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Avalanche statistics and the intermittent-to-smooth transition in microplasticity
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Plastic flow at small scales is generally observed to be intermittent, whereas the stress-strain behavior of
bulk crystals is mostly smooth. Here we find that when the external deformation rate of small-scale crystals
approaches the speed of the crystallographic slip velocity, an intermittent-to-smooth transition of plastic flow
is observed. By defining a rate-dependent intermittency parameter, this phenomenon can be captured with a
power law covering 5.5 orders of magnitude for Au and Nb micron-sized single crystals with experiments and
via simulations for Nb crystals. Our results indicate that the transition to smooth flow is driven by a gradual
truncation of the underlying truncated power law that describes the intermittently evolving system. This is caused
by a competition of internal and external rates, which aligns with the well-known transitions from serrated to
nonserrated flow in metallic glasses or materials with dynamic strain aging.

DOI: 10.1103/PhysRevMaterials.3.080601

Despite very early experimental evidence of discrete plas-
tic flow of metallic crystals [1,2], plasticity has for many
decades been treated as homogenous. Since stress-strain
curves of macroscopic crystals are mostly smooth, such an
approach seemed justifiable and has resulted in numerous
phenomenological flow models that rely on some averaged
quantities. Exceptions to the rule of smooth flow are the well-
known Portevin–Le Chatelier (PLC) [3–5] effect in solid-
solution strengthened crystals, strain localization in metallic
glasses [6], or the observation of acoustic emission (AE)
pulses recorded from deforming pure single crystals [7,8].
More recent AE experiments have paid close attention to the
intermittent appearance of plastic bursts that are characterized
by a power-law scaling, suggesting that plasticity may be
free of a well-defined scale (average) [9–11]. The fact that
intermittency can be detected in AE signals of pure single
crystals suggests that dislocations moving collectively in bun-
dles, resulting in so-called avalanches, may be the norm rather
than the exception.

Another pathway to directly probe fluctuations in stress and
strain is to reduce the sample size. Below some dimension,
virtually all stress-strain curves from metallic single crystals
become intermittent [12], supporting the notion that plastic
flow is not a smooth process. Previous investigations on
the intermittent stress-strain behavior of small-scale crystals
have focused on the scale-free behavior of displacement
jump-size distributions [13–17]. These studies report pure or
truncated power-law behavior that, via similar scaling expo-
nents, suggest a fundamental universal aspect of plasticity
shared by many different materials, which makes intermittent
flow material-nonspecific. This is interesting from a general
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physics perspective, but from a materials physics viewpoint it
is the differences between materials that allow explaining their
specific behavior. Indeed, very recent work shows that scaling
exponents of microplasticity are nontrivial, which applies both
to the event sizes and the spatiotemporal avalanche dynamics
[18–21].

Another fundamental and intriguing aspect that emanates
from such experiments is that, in addition to the material-
dependent response, there is a testing device-dependent effect
on the measured slip velocities [18,22,23]. As previous studies
show [19,24–26], the most important variable is the externally
applied deformation rate, suggesting that—within the data
scatter—there is a fundamental relation between the onset of
plastic instabilities and the prescribed speed of deformation.
Consequently, smooth flow as observed macroscopically may
simply be a manifestation of a velocity mismatch between the
internal processes, i.e., dislocation avalanches, and the applied
rate. In the following, we present strong evidence derived
from both experiments and simulations that this is the case.

Nb crystals with a nominal diameter of 2 µm and aspect
ratio of 1:3 were cut from a 〈110〉-oriented Nb single crystal
by focused ion beam (FIB) milling. The crystals were strained
uniaxially in compression using a Hysitron TI-950 TriboIn-
denter equipped with a flat punch tip under displacement
control [22]. Nominal displacement rates u̇ varied between
0.06 and 30 000 nm/s, which translates into strain rates
between 10−5 and 5 s−1. All crystals were deformed to a
total plastic engineering strain of ∼20%. The displacement-
time profiles of the straining experiments were analyzed to
extract slip events and their associated velocity-time profiles.
Three-dimensional (3D) discrete dislocation dynamics (DDD)
simulations of crystals with 〈001〉 orientation and diameters
of 0.5, 1.0, and 2.0 μm were carried out under strain con-
trol to complement the experimental study. An atomistically

2475-9953/2019/3(8)/080601(6) 080601-1 ©2019 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevMaterials.3.080601&domain=pdf&date_stamp=2019-08-22
https://doi.org/10.1103/PhysRevMaterials.3.080601


SPARKS, CUI, PO, RIZZARDI, MARIAN, AND MAAß PHYSICAL REVIEW MATERIALS 3, 080601(R) (2019)

FIG. 1. (a) Engineering stress-strain curves for Nb〈011〉 crystals
obtained at u̇ = 6 and u̇ = 6000 nm/s. (b) Stress-integrated comple-
mentary cumulative distribution, C(S), for all tested rates.

informed mobility law for Nb is used. The applied strain rate
ranged from 10 to 104 s−1 in the simulations (see Supplemen-
tal Material (SM) [27–30]).

