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A phase-field crystal model that spontaneously undergoes displacive phase transitions is introduced by
explicitly studying a two-component two-dimensional square crystal reminiscent of a perovskite. When the
intercomponent free energy is a simple polynomial, the crystal undergoes displacive transitions in the (10)
and (11) directions. When the interaction is a correlation function, displacements in any direction can occur.
This displacive phase-field crystal (DPFC) model maps to Landau-Ginzburg-Devonshire (LGD) theories for
ferroelectrics, and the DPFC and LGD models are compared in terms of phase transitions and domain walls.
Dynamical simulations of quadrijunctions were also performed and found stable spiraling quadrijunctions
and unstable nonspiraling quadrijunctions. Last, domain coarsening across a small-angle grain boundary
demonstrates multiple forms of non-mean-curvature-driven growth.

DOI: 10.1103/PhysRevMaterials.4.013802

I. INTRODUCTION

A fundamental problem limiting the utility of molec-
ular simulations is the problem of rare events. Namely,
current computational technology limits the timescale of or-
dinary molecular dynamics (MD) simulations to the order
of nanoseconds, which is too short to capture phenomena
of interest such as protein aggregation [1] and grain motion
[2]. Typical long-timescale methods, such as coarse-grained
molecular dynamics [3] and phase-field models [4], do not
model with atomic resolution. Other models retain atomistic
detail but require significant amounts of a priori information,
such as a transition catalog for kinetic Monte Carlo (KMC)
[5] and correct choices of collective variables for accelerated
MD [6,7].

Due to these difficulties, the phase-field crystal (PFC)
model has gained attention [8]. The PFC model retains atom-
istic detail, is capable of long-timescale simulations, and
does not require a priori knowledge about the process one
is attempting to simulate. However, unlike MD and KMC,
it is a free-energy-functional-based method. Meaning, unlike
in MD and KMC, whose potentials are functions of discrete
atomic coordinates, in PFC models, the free energy is a
function of smooth order parameters, which are interpreted as
values averaged over the timescale of atomic vibrations. As a
consequence of being a functional method, the extensive work
developing accurate potentials for molecular dynamics [9] are
not useful, and entirely new potentials must be developed for
every new material of interest. Despite some effort to connect
the PFC potentials to data from classical density-functional
theory [10-12], this approach has unfortunately only been
demonstrated to work for body-centered cubic materials. In
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practice, most PFC models are “empirical” in nature and are
fit to assorted data [13-16].

One important empirical model is the structural PFC
(XPFC) model [17,18]. In this model, the free energy is
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where F is the nondimensionalized free energy, n is the
nondimensionalized atomic density, V' is the system volume,
C is an isotropic two-point correlation function, and C %
n= fv, C(|lr — r')n(r')dr'. Drawing inspiration from classi-
cal density-functional theory, the correlation function term is
called the “excess” free energy and the polynomial of n the
“ideal” energy [19]. The XPFC model’s successes are based
on the insight that putting peaks in the Fourier transform of
the two-point correlation function, C(g), at g = |g| values
where there are peaks in the materials diffraction pattern
stabilizes many structures. Purely motivated by simplicity, the
correlation function itself is defined as a sum or supremum
of Gaussians so that the g values where extrema occur can
be easily specified. As an added benefit, the elastic constants
can be controlled by specifying by the second derivative of
C at those extrema [17,18]. This approach is successful in
stabilizing fcc [18], hep [20], and diamond [21], despite the
lack of connection between the correlation functions used in
these models and the correlation functions of real liquid-state
metals [22]. The connection between the Fourier transform of
the target crystal structure, the crystal’s structure factor, and C
was further explored in later work [23,24].

The XPFC model as originally conceived dealt only with
single-component crystals. As the vast majority of crystalline
materials are multicomponent, there have been a number of
extensions. The first extension dealt with substitutional and
interstitial alloys. In this case, instead of the free energy
being a function of the normalized atomic density of a sin-
gle component, F[n,], the free energy is a function of the
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total normalized density and a long-wavelength concentration
order parameter, F[n,c] [19,25,26]. In contrast to substi-
tutional alloys, in intermetallic alloys the “concentration”
order parameter varies on the length scale of the unit cell,
and the long-wavelength approximation is invalid. Instead,
intermetallic PFC models utilize an additional correlation
function to cause the “concentration” order parameter to
vary on the length scale of the unit cell [23,27]. When the
intermetallics have exact stoichiometries that do not readily
permit substitutions though, models are typically constructed
as explicit functions of the separate component densities,
F[na, ng], instead [16,24].

Perovskites, which are of interest for applications ranging
from solar cells [28,29] to light-emitting diodes [30], are
examples of these intermetallics with exact stoichiometries.
Motivated by a desire to predict perovskite microstructure,
two of the authors recently introduced a simple PFC model
that stabilizes the basic perovskite crystal structure [24].
However, a major issue with this model is that it does not
exhibit ferroelectricity. At high temperatures, perovskites such
as PbTiO3 have a centrosymmetric crystal structure, and on
a decrease in temperature, they undergo displacive phase
transitions to noncentrosymmetric states [31]. The noncen-
trosymmetric crystal structures are the source of polarization
densities, and the ability of the materials to transform between
the multiple symmetry equivalent noncentrosymmetric states
on application of an external electric field is the source of the
ferroelectricity. The previously developed perovskite model,
like other prior multicomponent PFC models, only stabilizes
the centrosymmetric state [16,19,23-25,27], making polariza-
tion and ferroelectric phenomena impossible.

