between Ti ion
and O ion in TiO, plane along c-axis of n-unit-cell BTO/5-unit-cell
STO superlattices (n = 7, 10). (b) Ps"*°®X of each unit-cell having
the ion positions shown by filled pink circles in (a) is represented by
filled pink circles in (b). The corresponding P>k Berry 18 shown by
a small red circle. The corrected polarization Ps is shown by filled
light-blue squares.

with PBEsol, E g should be calculated with PBEsol, and when
Psisobulk ig experimental, E g should be experimental.

Defects and impurities: In the above procedures, Egs. (2a)—
(2¢) and the ab initio calculations assume that the effects
of defects and impurities are negligible. When the effects of
defects and impurities are so evident that E; = 0, the present
method is unnecessary.

C. 3D Ps and E,; and representative value

Equations (1) and (2b) or (2c) can provide 3D distributions
of P; and E; by changing Pis"'bulk Eg4j, and [; to vector
components P(;m”z, Eda/xjyjzv lajxjyjz» and Ea])qy]z’ respec-
tively, where @ = x,y,z,and j, =1~ Ny, j, =1~ N,, and
j. = 1 ~ N, denote the center of the uniform Pgisobuk block
in Cartesian coordinates. In a unit-cell scale representation,

4r PBEsol PBE+U Exp. i
—— ST0.9999 ——STO cubic @ STO
— STO1.005 — BTO tetra ® BTO
—— STO cubic BTO cubic
— BTO tetra HSEsol

PBEsol RPA —— BTO tetra
0 = —— BTO cubic i

0 1 E@Ev) 2

FIG. 5. Permittivity of electrons & along ¢ axis of STO1.005,
ST0.9999, cubic STO and BTO by ab initio calculations with
PBEsol, PBE + U, and a hybrid functional HSEsol, while & of
STO1.005 is overlapped with that of cubic STO and almost invis-
ible. Experimental optical &’s [42] are also shown. In the PBEsol
calculations of STO and STO.9999, the agreements with experiment
were improved by RPA, which is shown by thin red and scarlet lines
that are terminated near 1.8 eV. %' along a axis by each functional is
very close to &% along c axis by each functional.

Jx» Jy, and j, denote the center position of a unit-cell, and
. ] .
€qjxjyj. Can be approximated by a constant £ of a given
polarization direction. For example, Pyjyyk; Pa‘k‘;kykz +
(8akxkykz {E Jzz—l(lelz?ckykz -
N

szxky]z )lszk)’lZ/gzkxkyjz}/{8zkxk)k280EjzilleXkYJZ/szkxkyjz} for
the z component at the location center (k,, ky, k;) by Eq. (2b).

In the application of the formula for 2D and 3D, all the
boundaries should be consistently oriented; For example, the
boundary between Pi° . . and P‘“j‘; iyjz+1 should be perpendic-

ajxjyjz
s S0 is0
ular to z axis, and the boundary between P, and P54y

ajx
should be perpendicular to x axis. Theref(j)rjeyﬂthe boundaries
of 2D cases form steplike shapes. Practically, even for unit-
cell scale P; and E; distribution, representative values of a
large homogeneous block can approximate Pig jy jyjz» Edajxjyjz»
Lo jxjyjz> and effjx jyjz I the.: above sums, except for quantities of
(ky, ky, k), i.e., the location to be calculated.

I)SOEdakxkykz and Edzkxkykz =

D. Value of gfxr

Ab initio and experimental electron’s linear permittivity
along c axis are shown in Fig. 5 [42]. The perturbation series
expression of the electron’s static permittivity is

el 2 | uol XoiXioXoo
=1+2e —|— ek
{3 el v LY e
_ XoiXiuXuo 4 PE? T 3)
(Ui - Uo)(Uu - Uo) h '

where x,, = [dr¥;xW, and the subscripts o and u(i) stands
for occupied and unoccupied state, respectively, and U,,
U;, and U, are the corresponding Eigen-energies [43].
A typical minimum value of U,—U, (Eg) of good FEs
is > 3eV, while a typical energy of ex,,E is 0.8 meV
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FIG. 6. Bars show the ratio of “Berry phase polarization Ps of
a whole slab” to P&y [P&™", : Berry phase polarization
of extracted bulk (Fig. l(f) Table I)]. Open circles show the ratios
of “Ps calculated by Eq. (1) using E™Miio” 1o psotulk . Filled
circles show the ratios of “Ps calculated by Eq. (1) usmg Eq (2a)”
to PO . Numbers n and m in n-m at the bottom represent the
thicknesses of STO (in unit-cell) and vacuum (in A), respectively.
Triangles show the ratios of Ps to Ps™™ ¥ where Pg is calculated
by using Eq. (1), Eq. (2a), and Pgisoulk given by ion-position based
empirical formula [12].

