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This work provides a direct route to measure the degree of hybridization of f states in rare earths. The
interference between electric dipole and octupole transitions is measured at the L1 edge of Gd in Gd3Ga5O12

using x-ray natural linear dichroism (XNLD) and high energy resolution fluorescence detection. The Gd 4 f -6p
admixture is quantified through the integral of the dipole-octupole XNLD using a sum rule easily applicable to
experimental data. The mixing of the Gd valence states with the O ligand orbitals, calculated from first principles,
reveals that despite their localized character, the Gd 4 f orbitals mix with the O 2p and 2s orbitals with an
antibonding and bonding character, respectively.
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Lanthanide and actinide based materials have been increas-
ingly used in diverse industrial processes such as catalysis,
energy production, medicine, production of alloys, magnets,
and lighting materials [1]. They also build a fascinating class
of materials for physicists due to their peculiar electronic
structure that produces mixed valency, heavy fermion, or
Kondo-like behaviors. Despite considerable progress achieved
recently, the deep understanding of the ground state (in par-
ticular, f orbital occupancy and the role of f /d orbitals in
bonding), remains a challenge for both experiment and theory
[2]. The 4 f orbitals are often viewed as corelike states and
weakly involved in bonding, but recent studies of 4 f based
compounds showing an unexpected 4 f and 5d orbital contri-
bution to chemical bonding have questioned this picture [3].
For actinides (especially, early elements), the participation to
bonding of 5 f /6d orbitals and of pseudocore 6s/6p orbitals
has been one of the most long-standing debates [4,5]. In
this work, we present an experimental approach to quantify
directly the hybridization of f orbitals in the rare-earth ground
state: this information on the electronic structure, inaccessible
so far, is expected to benchmark models of their electronic
structure and to revive the discussion on the localization of
f states in rare earths, regarding their implication in, e.g.,
chemical reactivity, ultrafast demagnetization, and lumines-
cent properties.

Our approach is based on x-ray absorption spectroscopy
(XAS) that has been widely used as an element-specific probe
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of the electronic structure [6]. XAS measures the transition
probability for a core electron of an absorbing ion to be
promoted into unoccupied electronic states, which is mainly
achieved by electric dipole (�� = 1) E1 transitions and in
second order by electric quadrupole (�� = 2) E2 transitions.
XAS provides insight into the local electronic structure of
the absorber, including valency, ligand-metal covalency, or
on-site mixing of atomic orbitals, as has been demonstrated
in rare-earth compounds using both ligand and rare-earth
absorption edges (e.g., [7–15]). Over the years, the technique
has been popularized under different forms, amongst which,
x-ray magnetic circular and linear dichroism (XMCD [16,17]
and XMLD [18]), x-ray natural circular and linear dichroism
(XNCD [19] and XNLD [20]), exploiting the dependence
of XAS upon the polarization state and/or the direction of
the incident x rays to reveal anisotropy in charge, orbital, or
spin distribution, or the mixing between electronic states with
different parity.

Most of the XAS experiments probing empty f states
in rare earths have been performed at the M4,5/N4,5 and
L2,3/M2,3 edges using dipole and quadrupole transitions, with
a significant improvement in experimental resolution achieved
recently thanks to high energy resolution fluorescence de-
tection (HERFD) [21,22]. In this Rapid Communication, we
purposely choose the L1 edge because the deep, spin-orbit free
2s core hole allows discarding some of the strong intra-atomic
multielectronic effects that complicate the interpretation of
other edges: f states are then only accessible by electric
octupole E3 transitions (�� = 3), a contribution that has
always been dismissed in the past due to the expected weak
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FIG. 1. Gd L1 edge HERFD-XAS spectra measured in GGG
using the 5p → 2s x-ray emission channel for different rotation
angles: α = 0◦ (orange), 90◦ (black), 180◦ (blue), and 270◦ (red).
Inset: configuration for α = 90◦.

intensity [20] but that finds a renewed interest [23]. Here, we
demonstrate the possibility to directly probe empty f states
at the L1 edge through the interference between E1 and E3
transitions, by measuring XNLD with linearly polarized x
rays, using HERFD detection, and taking advantage of the
increase in x-ray photon flux and energy resolution available
on third-generation synchrotron sources.