Although no PFC model exists that demonstrates a dis-
placive phase transition, there does exist a plethora of phase-
field models for modeling ferroelectrics. These models, also
known as Landau-Ginzburg-Devonshire (LGD) models, pos-
tulate a free energy as a function of a polarization vector, gra-
dients in the polarization vector, and elastic strain [32]. This
theory has been used to predict topological phase transitions
in ferroelectric nanoparticles [33], understand ferroelectric
switching and domain wall profiles in perovskites [34-36],
and much more [37]. As PFC models naturally incorporate
elasticity without requiring an explicit elastic field, Seymour
et al., based on similar work in magnetic systems by Faghihi
etal. [38,39], introduced a model [40] where the free energy is
not only a function of the normalized atomic density as usual
but also an explicit function of the polarization vector and its
gradient. This was accomplished by adding the polarization
terms of LGD models to a normal PFC functional [Eq. (1)]
and then introducing appropriate coupling terms between the
polarization and PFC terms in order to recover the traditional
LGD models in the phase-field limit. As might be apparent
from the descriptions alone, both Seymour’s model and LGD
models are quite complex.

In the present work, we introduce a phase-field crystal
model for displacive phase transitions that reproduces many
of the complex free energies and behaviors of LGD models,
without any explicit polarization field. Instead, the polariza-
tion is an emergent property. Section II introduces the dis-
placive phase-field crystal (DPFC) model in general and then
illustrates it by considering a simple square crystal (Fig. 1).

a) Unpolarized

¢) [11] polarized

b) [10] polarized

) Non-symmetric polarization

FIG. 1. Plots of the unpolarized and polarized states in the two-
component square crystal model. The yellow regions (corners and
center) are sites for component A, and the dark-blue regions are sites
for component B. The red lines are visual aids to show symmetries
of the unit cell. Notice that in (d), the site of the dark-blue region
possesses no special symmetries.

Using a few simple polynomial interaction terms between
the components, displacive transitions in the (10) and (11)
directions are shown to be possible, and by using a correlation
function for the intercomponent interaction, positioning an
atom at any position in the unit cell is demonstrated to be
possible as well. Section III compares the DPFC model to
LGD theory. Last, Sec. IV verifies that the (10) displacive
transition is second order, examines the behavior of domain
walls and quadrijunctions, and makes predictions about the
interaction of domain walls with grain boundaries.

II. MODEL FORMULATION

In general, the free energy of a two-component system
can be decomposed into the free energies of the individual
components, F;, plus an interaction correction, Fy. Namely,

F[na, ng]l = Falnal + Fglng] + Faglna, ngl, (2)

where F is the total nondimensionalized free energy. The
nondimensionalized atomic density for component i, n;, is
defined by

n = M’ (3)

0i,0

where p; is the actual atomic number density and p; is the
reference atomic number density. In general, F4 and Fp could
be any one-component free-energy model, with either three-
point [23,41,42] or only two-point [18,19] interactions. For
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FIG. 2. Schematic of polarization in one dimension. In the un-
polarized state, the n, (blue) and np (red dashed) curves are exactly
180° out of phase. When the system polarizes, np shifts (red solid).

simplicity, in this article F4[ns] and Fg[ng] will be identical
XPFC models in the form of Eq. (1) [17,18]. The correlation
function itself is defined in Fourier space such that

—(a—q; 2

Ca(q) = C(q) = max [bie *7 ], )

where C; is the Fourier transform of the isotropic two-point
correlation function for component i, ¢ = |q|, g; are constants
that determine the crystal structure, o; are standard deviations
that control the elastic constants, and b; are positive numbers
connected to the system temperature [18].

A. Symmetric transitions

The simplest method for modeling exact intermetallics is
to, following Taha et al., Taylor expand Fyp in the variables
ny and np. To fourth order, for the symmetric n4 and np
components

Fip = / [aznAnB + a3 (nAnjzg + nfx”B)
Vv

o

+ 74”/24"123 + a5 (nan + nAng)]dr. 5)
For additional simplicity, a5 = 0 henceforth. To explain why
Eq. (5) is sufficient for polarization, Landau models for the
one-dimensional (1D) and two-dimensional cases will be
explained.

1. One-dimensional crystal

Consider the case where the single-component correlation
function [Eq. (4)] is only a single Gaussian with a peak at
wave number g, = 27 /a, where a is the lattice constant. In
one dimension, the polarization imagined is shown in Fig. 2.
The blue and red curves are the same shape but are phase
shifted relative to each other. In the unpolarized state, the
relevant phase shift, Ax, between the two waves is exactly
a/2. In the polarized state on the other hand, the phase shift
Ax = a/2 + §, where ¢ is the nonzero displacement from the
centrosymmetric position.