PE"“/I uC/ecm?)(E;/20meV/A)/N,, where PR = pg —
Ps Fo-bulk and N, is the number of the contributing electrons
per unit-cell. In case of ABOj type FEs, the electrons per
unit-cell contributing to the lowest U,~U, are the Oy, valence
electrons near the Fermi level Ef, and N, is considered as 4.
Therefore, ex,,E < U,~U,, and the third- and higher-order
terms are unimportant. This suggests that £ can be approx-
imated as a constant even for a high electric field with a
good accuracy. Therefore, we use the linear static electron
permittivity obtained in Fig. 5, while similar examinations
show that the nonlinearity is not negligible for the permittivity
of ions.

The possible dependence of € on u and, hence, Ps ne-
glected, which is justified by Fig. 5 and the agreements of
Eq. (2a) with E¢® "o jn Sec. IV; For example, £ of cubic
BTO differs from & of strained BTO only by 3%, where Ps’s
of these BTO’s by HSEsol are 0 and 49 C/cm?, respectively
[39]. Furthermore, Fig. 5 shows that 5™k and, hence, u of
STO1.005 and STO.9999 do not affect £!"s.

The exchange correlation functionals change the ab initio
&’s much more than the difference between STO and BTO;
PBEsol yields the largest £°!’s, and HSEsol yields the smallest
¢!, This difference is consistent with Eq. (3), because PBEsol
yields the smallest Eg and HSEsol yields the largest Eg. The
experimental £%’s are the closest to the £®’s calculated ab
initio with PBE+U .

IV. ACCURACY OF THE METHOD

In this section, the total polarizations are normal to the
surfaces and interfaces, and cos 6 = 1.

FE/vacuum: All the eight kinds of STO/vacuum slabs la-
belled by the combination numbers in Fig. 6 exhibited the

density of states (DOS) of insulators [Fig 2(e)], and, there-
fore, Eq. (2a) with P/ =0 and &' = 1 was used. E,
ranges from 40 to 120 mV/A, increasing with I/ ly and Ps.

= 6.2 in Egs. (1) and (2a) was a static limit of the electron
permittivity calculated ab initio with PBEsol, because the ab
initio calculations of other properties of STO/vacuum slabs
were performed with PBEsol.

In Fig. 6, the ratios of rigorously calculated Berry phase
Ps of the whole slab to Ps™**®X are shown by bars, where
Psto™ s the ab initio spontaneous polarization P&™
of an extracted bulk unit-cell consisting of 5 atoms similar
to Table I. The ratios of Ps to P&y, = are shown by open
and filled circles, where the open circles correspond to Ps
by Eq. (1) using ab initio E; (E$ ") and the filled circles
correspond to Ps by Eq. (1) using Eq. (2a). Because the ion
positions of all the unit-cells in each slab are exactly the same,
Pss0-Puk>g of al] the unit-cells are exactly the same.

Both Ps using E*™"° and P using E; of Eq. (2a)
agree excellently with rigorous ones. If one thinks that
Pgio™Ik s the total spontaneous polarization, which
is conventional, the depolarization field E°™* for
FE/vacuum is E)) iso-bulk — _ pgiso-bulk 7g (1 4 | /). Therefore
Ey/Ejo-bulk P /P55 bulk , where E; = —Ps/eo(1 + Iy/ly) is
derived from Eqs. (1) and (2a) [30,44]. These ratios are shown
in the right axis of Fig. 6. The appropriateness and importance
of non-Born polarization P5*™ are evident in the small ratio of
Ps/PgisoPk and E, / E}f"'bmk as well as the excellent agreement
of Ps = PgisoPulk 4 pExra with rigorously calculated Ps. These
agreements for the whole range of E; =40 ~ 120 meV
justify also the neglect of the nonlinearity of & in Sec. I D.