We consider the case of Gd in Gd3Ga5O12 (GGG) for two
reasons: (i) as 4 f states are expected to be highly localized,
GGG represents an excellent test case to demonstrate the
sensitivity of our approach; and (ii) the cubic crystal structure,
as will be shown, allows directly measuring the degree of
hybridization between the Gd empty f and p states (i.e.,
orbitals with same parity) by integration of the XNLD signal.
The ground state electronic structure is then analyzed using
first-principles calculations to quantify the hybridization of
the Gd orbitals with the O ligand orbitals and the Gd 5d crystal
field splitting.

a. Experiments. A very high quality single crystal of GGG
cut along (110) was positioned at 45◦ with respect to the
incident beam with linear horizontal polarization [24]. It was
rotated clockwise about the [110] axis by an angle α defined
such that for α = 90◦, the [001] axis of the crystal is vertical
(Fig. 1). A 2s5p resonant inelastic x-ray scattering plane was
first measured at the Gd edge (resonant 2s excitation followed
by 5p → 2s emission). Two series of HERFD-XAS spectra
were collected at the L1 edge first by setting the emission
energy to Eem1 = 8347.6 eV and then to Eem2 = 8353.0 eV.
For each series, α was varied by steps of 10◦ between 0◦ and
360◦. Measurements were performed at the ID26 beamline
(ESRF) using the undulator fundamental, Si(311) crystals to
select the incident energy and four Si(511) crystals arranged
in a vertical Rowland geometry (R ≈ 1 m) to detect the
inelastically scattered photons, with a combined resolution of
�E ≈ 0.5 eV.

b. First-principles simulations. XAS spectra were com-
puted from first principles using the FDMNES (Finite
Difference Method Near Edge Structure) code [25]. A
self-consistent calculation including relativistic effects was
performed in the finite difference approach using a full

screening of the core hole on a 7.0 Å cluster of GGG [26].
Spectra were convolved with a Lorentzian accounting for
the 2s core-hole lifetime. The cross section was normalized
and rescaled in energy with respect to experiment. From
the ground state electronic structure, partial density of states
(DOS) and crystal overlap orbital population (COOP) were
extracted in order to analyze the Gd-O bonding. The COOP
was calculated as [27]

COOP�a�b =
∑

ma,mb, f

a f
�ama

a f
�bmb

∫
ϕ�ama (r)ϕ�bmb (r)dr,

where ϕ�m(r) are the normalized orbitals of atoms a and b,
and a f

�m the amplitudes given by the density functional theory
(DFT) calculation for all states f . The spin index is omitted
for simplicity. The integral is performed in a sphere of radius
equal to the half sum of atomic radius of both atoms and
centered between them. Covalency between both neighboring
atoms is therefore quantified, its positive/negative sign indi-
cating, respectively, a bonding/antibonding character.

c. X-ray natural linear dichroism in GGG. The XAS cross
section is written as

σ (ε̂, k̂) = 4π2 α0 h̄ω
∑

F

|〈F |E1 + E2 + E3|I〉|2

× δ(EF − EI − h̄ω), (1)

where α0 is the fine-structure constant, h̄ω is the photon
incident energy, and |I〉 and |F 〉 are the initial and final states
with respective energies EI and EF . E1 = ε̂ · r is the electric
dipole operator, E2 = i

2 ε̂ · rk̂ · r the electric quadrupole oper-
ator, and E3 = − 1

6 ε̂ · r(k̂ · r)2 the electric octupole operator
[23]. The contribution of the magnetic dipole operator is
negligible in the x-ray range ([20,28]) and we also neglect
that of the spin-position operator, which is of relativistic origin
and sizable only in XMCD [29]. The relative strength of E2
and E3 with respect to E1 can be estimated by evaluating
these operators at the 2s core-state radius r2s of Gd (0.03189
a0, deduced from the effective nuclear charge) using the L1