The conditions for this displacive phase transition can be
understood with one-dimensional Landau theory. Since the
single-component correlation function contains only a single
peak, it is reasonable to use a one mode expansion for n;.
Namely,

na(x) = fig + Ae'!" + AT (6)
and
np(x) = fig + Be'™™ + Be ", (7

where A and B are the amplitudes, A* and B* are the complex
conjugates of A and B, and 74 = 7ip to ensure charge neutral-
ity. For the duration of this article, 774 = O for simplicity. Since
F[na, ng]l = Flng, na], it is assumed that |A| = |B|. This is
equivalent to assuming that np is a phase-shifted copy of ny.
Consequently, B can be expressed as

B = Ae'1A*, 8)

Since F4 and Fp are independent of Ax, only Eq. (5) must be
minimized to find the conditions for polarization. Plugging in
Eq. (6) and Eq. (7) into Eq. (5) in the simplified o3 = O case
results in

Fup 2 4
— = —203]A|" cos(q18) + a4 |AI"[2 + cos(2¢18)].  (9)

From Egq. (9) it is clear why a4 is necessary; without it, § = 0
or § = a/2 (depending on the sign of «;). The polarization
phenomena occurs because with o, > 0, the nynp term favors
8 = 0 while the n3n3 term favors § = £a/4. This competition
drives a displacive phase transition. More precisely, there is
polarization when o, o4 > 0 and

(4%

— <2, 10
asAR (o

with the value of the displacement itself being

5= L cos ! 2

—— 11
g 2aglAP (1)

The polarization condition, Eq. (10), can also be derived by
Taylor expanding Eq. (9)

E
AP~ (=2as + 3a4lAP) + ¢ (o — 204]A])8>
alA]?
vt =% 1 2aap)s (12)
T\ T T3 '

As usual for a single-order-parameter quartic Landau model,
the equilibrium phase just depends on the sign of the quadratic
term.

2. Two-dimensional polarization

Unlike in one dimension, in two dimensions there are
many possible polarization directions. In this work, only a
square crystal is considered for simplicity. In the unpolarized
state [Fig. 1(a)], the phase shift, Ar, between n4 and ng
is (a/2,a/2). In the polarized state [Fig. 1(b)-1(d)], the ng
peaks are off-center, i.e., § = Ar — (a/2,a/2) = (6, 8y) is
nonzero.
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To understand the polarization process, Landau theory
analysis like in 1D is performed. Unfortunately, it is more
difficult. Since the square crystal structure is two dimensional
and cannot be stabilized by a single frequency [17,18], now n;
are expressed as more general Fourier series. Namely

nA(r) = ZAhkeiqhk'r (13)
hk
and
np(r; Ar) = ) Ay A0, (14)
hk
where
g = hb, + kb, (15)

is a reciprocal lattice vector of the crystal, & and k are integers,
and b; is the ith primitive reciprocal lattice vector. It is worth
noting that during numerical simulations, it was discovered
that the approximation of Eq. (8) and Eq. (14) is not exactly
true. Meaning ng is not exactly a phase-shifted copy of ny,
and given the numerical ny, there is no Ar that exactly
solves Eq. (14) for all amplitudes. For simplicity, however, the
approximation that a single parameter, the phase-shift vector
Ar, can map Ay to By is made.

In addition to the phase-shift approximation, there are
other complications when converting this model into a Landau
model like in one dimension. Since the unpolarized state is
a member of the plane group p4mm, there are eight general
Wyckoff positions denoting equivalent positions in the unit
cell, and these real-space symmetries correspond to symme-
tries in the amplitudes [43]. If the Fourier series in Eq. (13)
has its origin at the corner of a unit cell, then one example
equivalency is that

na(x,y) = na(x, =y) = Ay = Apt. (16)

This analysis for all Wyckoff positions implies that all Ay,
are equal, where {-} denotes a family of ik pairs created by
the permutation and negation of the internal elements (e.g.,
{12} includes eight pairs: 12, 12, 12, 12, 21, 21, 21, 21). When
the structure polarizes in the [10] direction, however, the plane
group changes to plm1. This plane group has only two general
Wyckoff positions, and the only amplitude symmetry is that
Ape = Ay Consequently, Ajg = Agg but Ajg # Ao in general,
which further complicates the analytical free-energy expres-
sion. For simplicity, however, this complication is neglected
as Ajg &~ Ap still.

With these caveats, the bulk analytical free energy, Fap, as
a function of two modes A| = Ay and Ay = Ayyyy withaz =
04 = 0, is

Fip

oA —2A3[cos(q18,) + cos(q18y)]

+243{coslq1 (8 + 8,)] + coslqi (8, — 8,1}, (17)

or, in Taylor expanded form,

F
012% = 4(— A} +A42) + g} (AT — 243) (82 + 87)
4 1 5 AN\, 4420252
~|—q1 —EAI =+ ? (Sx =+ 8)‘) +6]1A25X5y, (18)

TABLE I. Table of parameter values for {10} polarizing model.

Quantity Value
b 1.0
by 0.98
q1 27
70 272
[o5] 2.0
oy 2.0
a 0.01
as 0.05
oy 0.05
[0 73 0
ap 1.0
7 0
1 2 2
= Fapo + Ea((?x + 5),)
+%[F1,(8;‘+8;‘) +T12876; ] (19)

where Fyp 0, v, '], and '}, are defined as the corresponding
coefficients in Eq. (18). Equation (19) is exactly the fourth-
order Landau free energy for a two-component spin system
with cubic anisotropy [44]. Normally when constructing phe-
nomenological Landau models, one must be careful to only
include the terms that have the same symmetries as the crystal
under study. Because the PFC model has the crystal structure
built in, the resulting Landau model automatically contains
only the terms with the correct symmetries.