Additionally, Ps’s are calculated by Egs. (1) and (2a) with
Psisotulkeg given by PioUIk = 926 Azg_gp — 0.05 (1C/cm?)
[12], where Azti—oz is the z component of the distance be-
tween Ti and O in TiO, plane (z || ¢ axis) normalized by
c-lattice constant of the unit-cell. The ratios of these Ps’s to
pisobulk s are shown in Fig. 6.

FE/insulator: All four BTO/STO slabs, labelled by the
combination numbers in Fig. 7, exhibited DOS of states of
insulators, and, hence, Eq. (2a) is used. E; ranges from 15
to 23mV/A, decreasing with lr. The accuracy of Egs. (1)
and (2a) was tested by the comparison of the Berry phase
Ps of a whole slab with PSI*‘bmrelge = (yPs + LiP)/Uy + 1),
where Ps and P; are calculated by Eqgs. (1) and (2a). This
test was performed using the 7-unit-cell BTO/5-unit-cell STO
(PBE+U), and the ratio was 1.000.

The ratios of P to Ps**™! are shown in Fig. 7(a), where
Ps is calculated by both Eq. (1) using E4” i and Eq. (1)
using Eq. (2a). P5* changes Ps"™ by 4% owing to
small E;. However, P5*™ changes E,’s substantially as seen
Fig. 7(b). E;’s obtained through Eq. (2a) agree excellently
with E¢bmitios while E,; given by Pk, i.e., uncorrected
spontaneous polarization is 6 ~ 8 times larger than E4” ™,
These results prove the appropriateness and importance of
P]?xra'

¢ To test the practical estimations, E; was calculated
by Eq. (2a) using Ps"*°"k’s estimated by semi-empirical
formulas  Ps"PK(BTO) = 977 Azri_o2 + 0.04 (uC/cm?)
and Ps"P%(STO) = 926Azri_0y — 0.05 (uC/cm?) [12].
The ratios of these E;’s to ES? "i"o’s are shown as “by TiO,”
in Fig. 7(b).
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FIG. 7. (a) Bars show the ratio of “Ps calculated by Eq. (1)”
using Egbinitio o piso-tulk  Filled circles show the ratio of “Ps by
Eq. (1) using Eq. (2a)” to Py, . (b) Filled blue circles show
the ratio of “E, calculated with Ps and P; (corrected by Eq. (2a))” to
Egbinitio . Open black circles show the ratio of “E, calculated with
pyotil, Ly and PPOS (uncorrected)” to EgP™"°. The supercell
geometry BTnSTm at the bottom represents the number of unit-cells
in BTO and STO. Light blue diamonds show the ratios of “E,; by
Eq. (2a)” to E$ it where Eq. (2a) used Ps®*™ and piso-bulk
estimated by ion-position based empirical formula [12].

Additionally, the layer-by-layer Ps of each unit-cell was
calculated by Eqgs. (1) and (2b) in Fig. 4(b), where si"s by
PBE+U were 5.36 (BTO) and 5.22 (STO) and [;’s were the
distance between Ba or Sr atoms. For the layer-by-layer P,
P}So'buu"s were estimated by the above semi-empirical for-
mulas [12] using the layer-by-layer Azriop in Fig. 4(a) and
agreed with Pio®lk s within 4% as seen in Fig. 4(b).

Berry ;
The layer-by-layer Ps*™ varies substantially at the

BTO-STO boundaries [Fig. 4(b)], yielding polarization charge
—V . PPk The rescaled Born effective charges [23] yield
the Ps variation similar to Ps**P"X because of the uniform
scaling. However, electrons free from ions, i.e., Pe]f”a are ex-
pected to smoothen the profile and reduce the variations at the
BTO/STO boundaries, because these electrons are considered
to screen electric field from —V - g™k This expectation
is realized in Ps in Fig. 4(b), proving the appropriateness and
usefulness of the non-Born-polarization P5*™.