edge energy for Gd (8.395 keV): E2
E1 ≈ kr2s

2 = 3.6 × 10−2 and
E3
E1 ≈ (kr2s )2

6 = 8.5 × 10−4.
Expansion of the squared matrix element in Eq. (1) leads

to six terms, three of which are squared elements: σ (E1, E1)
(dipole), σ (E2, E2) (quadrupole), and σ (E3, E3) (octupole).
The other three terms are sums of two cross products of
matrix elements involving different operators: σ (Em, En)
with m �= n [30]. Relatively to the dominant dipole con-
tribution, quadrupole and octupole terms are smaller by a
factor of roughly 2 × 10−3 and 7 × 10−7, respectively. The
contributions of the cross terms σ (E1, E2), σ (E1, E3), and
σ (E2, E3) are, respectively, 4 × 10−2, 8 × 10−4, and 4 ×
10−5 with respect to the dipole. Since GGG crystallizes in
a cubic structure, the dipole is isotropic [31] (i.e., it has no
angular dependence) and |I〉 and |F 〉 are parity invariant: this
implies that both σcube(E1, E2) and σcube(E2, E3) are zero,
which leaves σ (E1, E3) as the only cross term, referred to
in the following as the interference term. For a cubic crystal,
the quadrupole is expressed as the sum of one isotropic
part σ iso

cube(E2, E2) and one anisotropic part σ dichro
cube (E2, E2)

[32]. For the present experiment, the quadrupole anisotropic
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FIG. 2. Dependence of experimental (left) and theoretical (right) XAS intensity with respect to the rotation angle measured at four different
values of incident energy: 8394.5 eV (D), 8382.0 eV (Q2), 8379.8 eV (Q1), and 8373.0 eV (O).

part, which gives rise to quadrupole XNLD, has an angular
dependence expressed as (−19 + 60 cos 2α + 15 cos 4α)
where α is the rotation angle [33]. We have used spherical
tensors to predict the angular dependence of the interference
term in the case of a cubic crystal and for the present ex-
periment (Supplemental Material II [34]). It is found that the
anisotropic part of the interference term σ dichro

cube (E1, E3) has
the same angular dependence as the quadrupole.

d. Origin of XNLD at the L1 edge in GGG. Figure 1 shows
the HERFD-XAS spectra measured at the Gd L1 edge for four
values of the rotation angle (α = 0◦, 90◦, 180◦, and 270◦).
Four spectral features are highlighted, labeled respectively D
(main edge), Q1 and Q2 (rising edge), and O (pre-edge). A
first tentative assignment can be made based on the relative
energy position of the levels in atomic Gd, which suggests
that peak D is likely due to transitions from 2s to 6p empty
states, that peaks Q1 and Q2 may involve transitions to the
empty 5d states, while peak O could be due to transitions
involving empty 4 f states. Nevertheless, the nature of the
empty states involved in the transitions (especially for peak
O) will be further inquired in the following using XNLD and
first-principles calculations. Note the near perfect match of
pairs of spectra rotated by 180◦, which suggests at this point a
π periodicity for the total cross section.

Figure 2 (left) presents the angular dependence of the
experimental spectra as a function of rotation angle, when the
incident energy is successively fixed at the energy position
for each of the above-mentioned four spectral features. For
peak D, the intensity is constant with α, which is consistent
with the dominant isotropic dipole character of the transitions
(2s → 6p) at this energy. The dependence for peaks Q1 and
Q2 is π periodic in α, which is compatible with the predicted
dependence in (−4 cos 2α + cos 4α). The angular dependence
for peak O follows that of peak Q1, which, at this point does
not allow one to interpret its origin. The angular dependence
obtained from first-principles calculations (Fig. 2, right) is
in excellent agreement with the experiment. Although the
calculated intensity of peaks Q1 and O is overestimated,
their α dependence is nicely reproduced, which allows futher
quantitative interpretation regarding the nature of the states
involved in the transitions.