Landau theory can be used to understand not only the exis-
tence of displacive phase transitions but also their direction. In
Eq. (19),if "1, > 2T'yy, then if polarization occurs it will be in
the (10) direction [44] ({-) denotes a family of real variables
in the same manner that {-} denotes a family of reciprocal
space variables). If I'j; < 2I";, on the other hand, then any
polarization will be in the (11) direction [44]. Parameters were
found such that both the (11) [Fig. 1(c)] and (10) [Fig. 1(b)]
polarizations occur in numerical simulation, using o3 = 0 and
a3 # 0, respectively (Table I). In the normal parameter space
of the single-component PFC model, the quadratic coefficient
a in Eq. (19) is always positive, so polarization does not occur.
Parameters that analytically minimize the free energy and give
(10) polarizations do exist but require a3, a4 7 0 and an Ay,
mode. For brevity, this full expression is emitted.

B. Generic polarization

In order to model polarization in an arbitrary direction, the
free energy

FAB = / n,TCAB k ngdr, (20)
\%4

where m is a positive integer, is used in place of Eq. (5).
The possibility of a displacive phase transition to an “arbi-
trary” direction is motivated by the fact that although such
a polarization is impossible in fourth-order Landau theory,
it is possible in eighth-order Landau theory [44]. Equation
(20) itself is phenomenologically motivated, and presumably,
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additional terms where the powers for n4 and ng are not the
same could give rise to additional behavior. In the simple case
of a displacive transition in the square crystal, this term is
sufficient to describe all possible polarization states consistent
with the plane group. Substituting Eqs. (13) and (14) into
Eq. (20) gives

Fap(Ar) -
a1 - Z HAhakaAhaﬁa
Bk ek 61 81 ey B By =1
x Cap(s)e™ 8 g, 21

where the n4 sum has hk indices, the ng sum has hK indices,

S= ot =Y G 22)
=1 =1

and s = |s|. If n; are Fourier expanded with two amplitudes as
in Sec. IIA2, then Eq. (21) simplifies to

Fig(A i
aB(Ar) _ chezs-Ar’ (23)
A s
where
2m
C = ZA{(A?”_KNS,KCABUSD 24)
K=0

and N; k is the number of vector sums in Eq. (21) such that
both s = —¢ and exactly K vectors of magnitude g, are terms
in the sum s. Because N g is an integer, it can be calculated
exactly, albeit with computational assistance.

Observe that Eq. (23) is in the form of a Fourier series
and has the same periodicity as F4 and Fp. Since § is a sum
of reciprocal lattice vectors, it is a reciprocal lattice vector as
well and can be referenced with indices k. Although for finite
m there are only a finite set of s vectors, as m — 00, s comes
to include all reciprocal lattice vectors. Consequently, in order
to create a desired F4p(Ar), one simply needs to control cy,
which is accomplished through modifying Cup(s).

The fact that Cyp is isotropic limits Fsp to functions with
certain types of symmetries. Since Ny x are all equal, ¢y
are all equal as well. This implies that F4p must be a member
of the p4mm plane group for similar reasons as explained in
Sec. IIA2. Further, if vectors sy and s, are distinct but of the
same magnitude, meaning («v) ¢ {hk} but

W+ k> = u® + 2, (25)
then
Chk _ oo AKATE N 26)
Cup ?(”;O A{(A%m_KN,w’[(

since their correlation function terms must be equal. An exam-
ple of coefficients that must satisfy Eq. (26) are ¢34y and cys0y,
as well as any other Pythagorean triple. In technical terms,
Eq. (25) is a Diophantine equation (whose general solution
is known) [45]. However, given these restrictions on allowed
F,p functions and ignoring the problematic terms that solve
Eq. (25), Fyp is controlled by setting C4z according to

Cs

2m K A2m—K :
K=0A1 A2 NS,K

CA‘AB,set (s) = 27

FIG. 3. F,p plot over a unit cell for a desired é§ = (0.16, 0.34).
The color map goes from dark blue (lowest values) to light yel-
low (highest values). Fyp contains eight equal minima as intended;
horizontal, vertical, and diagonal mirror planes; as well as various
fourfold rotation axes.

In order to validate that this method can create arbitrary
polarizations, it is necessary to choose c, values. As a simple
test, these coefficients were chosen to be the coefficients
from an expansion of a sum of delta functions that have
the eightfold symmetry required by a generic position in the
p4mm plane group [43]. Namely,

cni (X0, yo) = cos[2m (hxo + kyo)] + cos[27 (hxo — kyo)]

+ cos[2m (hyy + kxo)] + cos[2m (hyy — kxp)],
(28)

where Ar = (xg, yo) (in units of the lattice constant). Al-
though in general A; and A, are functions of Fjp, this makes
calculation of C‘AB,Set challenging. An example Fyp plot for
(x0, y0) = (0.66, 0.84) is shown in Fig. 3, where the single-
component amplitudes are used for A; as in approximation,
which is reasonable when Fjp is small.

Since Eq. (27) only specifies the value of Cyp at points,
a simple extension of Eq. (4) is used for defining Cas(q).
Namely,

—(¢—q,)* —(4=0))"

Cap(q) =max[bje > ]+min[Bje * ], (29
J J

where
bj = QCupser(d))
Bj = QC\‘AB,se'r(Qj), (30)

C‘Agyse[(qj') > 0, CA'AB,set(Qj) < 0, and Q is a scale factor. In
the limit where ¢ is small, Eq. (29) reduces to a sum. The
parameters listed in Table II were successfully used to create
the displacement in Fig. 1(d).

Note that since Cyp is isotropic, the strain energy is pro-
portional to the displacement squared. If the displacement
is interpreted as a polarization, this is consistent with the
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TABLE II. Table of parameter values for crystal with p =
(0.16,0.34). The associated set of {hk} pairs is given for each
reciprocal wave-vector magnitude.