1.0 - ' '
. iso-bulk
K- P, Berry bulk by Berry phase 4130
Wt b inti
? - PS / Pslso ul oy Ps by Eda Initio o
5 iso-bulk 50y e
S [-@-P/P ey P E4bYEal(20) £
k (&)
J'Q()g 00 @ data 0%
_% I T |—fitting y= atbx ;;
0 3, Pearson r=0.9920, -
. | o W | R?= 09684 2
o N 10"
Q P -
08 b
5 0 g Hpy B 2

FIG. 8. Ratios of “Ps by Eq. (1)” and Ef*""® to P&™%
shown by bars. Ratios of “Ps by Egs. (1) and (2¢)” to Pyotu L are
shown by filled dark-green circles. Asterisks show Piso-bulk

. Inset:
N Berry
Estimation of & /2, by liner fitting to Pgs"'b""‘Berry /€0Eyq vs. l_;“ plot.

Short-circuited capacitor: The rigorous Berry phase calcu-
lation of Ps of these slabs are not possible. Additionally, be-
cause the thickness of the screening layer in short-circuited ca-
pacitors is less than 1 unit-cell, the polarization of an extracted
unit-cell of electrodes Pi*™! in Eq. (2b) was not estimated.
Therefore, we used E; = —Ps!0™k /g0 (g% 4 ¢,1 £/211) given
by Eq. (2¢), for which only the spontaneous polarization of an
extracted bulk unit-cell of FE Ps**®"X was required. In Fig. 8,
Psisobulk decreases as l?ff decreases, while E, ranges from 26

to 39 mV/A, reaching the maximum at /¢ ~ 10 A.

In the inset of Fig. 8, £1/2!; was estimated as the inclina-
tion in P800k /ggEabinitio ys ff plot and was 5.005 A7,
agreeing with the previous estimate [23]. Ps calculated
by Eq. (1) with E$* ™Mo is by 5% ~ 15% lower than
Psisotlk showing the importance of P, These Ps’s agree
well with the Ps’s calculated by Eq. (1) with Eq. (2¢)
[—PssoIk /g (¥ + 117 /211)], which is performed only with
ion positions of a representative unit-cell and &;/2/;. Ad-
ditionally, E; calculated by a macroscopic formula using
Ps [Eq = —Ps/eo(1 + 15 /I;) derived from Egs. (1) and (2a)]
agreed Witlg E abinitio petter than those without correction, i.e.,
PS — Pslso— ulk

V. APPLICATION OF THE METHOD AND DOMAIN

The preceding results are for the depolarization field Ey,
but the present method is similarly applicable for external field
Ex. For theoretical studies of insulting FEs under high fields
such as MD and ab initio calculations [3-5,7-10,19,24,25],
non-Born polarization Pe]f”a is necessary. Here, insulting ideal
FEs requires the absence of defects.

For experimental studies, the necessity of P5*™ depends
on sample and time-scale, on which the magnitude of E;
depends. However, in any case, E; should be lower than the
conventional estimates. As an example of a long time-scale
case, we discuss persisting vortexlike Ps patterns, which are
reported experimentally and attributed conventionally to E,
by the authors [3—5]. When these patterns are due to E; [3-5],
E,; at many locations should be high enough to change the
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original Ps almost entirely and exists persistently in FE. The
persistence of such high field can only be possible, when FE is
unusually insulating and, hence, exceptionally stoichiometric.
For such cases, the correction Pe]“f’“"‘, which reduces E; but was
missing so far, are necessary.

On the contrary, when FE in experiments [3—5] is not un-
usually insulating, the correction P5*™ is unnecessary. In this
case, however, E; cannot persist and, hence, cannot produce
persisting vortexlike Ps patterns. That is, the primary origin of
experimental vortexlike Ps patterns is not E;, when FE is not
unusually insulating.

A reference of insulativity of metal-oxide thin films is
LaAlO3/STO, which is exhaustively studied and exhibits de-
fects and interdiffusion despite a state of art thin film growth
technique [7,45]. The growth of stoichiometric metal-oxide
thin film FE is more difficult than LaAlO3/STO, because FEs
contain highly volatile elements like Pb, Bi, Li, K, and Sb. Ac-
tually, scanning TEM experiments of strain-induced FE-STO
at LaAlO3/STO showed that E; was almost zero, or of order of
impurity ionization energies [8]. Therefore, the contribution
of E; to experimental vortexlike Ps patterns may be inessen-
tial, requiring other origins [26-28]. This inference may be
consistent with the recent studies of Berezinskii-Kosterlitz-
Thouless phase in 2D-FEs [46].