In Fig. 3(a) the total XAS cross sections calculated for
α = 90◦ are shown, together with the contributions of the

different terms: dipole, quadrupole, octupole, and interference
term. It is clear that the dipole is the main contribution to
intensity in the measured spectral range, which indicates that
empty p states are involved in features O, Q1, Q2, and D.
The quadrupole contributes only to the rising edge, i.e., close
to peaks Q1 and Q2, which is consistent with the expected
transitions to empty 5d states. In the region of peak O, the
octupole and the interference term contribute weakly to the
absorption cross section, which is dominated by the dipole
(note that the interference term can be negative because it
is not a squared matrix element). This indicates that at this
energy, empty 4 f states hybridized with empty 6p states
are reached (see also the calculated DOS in Supplemental
Material I [34]). Quantifying the degree of admixture between
6p and 4 f states that are of the same parity, which is allowed
in cubic crystals (opposite to states having different parities),
will be discussed in the next section.

Figure 3(b) shows the theoretical angular dependence cal-
culated at the energy of peak O with the contribution of
the different terms. Although the dipole is the dominant
contribution to the XAS intensity, it has no dependence in
α and thus does not contribute to XNLD at this energy. The
quadrupole has almost zero intensity because the contribution
of 5d states to the DOS is small at this energy (Supplemental
Material I [34]), and the octupole shows no dependence in
α. In the end, the XNLD calculated for peak O is solely
due to the interference term. Let us now define the XNLD
signal for the present experimental configuration as XNLD =
XAS(90◦) − XAS(0◦) [Fig. 3(c)]. It is dominated by a deriva-
tive signal centered around 8380 eV that corresponds to the
quadrupole XNLD. The energy difference between the maxi-
mum and the minimum (≈2.3 eV) gives an estimation of the
cubic crystal field splitting between empty eg-like 5d orbitals
(probed at peak Q1) and empty t2g-like 5d orbitals (probed at
peak Q2) in the presence of the 2s core hole, which is close
to the ground state value. The positive feature at 8372 eV
originates solely from the interference term, without any con-
tamination from other terms. It is therefore directly related to
the 4 f -6p mixing on Gd. Note that the shape and intensity of
XNLD, especially at low energy (peak O), strongly depends
on the emission energy used to detect HERFD-XAS spectra.
The overall shape of the calculated XNLD is in very good
agreement with the experimental signal measured with Eem1.
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FIG. 3. (a) XAS spectrum calculated for α = 90◦ showing the different contributions. Inset: Zoom-in of the pre-edge. (b) Contribution of
the different terms to the angular dependence of peak O. (c) Experimental XNLD measured for two different values of the emission energy
(solid lines) and calculated XNLD (dots). The calculation has been shifted by 0.03 in the vertical axis for clarity. (d) Gd projected partial DOS
and COOP (e) (number of electrons/Ry) calculated in the ground state close to the Fermi level (≈8372.8 eV).

However, slight differences in intensity and peak position are
noticed, which we explain by the fact that our first-principles
approach provides the XAS cross section (not HERFD-XAS)
not taking into account the emission process, and by the
possible limitation of DFT in modeling localized 4 f /5d levels
and of using a static core-hole description.

e. Quantification of Gd 4 f -6p mixing and Gd-O orbital
hybridization in the ground state. We have derived a new
magneto-optical sum rule for the XNLD of the interference
term (Supplemental Material II [34]). Similarly to the ones
derived for XMCD [35–37] that remarkably popularized the
technique, this sum rule is expressed in a simple form and
can be directly applied to the experimental data. First we
obtained a general expression, which then nicely simplifies by
considering a cubic crystal, L1-edge XAS and for the present
single crystal orientation as


E1E3−XNLD(α) =
∫

σ dichro
cube (E1, E3)(α)

(h̄ω)3
d (h̄ω)

= πα0

(h̄c)2
(−19 + 60 cos 2α

+ 15 cos 4α)D1O3〈I|M4
130|I〉,

where D1 and O3 are the radial dipole and octupole integrals,
respectively. The sum rule relates the integral of the XNLD
of the interference term to the ground state hexadecapole
moment 〈I|M4