Quantity Value Vector set
i 27/8 (22}
a0 27/10 {313
qs 27+/20 {24}
0 272 {11}
[0 47 {20}
0s 8 {40}
Q4 2m/18 {33}
m

by 7.6531 x 10~

b, 6.3636 x 1073

b; 1.2671 x 107!

B, 2.6224 x 107

B, 5.2784 x 10~

B; 6.3886 x 1072

B, 1.7314 x 107!

S 0.1

ay 1.0

il 0

electrostriction effect. Strain energies proportional to the po-
larization are also possible, i.e., the piezoelectric effect, but
only if Cy4p is anisotropic, for example, if

d
Fip = / ny B G1)
174 8)(

C. Dynamics

In order to create dynamic models from these free ener-
gies, the standard conserved local dynamics equations were
employed [16]. Namely,

on; SF
AL v (32)
ot on;

In cases where the goal is to minimize the free energy, and
the path to equilibrium is not of interest, the global dynamics
equation,

ani
4 33
ot 8nl / 8n, (33)

can be used instead for computational efficiency [46].

III. COMPARISON TO LGD MODELS

Like traditional PFC models [47], the DPFC model can
be mapped to phase-field models, namely Landau-Ginzburg-
Devonshire models. In general, these models are of the form

F = [/[fbulk@) +fgrad(Vp) +felast(€)
+ fe(p, €) + feec(p, E)ldr, (34)

where fuu is the bulk free-energy density, forq is the energy
due to gradients in the polarization, f.,s iS the contribution
from the strain tensor €, f, is the coupling energy between the

polarization and strain fields, and fee. is the electrical energy
density as a result of the electric field E [37]. Mapping the
DPFC model to a LGD model is of interest because LGD
parameters have been calculated for real materials [33,48,49],
and, consequently, this is a possible method for PFC parame-
ters fitting.

Although the free energies in Sec. II were functions of
the displacement §, LGD models are functions of the po-
larization, p. The connection between the displacement and
the polarization is explored in Appendix A, but the upshot
is that the displacement is proportional to the polarization.
The derivation of the LGD model from the DPFC model is
discussed below, and the analytic results for a three-amplitude
approximation for n; are found in Table III.

A. Bulk energy

The bulk, or Landau-Devonshire, free energy is derived
from the DPFC in the same manner as discussed in Sec. [IA2.
Three-dimensional Landau-Devonshire potentials used practi-
cally for modeling perovskites are either sixth or eighth order
[50,51], and the PFC model automatically gives the correct
symmetries for the bulk energy regardless of the order of the
expansion. To sixth order, the free energy of a perovskite is

Soulk = %06(17)26 + P%) + 411[)/11 (Pi + Pi) + Vlzpipi]
+ é[wm (Pi + Pg) + wllZ(pipi + Pipfv)] (35)
B. Gradient energy

In LGD models for perovskites, the two-dimensional gra-
dient term is

1 ap* | 9py? dpx Ipy
Sorad = 2g11< o + 3y + 812 ox dy
ap:r  ap,?
TIPS a ) (36)
ay dx

Although many authors include a fourth gradient coefficient
[33,48,52], two of the coefficients are degenerate [35,53].

The gradient coefficients in our model are calculated by
imagining that n,4 is fixed, and the polarization gradients are
due to the offset Ar between the sublattices in Eq. (14) being
a slowly varying function of position. The strained reciprocal
lattice vectors, ¢®", are defined in terms of the Jacobian
of Ar (the displacement gradient tensor in the language of
elasticity), u, and the unstrained reciprocal lattice vectors g.
Namely,

=@u+I)"'-q (37

where 7 is the identity matrix. If the strained wave vectors are
used in Eq. (14), then the difference in free energy from the
unstrained state will solely be due to the two-point correlation
function of the strained component. On Taylor expanding to
second order, this free-energy difference is exactly Eq. (36),
where

g =—q10’ ZIAI Crp(ai),

g1 = gu = —q1 0?14 *Chp(qn), (38)
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TABLE III. Table of LGD parameter values. The amplitudes are the values that minimize the DPFC free energy.

Variable Expression
a —2g7 0% (604AT — A} (a2 + 2004A% + 3204434, — da3As + 4004A3) + 2{60,A3 + A2[a, + 4A5(4a3 + 9auA3)]
+ 243 (02 + 60443) })
i 1q10 {12044} — Ao + 4(1104A3 + 32044347 — TazAs + 584A3) | + 2[2404A3 + A3 (o + 2040443
+ 4003A3) + 8A% (2 + 120443) ]}
Yi2 491 0*[8sA} + A3 (2 — 1604AT + BarsA; + T604A3) + 4ATA (a3 — 60sAs) + 204 (A — 4A§)2]
w111 — a0 0°[3604A] — A% (s + 4(354A] + 1284434, — 3la3A; + 4304A3)) + 2(964A3 + A3 (a2 + 443 (343
+ 3990443)) + 32A3 (02 + 3604A43)) |
112 1q10%{1204A} — Ao 4 4(1104A3 4 32044345 — TazAs + 584A3) | + 2[2404A3 + A3 (a2 + 2040443
+ 40()[3A3) + SA%(OQ + 120[4A%)] }
2 2
n 2orr + A — dag + 20 4 4) + AF(120s + 20 4 4) 4 1]
1 2
2420y}
C12 7?,222‘1]
2 2
Cu 20, — 80sA] + 240uA3 + 24, A3 + P22 4 A 4 8AZ + 84T +2
2 272 ?
u L
-
a O(F+ %+ )
0 _e

and Q is the proportionality constant connecting displacement
to polarization. This method for calculating the gradient coef-
ficients is similar to how elastic constants were originally cal-
culated for a single-component PFC model [40]. It was later
discovered that this method for calculating elastic constants is
incorrect since the average density changes when the system
is strained [54,55]. This critique could also be leveled against
this method of calculating the gradient coefficients. However,
because the electrostriction coefficients for this model are
approximately zero (see Sec. IIIC), density changes as a
function of polarization can be ignored.