One of the origins is strain, which is considered as the
origin of a/c (90°) domains of tetragonal FEs [26-28]. Natu-
ral half flux-closure domains consisting of a/c (90°) domains
were reported by Hooton and Merz in 1955 [28], and Gregg
[26] concluded that all the reported vortexlike Ps patterns
were flux-closure domains that can reduce both strain and E;.
Indeed, all the vortexlike Ps patterns observed by TEM were
not found at free surfaces but at the interface of FEs [3-5] that
could provide enormous strain. The disappearance of domains
on a metallic (La,Sr)MnOs layer [5] can be explained also by
the reduced film quality of FE layer due to the (La,Sr)MnOs3
insertion and the decrease of strain. If these inferences are
appropriate, vortexlike Ps patterns [3—5] can be nanometer-
scale descriptions of classical a/c domains like Hooton and
Merz that can reduce both strain and E,; [28].

VI. SUMMARY

For given ion positions or a unit-cell of insulating FEs
and paraelectrics, the polarization Ps"*®¥ is estimated by
standard methods such as ab initio calculations, Born effective
charges, and empirical formula [2-5,7-10,11,12,15,19,24,25].
These estimations can be inadequate for the polarization un-
der the depolarization field E;, because E,; is determined
by global boundary conditions and, hence, is absent in the
bulk unit-cell extracted from the entire structure, e.g., slab;
A unit-cell extracted from the total structure possesses the
ion positions that corresponds to E,, but E; is absent in this
unit-cell (Fig. 1, Table I). Consequently, unless electron polar-
ization is completely associated with ion distortion u, a part of
electron polarization, i.e., a part of atomic polarizability by E,
(PE¥) is absent in these estimates, suggesting the inadequate-
ness of polarization estimation based on local ion positions
P50k (Sec. TV). Because PE*™ expresses the breakdown of
the ion-position-polarization correspondence that is the basis

of Born effective charges approaches (Appendix), we call
PEX non-Born effective charge polarization.

For the polarization under field, we postulated P5*™ and
proposed a method that calculated the total polarization Ps =
Pisobulk 4 pBxra yjgh pExta — (gBxtra )¢, E or Eq. (1). This
method worked, even when ab initio Berry phase calculation
was not possible, and the correctness of the postulate and the
high accuracy were demonstrated in Sec. IV, especially Ps
and E; of STO/vacuum and BTO/STO. In addition, the global
consistency of Ps'*°™¥ yielded formulas that calculated both
Ps and E;, using static electron permittivity, layer-thicknesses,
and PPk which could also estimate 3D Ps and Ej in unit-
cell-scale. Here, the unit-cell-scale layer-by-layer Ps could
be also performed by algebra instead of ab initio Wan-
nier approaches [23]. Because Ps"**" X is the conventionally
estimated polarization, i.e., Born polarization, for which ex-
perimental ion positions can be used [11,12], these formulas
enable the experimental estimation of Ps. The present method
revealed a layer-by-layer Ps variation markedly flatter than
that of conventional estimate Ps**"¥ explaining successfully
a small E; and the absence of metallic layer formation by E;
[17,18]. The reduction of E; is expected also for the situations
of vortexlike domains. Because the order parameter of FE in
GL theories is a total polarization [15], the incomplete entan-
glement of ion and electron polarization shown here implies
limitation of GL framework of FE under high field.
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APPENDIX

Extracted unit-cell: Ps*™ is the polarization of an ex-

tracted or copied unit-cell in which ion positions are exactly
the same as those in the slab [Fig. 1(e)] and, hence, the ion
distortion u due to Ej; is fully contained [Fig. 1(f)] (Sec. ).
This copied unit-cell can be called as a bulk with frozen ions
as Table I shows; The ion positions and lattice of the copied
unit-cell for Ps®*™k is the same as those of a unit-cell in
the slab. In case of layer-by-layer estimation of Ps'*™ the
extractions or copies similar to Table I are performed for all
the unit-cells in the slab.