130|I〉 that fully quantifies by itself the mixing of
p and f orbitals. The integral runs over the small energy range
where empty 4 f states are probed (8370–8373 eV), which
makes its calculation tractable. In the general case of noncubic
crystals, 
E1E3−XNLD is expressed as a combination of several
ground state moments 〈I|Mg

��′γ |I〉 where the operator Mg
��′γ =∑

mm′ (−1)�−m(� − m�′ − m′|gγ )a�ma†
�′m′ measures the mix-

ing of � and �′ orbitals reached from a �0 core orbital coupled
at order g. In the case of the L1 edge (�0 = 0, � = 1, �′ = 3),
Mg

��′γ is analogous to a quadrupole moment for g = 2, an

octupole moment for g = 3, and a hexadecapole moment for
g = 4: these moments are “cross terms” since they couple
states with the same parity but with different values of angular
momentum.

In order to apply the E1E3 XNLD sum rule to the ex-
perimental data, regardless of spectra normalization, we have
first applied the quadrupole XNLD and XAS sum rules in the
energy range where 5d states are probed below the continuum
(8373–8388 eV). The quadrupole XNLD sum rule (Supple-
mental Material III [34]) and the quadrupole XAS sum rule
write, respectively,


E2E2−XNLD(α) =
∫

σ dichro
cube (E2, E2)(α)

(h̄ω)3
d (h̄ω)

= 3π α0

2(h̄c)2
Q2

2(−19 + 60 cos 2α

+ 15 cos 4α)〈I|M4
220|I〉,


E2E2−XAS =
∫

σ iso
cube(E2, E2)

(h̄ω)3
d (h̄ω)= π2α0

(h̄c)2
Q2

2
10 − n

75
,

where (10 − n) is the number of 5d holes, Q2 the ra-
dial quadrupole integral, and M4

220 the (uncrossed) hexade-
capole moment associated to 5d orbitals. Note that the
quadrupole XAS sum rule applies to the isotropic part of
the quadrupole. The ratio of 
E2E2−XNLD(α) and 
E2E2−XAS

provides an absolute measurement of 〈I|M4
220|I〉, which now

allows the absolute determination of 〈I|M4
130|I〉 by tak-

ing the ratio of [
E1E3−XNLD(90◦) − 
E1E3−XNLD(0◦)] and
[
E2E2−XNLD(90◦) − 
E2E2−XNLD(0◦)], which is equal to
2
3

D1O3

Q2
2

〈I|M4
130|I〉

〈I|M4
220|I〉 . Taking the values of the radial integrals ex-

tracted from FDMNES (Supplemental Material IV [34]), ap-
plication of the sum rules to the theoretical data of Fig. 3(c)
yields 〈I|M4

130|I〉 = 1.1 × 10−4 (dimensionless).
The fact that Gd 4 f states mix with 6p states despite their

localized character suggests that they may also participate in
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the bonding with O ligands. Further evidence is given by the
projected DOS and COOP calculated close to the Fermi level
for Gd in the ground state [Figs. 3(d) and 3(e)]. Both features
around 0 eV in the DOS correspond to the localized occupied
and empty Gd 4 f states, and the negative Gd 4 f -O 2p COOP
reveals a sizable antibonding character that is the dominating
contribution, while the Gd 4 f -O 2s COOP shows a bonding
character approximately four times weaker. The Gd 5d states
form a band spread over 7 eV, with a bonding character
first with the O 2s and then the O 2p orbitals at higher
energy.

This work provides an approach to measure the hybridiza-
tion degree of f states in rare earths by measuring original

information on the electronic structure that was not accessible
before. Hybridization of empty f and p states can be mea-
sured on any XAS beamline equipped with high-resolution
detection, using the interference between electric octupole and
dipole transitions at the L1 edge and then applying the sum
rule to calculate the ground state f -p mixing. Contrary to the
electric dipole-quadrupole interference that is measured by
XNCD, the electric dipole-octupole interference exists also in
the presence of parity symmetry in the crystal: it is therefore
a much more general effect. The recent progress achieved in
brilliance for x-ray sources now offer the appropriate condi-
tions to measure such weak dichroic effects, which we expect
to further grow in importance in the coming years.
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