C. Elastic energy

In addition to the free energies due to polarizations, there
are also free energies due to elastic strain. For a material with
cubic symmetry, the elastic energy in two dimensions is

1 2 2 2
Selast = 5C11 (Gxx + eyy) + Cr2€xx€yy + 26446xy. 39)

The elastic constants are derived in the manner suggested by
Wang et al. [55], except the anisotropic variations of the am-
plitudes are neglected for simplicity. In order to avoid issues
with the stresses inherent in the undeformed state affecting
the elastic constants, the system pressure is set to zero in the
calculations. Namely, a linear term fv B(na + np)dr is added
to the free energy, Eq. (2), and 8 is then solved so the system
pressure is zero.

In real materials, in addition to the purely elastic strain, the
f. energy couples the polarization and strain fields. Namely,
there are terms of the form —A;j€;;prp;, where A is the
electrostrictive constant tensor [37]. The result of these terms
are that the spontaneous polarization causes a plastic strain
so that the unit cell shape changes. For example, PbTiO;

undergoes a cubic — tetragonal transition when polarization
occurs. Indeed, numerical simulations of the polarization pro-
cess verifies a square — rectangular transition. However, this
phenomenon, unlike in real systems, is very small. Using the
coefficients in Table I as a test case, the unit cell distortion
c¢/a >~ 1.0003. Because the distortion is so small, the elec-
trostriction constants are approximately zero in this work.

D. Electrostatic energy

The free energy due to the electrical energy density, fec,
is also important [33,35,37,49,56,57] and does not arise from
any of the DPFC terms. Part of the problem is that the
electrical energy is a function of the charge density, and the
charge density is not uniquely defined by the atomic density
profile alone. One possibility is to assume that A has a positive
charge, B an equal and opposite charge, and there are no other
charge sources. In this case, the charge density p, o ng — ngp,
and the PFC electrostatic energy is

w
am=5/me, (40)

where ¢ is the electric potential from Gauss’s law and w is
some constant. Because of the lack of strong core repulsions
in Eq. (5), when w is large, the atoms overlap to reduce
the electrical energy, i.e., ny = ng. On the other hand, when
w is small, the inclusion of this electrostatic energy did not
appear to make any qualitative difference for simulations with
periodic boundary conditions.

Consequently, this work neglects the contributions of fejec
for simplicity, which corresponds to the limit of high dielectric
constant. Neglecting f.e. is in fact what early LGD models
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FIG. 4. Second-order phase transition calculated numerically
[Eq. (5)] and analytically [Eq. (36)]. The lines are power-law fits
with exponents 1/2.

did as well [48,52,58], and explicit electrostatic contributions
as well as external fields are left for future work.

IV. APPLICATIONS

A. Phase transitions

As a method for comparing the full numerical model to
the analytic LGD theory, a (10) displacive phase transition
was examined near the critical temperature. As predicted
by fourth-order Landau theory [44], the displacive phase
transition is second order. As can be seen in Fig. 4, the
numerical and analytical results match closely. This check
can be thought of as a verification of the Landau-Devonshire
[Eq. (35)] portion of the free energy.

Of course, displacive phase transitions can be both first and
second order. It is possible to change the order of the phase
transition by including higher-order couplings than Eq. (5),
for example, letting

Fip = / (aznAnB + omninlzg + aénin;’;)dr. 41)
v

This can be proved using the same method of analysis as
Sec. ITA1. For simplicity, however, first-order applications are
omitted and the parameters used for generating Fig. 4 are used
for the rest of Sec. IV, which only permit (10) polarizations.
These values are in Table I.

B. Domain walls

As a method for comparing the polarization gradient coeffi-
cients in our numerical model to the analytic LGD theory, an
isolated domain wall was numerically modeled. The system
was tested numerically in a 64 x 2 domain with periodic
boundary conditions and domain walls at the center and edges
of system. The method for calculating the displacements is
described in Appendix B. Compared with the Cahn-Hilliard
equation, many more types of domain walls are possible in
our system, including 1, 1—, and — <— boundaries. In the
case of the 1| walls simulated, known as Ising walls [59], the

w 0.00 1

0.10 1

0.05 1

>

—0.05 1

—0.10 1

—0.151

15 20 25 30 35 40 45
X
FIG. 5. Displacement in the y direction across an Ising wall. The
points are the numerically calculated values, the red line is a fit

to Eq. (43) with £ = 7.26, and the dashed line is the analytically
calculated £ = 8.23 width. As explained in Appendix A, §,  py.

math reduces to the one-dimensional case. For a sixth-order
bulk free energy, the analytic profile is

- sinh (X_EXU )
Py\X) = po )
’ [C + sinh? (+22)] 2
where
1
£ 844 43)

" 2po\ C(120w111 P2 + 3y11)

measures the interface width and C measures the contribution
of the sixth-order bulk energy term (the typical fourth-order
tanh profile occurs when C = 1) [60]. By fitting the results
of the numerical domain wall to Eq. (42), £ and C were
calculated, and their values were used to make a seminumeric
estimate of g44 (Fig. 5). Namely, the value of py from a
numerical bulk polarization equilibration; A, A, and A3 from
a numerical bulk unpolarized state equilibration; and w;;; and
y11 from the LGD model were combined with & = 7.26 and
C = 0.41 from Ising wall simulation to yield g44 = 0.19. In
comparison, the expression for g44 from the LGD model (Ta-
ble II0) is g44 = 0.24. This implies that the method for calcu-
lating the polarization gradient energy coefficient is somewhat
reasonable.