Born effective charges: Practical Born effective charges are
not accurate as Berry phase calculations [20], because they are
intended to estimate many different materials. However, Born
effective charges can agree perfectly with Berry phase calcula-
tions, by incorporating u-dependence of Z*, and other effects
such as defects specific to the target FE. This possibility is
confirmed by the perfect agreement of the curves expressed
by a single # with Berry phase calculations in Fig. 9(a), where
the polynomial for Ps includes the u-dependence of Z*. The
difference in Ps by the two method is invisible, whereas the
difference in Ps by Berry phase calculations with PBEsol
and TPSS [47] is evident. Additionally, Berry phase Ps of a
bulk BTO having the experimental ion positions and lattice
constants at 298 K ranged between 23 and 24 uwC/cm? [39].
These results suggest that ab initio calculations are also ap-
proximations, although they are excellent. The quasilinearity
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FIG. 9. (a) Relationship between Ti-O, distortion u (Azri—o2)
and Berry phase Ps of BTO and STO calculated ab initio using
specific exchange correlations extracted from Ref. [12], indicating
that exact Ps can be obtained by Born effective charges. The curves
by the polynomial in (a) are plotted by solid lines, where Z, b, and
c are constants. (b) Example of the thickness of the surface layer of
FE/vacuum and the estimation of E% " from the highest planar
averaged ¢ by the ab initio calculation.

of the curves in Fig. 9 supports the practical accuracy of the
standard Born effective charges XZ*u (Z*: constant).
Therefore, both ideal Born effective charges and ideal ab
initio calculations should yield the same Pgisobuk wwhich is ex-
act. Hence, because the physics or the spirit of Born effective
charges is clear and describes the situation of Ps*** we call

Psiso®k Born polarization. Accordingly, the polarization not
included in Ps"*™k j.e., PEX is called as non-Born effective
charge polarization.

STO1.005, STO.9999: To achieve the insulativity of FE
used in Berry phase calculations of Ps of a whole slab,
STO1.005 and STO.9999 were chosen (Sec. II). For free-
standing FEs and HH-TT domains, E; = — Pglso-bulk /eoe! by
Eq. (2a), which yields ¢mayx = 1P /g0e! (max: maxi-
mum potential difference). Therefore, [, P kegpe! < Eg/e
is required for insulativity [30]. This requires a very small
Pgisobuk e o 3,,C/cm? for | ¢ sufficiently long for the esti-
mation of E; by the method in Fig. 2(d). This is the reason
for choosing STO1.005 and STO.9999. For example, even a
2-unit-cell-thick (~8 A) BTO in vacuum was metallic, when
ion positions were fixed at those of a bulk BTO [48]. In case
of STO1.005, 10-unit-cell-STO with Iy = 100 A is marginally
insulating, while 16-unit-cell-STO1.005 with Iy = 30A is
metallic. In case of STO.9999, the critical I is reduced as
in Fig. 2(e), owing to the increase of Ps'**-Pulk,

Additionally, the ab initio calculations by us and in lit-
erature (all ions relaxed) of 1D-FE/vacuum and 1D-HH-TT
domains [10,16,19] show only two alternates: FE with metal-
lic surface or paraelectric insulator, as predicted analytically
[6,17]. Therefore, STO/vacuum was not relaxed to retain FE;
Otherwise, it became paraelectric with E; = 0.

No dipole correction: The dipole correction is used to
imitate the experimental surfaces, for which Iy = oo. The
present target is not the FE surfaces (ly = oco) but FE/vacuum
superlattices, because they are sufficient for the examinations
of Egs. (1)—(2¢). Hence, the dipole correction was not applied.

Here, the change of Ps by the interactions between top
and bottom surface is not a problem for the examinations
of Egs. (1)-(2c) by the comparison with ab initio results.
These examinations were accurate, because we used ab initio
PPk wwhich contained the effect of the above interaction,
in Egs. (1)-(2¢) and, hence, that effect was self-consistently
included in both ab initio results and Eqgs. (1)—(2c).

Surface layer and oblique case: Figure 9(b) shows that
the thickness of the surface layer deviating macroscopic Ey,
e.g., Eq. (2a) is ~ 1.5 A in FE/vacuum. For 6 # 0, Eq. (2b)
changes to

Z?’Zl { (P cos 6 — P cos 9j)lj/8§’}

] N 1
epleo D iy 1j/eS

Egqe = — (k=1~N),

where 6, is the angle of the polarization P; to the 1D direction.
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