C. Quadrijunctions

In “traditional” systems, such as soap froths and single-
phase grain structures, quadrijunctions (junctions where four
domain walls meet) are thermodynamically unstable and
split into trijunctions [61,62]. However, Cahn showed that
in a system similar to ours—an Ising-type stripe formation
model on a discrete, square lattice with two components—that
weak first and strong second-neighbor interactions stabilized
quadrijunctions [62]. Although quadrijunctions have not been
studied using LGD models to the authors’ knowledge, it was
thought that the DPFC model might stabilize quadrijunctions
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FIG. 6. The colors denote the four different polarization direc-
tions: [10], [01], [10], and [01]. The white regions are domain
boundaries, and the axes are labeled in units of the lattice constant.
(a) The initial condition, with spiraling quadrijunctions at the corners
and center, and nonspiraling quadrijunctions at the midpoints of the
sides. (b) The system a short simulated time afterward. The spiraling
quadrijunctions remain stable, but the nonspiraling quadrijunctions
have decomposed into two trijunctions.

since. like in Cahn’s Ising model, there are four possible
domains.

This hypothesis was confirmed by simulating a 128 x 128
periodic domain with clockwise spiraling quadrijunctions (1]

at the system’s center and corners and head-to-head nonspir-
aling quadrijunctions (') at the edges (Fig. 6). A large system
size was used to minimize the possibility of finite-size effects.
The nonspiraling quadrijunctions quickly decomposed into
trijunctions, but the spiraling junctions remained stable. This
is somewhat surprising, as although head-to-head boundaries
do not exist in real systems, this is attributed to an excess
charge accumulation at the interface, and our model lacks
explicit electrostatics terms [60].

D. Domain coarsening with dislocations

Although it is possible to simulate polarization domains
through LGD models [37], it is challenging to study the
interaction of polarizations with dislocations and grain bound-
aries using LGD models or traditional atomistic methods. In
contrast, this is possible using the DPFC model.

As an illustrative example, domain coarsening across a
low-angle symmetric grain boundary was simulated. First, the
low-angle boundary was initialized by using a plane-wave
expansion in the form of Eq. (6) for n;, and the standard
method was implemented for calculating the dimensions of
the periodic grains [46]. The maxima of the np plane-wave
expansion were then located. A random number from a multi-
variable normal distribution was subsequently generated and
added to the stored position for the maxima. The plane-wave
version of np was then discarded, and a new np that was
the sum of multivariable Gaussians was created, with each
Gaussian centered on a moved maxima. In this way, a system
was generated such that the polarization in each unit cell was
random.

This system was then evolved using the dynamics of
Eq. (32), and the results are in Fig. 7. The central line of
dislocations clearly impedes the motion of the central [10]
domain. Additionally, the [01] region on the left grows down-
ward, despite this increasing the amount of interface. It is
thought that this occurs because the two interfaces created are
lower in energy than the single one is destroys, consistent with
844, 812 < g11. Neither of these behaviors are motion by mean
curvature.

V. SUMMARY

The DPFC model provides a simple and computationally
efficient way to begin incorporating ferroelectricity into the
PFC model. It is possible to compare this model to LGD
models and get qualitatively reasonable results, and phenom-
ena that would be very challenging otherwise, such as the
interaction of dislocations with grain boundaries, can begin
to be studied. Given a suitable simple cubic model, the model
could also be extended to three dimensions, and more com-
plex displacive transitions, such those accomplished through
octahedral rotations in SrTiOz [51], might also be possible.
Because of the important similarities between ferroelectric
and martensitic transformations, this paper could also form
the basis for a PFC model of the latter. Additionally, the ideas
introduced when creating ‘“generic” displacements begins
the conversation about how one might model truly complex
materials, such as metal-organic frameworks, using the phase-
field crystal method.
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(b) ()

FIG. 7. Polarization domain coarsening across a 3.8° tilt grain boundary at 9000 (a), 23 000 (b), and 48 000 (c) timesteps. The color scheme
and units are the same as for Fig. 6. The dislocations are recognizable as the line of strangely colored points down the middle and edges of
the figures. The dislocations impede the domain boundary motion of the central [10] domain. Further, the [01] region on the left side grows in
(a)—(c), despite this growth increasing the amount of boundary. The reason for this is hypothesized to be because <—— interfaces are higher
energy than <—| and | — interfaces. Thus, domain motion is not simply reduction of mean curvature.

Although the DPFC successfully simulates displacive tran- lar transition, ¢/a =~ 1. The DPFC model has long-range
sitions, there is room for improvement with regards to its elastic interactions, but there are no long-range electro-

ability to simulate real perovskites. When PbTiO; under- static contributions. It is also not possible to alter the po-
goes a (10) displacive transition, it simultaneously under- larization gradient energy coefficients independent of the
goes a cubic — tetragonal transition, and c¢/a = 1.18 [63]. elastic constants. These improvements are left for future
Although the DPFC demonstrates a square — rectangu- work.
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APPENDIX A: DISPLACEMENT AND POLARIZATION

The definition of polarization is in fact not trivial and relies
on insights from the modern theory of polarization [64]. A
brief introduction is given here, with the definition used in
this paper given by Eq. (A10).

1. Circular mean

Given N real numbers, the mean is typically defined as

|
F= Zx_,. (A1)
Jj=1
in the discrete case and
1 a
X = —/ xP(x)dx (A2)
aJo

in the continuous case, where P(x), the probability density
function for x, is nonzero only in the interval [0, a]. However,
these definitions cause problems when calculating the means
of angles. For most purposes, it makes more sense for the
mean of 0° and 360° to not be 180°, the result of Eq. (A1), but
rather 0° or 360°. Consequently, the circular mean is defined
as

N
§=Imln) " (A3)
j=1

This equation takes angles, converts them to Cartesian coordi-
nates on the unit circle, calculates the average of these points,
and then calculates the angle for that Cartesian point. In the
continuous case,

B s+2m

6 =Imln / ¢9P0)do, (A4)

N

where s is any real number. The circular mean is multivalued
since angles themselves are not uniquely defined.

2. Multivalued polarization

The circular mean is useful for calculating means of other
periodic fields, not just angles. The dipole moment of a finite
system is

"= / rp.(rydr, (AS)

4
where u the dipole moment and p, is the charge density.
How is the dipole moment for a bulk material expressed? One

commonly encountered and intuitive definition of polarization
is that it is the dipole moment per unit cell. However, this

results in a polarization that is origin dependent. Namely, in

1D
1 s+a
L —/ X0 (x)dx
a alJ

(A6)

is a function of the origin s [64]. Notice, however, that
Eq. (A4) is origin independent since e is periodic.

Drawing inspiration from this concept, in the modern
theory of polarization [65,66] the polarization is defined as

p= %Imln/e"%’@/”ZIXI—Z?’WW(x)Fdx, (A7)
where ¢ is the electron charge, N is the number of nuclei, M
is the number of electrons, ¢Z; is the charge of nucleus I, ¥ is
the (N + M)-particle wave function, and x = (xy, ..., Xyyum)-
Consequently, an ideal PFC polarization model would
track the electrons in the system as well as the nuclei. In our
model, however, there are only the atomic densities. In order
to calculate a polarization, it is assumed, as in Sec. III D, that
the charge density is p, & (p4 — pg), and it is further assumed
that there are no other charges in the system. Thus, we let

e s+a s+a )
p=—Im ln/ / €108 |y (x4, x)|>dxadxs,
21 s s

(A8)
where e, is the charge proportionality constant. It seems
reasonable to guess that

pa(xa) pp(xp)

[ (xa, xp)I* = P(xa, x5) = —— —,
aps  app

(A9)

since then f P(xa, xp)dxadxp = 1. However, the impact of
differing assumptions deserves further research. Thus,

e s+a .
p= Elm In / ' pa(xp)dxa

s+a
x f e pp(xp)dxg. (A10)

This polarization is multivalued, and the polarization tradi-
tionally used in LGD models corresponds to the polarization
difference, namely Ap = p(§) — p(6 = 0).

3. Delta functions

Let us confirm that Eq. (A10) gives the correct result in the
case of point charges. In this case,

a
pa = paody (x = 7). (A1)
3a
pu = pody (x— = =), (A12)
where § is the Dirac delta function. Thus,

1 6
p:ec(————i—n),neZ. (A13)

2 a

This is exactly the polarization lattice calculated using con-
ventional methods [64]. Choosing the n = 0 branch,

(A14)
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4. PFC polarization
In this case, p; are defined by Egs. (3), (6), and (7). Then

. AZ 2 )
p=5-imin E2pmitoatiy), (A15)
m q
If A # 0, then
el
Ap=_5° (A16)
a

as before. However, if A = 0, then the polarization is unde-
fined since the In 0 is undefined. In a square 2D system, each
polarization component is defined the same as in 1D, and

e. .
pi=—Imln / €4 ps(xp)dx s
27 v

x f e~ pp(xp)dxp. (A17)
v

Note that even if p; are general expansions of the form

Eq. (13) and (14), the polarization is only a function of the

first modes because ¢ = 2w /a = |qq10y|. Algebraically, this is

expressed in the integral

/ e~ pp(x, y)dxdy = —Ajge . (A18)
\4

Consequently, Eq. (A17) only depends on the first mode of p;,
and

(A19)

a a
(unless A1y = 0, in which case the polarization is undefined).

APPENDIX B: CALCULATING POLARIZATIONS

Displacements were calculated for numerical simulations
as follows. First, the maxima of ny and ng were calculated
by fitting to a quadratic paraboloid, as described in Ref. [67].
These maxima were interpreted as the atomic positions. Then
for each B atom, the four nearest A atoms were calculated.
The displacement vector was defined to be the vector from
the centroid of these four A atoms to B. Note that under this
definition, the displacement vector is calculated incorrectly at
dislocations. This is the origin of the off-colored regions at
the dislocations in Fig. 7. A possible alternative, albeit more
complicated, approach for calculating the displacement vector
is to equilibrate the entire system in the unpolarized state and
then to define the displacement as the offset in the atomic
positions compared to the unpolarized reference structure.
This approach has the advantage of giving meaningful values
at dislocations.
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