Changing the applied displacement rate has a dramatic
effect on the experimentally observed engineering stress-
strain curves. Figure 1(a) compares two curves obtained for
both 10−3 s−1 (6 nm/s) and 1 s−1 (6000 nm/s), respectively.
Figure S1 displays curves obtained at all tested rates. Clearly,
at higher applied rates, stress-strain instabilities cannot be
detected and plastic flow appears smooth. It is worth noting
that the strain-independent strain-rate sensitivity obtained for
the micron-sized single crystals (∼36 MPa/s) is in very good
agreement with numbers known for bulk plasticity [31–33],
with the only difference that the total stress scale of the
small crystals is higher due to the expected size effect [34].
Analyzing the displacement jumps associated with the un-
derlying instabilities allows constructing the stress-integrated
complementary cumulative distribution [C(S)] for events de-
tected at each applied displacement rate [Fig. 1(b)]. As known
from previous works that have investigated avalanche size

FIG. 2. (a) Intermittency parameter, IP, for Nb〈011〉 and
Au〈001〉 obtained from experiments (left ordinate and lower ab-
scissa) and for Nb〈001〉 obtained from DDD simulations (right
ordinate and upper abscissa). (b)–(e) Scanning electron mi-
croscopy images for micron-sized Nb〈011〉 crystals deformed at
u̇ = 0.06, 6, 600, and 30 000 nm/s.

distributions, a truncated power law describes C(S) well at
lower applied rates. Increasing the rate gradually reduces
the scaling due to an increasingly smaller fraction of small
avalanches. This trend manifests itself due to merging of indi-
vidual small avalanches and the fact that the corresponding
velocity-size scaling is truncated at the low-velocity range.
While the avalanche-size scaling exponent is not the focus
of this study, C(S) clearly shows how each experiment at the
highest rate (seven tests in total) reduces the number of events
per test to one. This means, even though there are no visible
instabilities, a careful analysis of the displacement-time trace
shows that the plastic flow rate of the micron-sized single
crystals exceeds the applied rate by a factor of ∼3–5: thus, the
plastic stress-strain curve can be seen as one large continuous
event.

The tendency for a decreasing number of intermittent
events with increasing displacement rate is quantified in
Fig. 2(a) (left ordinate and lower abscissa), showing a very
consistent power-law relationship IP = 15u̇−0.59±0.02 between
displacement rate and an intermittency parameter (IP) across
more than five orders of magnitude for Nb. IP is defined as
the number of slip events per 1% engineering strain. The error
bars shown are 95% confidence intervals from the standard
error of the mean, calculated based on the variation in IP
across multiple sample tests (approx. 5 ∼ 20 per drive rate).
Given the maximum engineering strains of ∼20%, the ab-
sence of intermittency in a single test (IP < 0.05) is expected
for Nb when u̇ > 16 000 nm/s, which is consistent with our
observations. Figure 2(a) furthermore shows that a similar
trend is obtained for the Au crystals (albeit with only one test
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FIG. 3. Stress-strain curves obtained from DDD simulations for 2-μm and 500-nm large Nb〈001〉 crystals at 10 and 1000 s−1. Right-hand
y axis indicates the plastic strain rate and the horizontal dashed line is the applied strain rate.

per rate), with the difference that the data is shifted to the right
and that IP ∝ u̇−0.41±0.01. A shift to the right relative to the
Nb can be understood with the fact that the slip velocity is ∼1
order of magnitude higher at any avalanche size and that the
event size scales with velocity [18].

Along with the rate-dependent IP, clear variations in the
deformation morphology were observed after testing. Fig-
ures 2(b)–2(e) compare the slip-line morphology between
four different rates, evidencing that slip becomes increasingly
delocalized with increasing rate. Analyzing the deformation
morphology via computer-based image processing of scan-
ning electron microscopy (SEM) micrographs allows deter-
mining the area fraction of the microcrystals that (within
the resolution limit of the SEM micrographs) show visible
slip traces, i.e., have undergone plastic shape changes. This
quantification reveals how larger area fractions of deformation
are obtained with increasing u̇. The detailed results of this
analysis are summarized in Table S1 in the SM [27]. In
relation to Fig. 1(b), this suggests that discrete events recorded
in the displacement-time signal must be composed out of nu-
merous contributions from various locations within the crystal
at higher rates. Thus, even though the event-size statistics
suggests that larger rates result in fewer but larger avalanches,
Figs. 2(b)–2(e) show that this must be a result of merging
events throughout the crystal: plastic flow delocalizes. This
can be rationalized by the fact that small differences in the
resolved shear stress do not manifest themselves due to the
high deformation rate, and, consequently, variability in the
microstructure matters less.

In order to shed more light onto the underlying dislocation
mechanisms as a function of applied rate and to scrutinize
the hypothesis that a loss of intermittency is a fundamental
consequence of a rate mismatch between collective disloca-
tion events and the applied deformation rate, we conducted

3D DDD simulations on Nb〈001〉 micron-sized single crystals
with the same height-to-diameter ratio. Some obtained stress-
strain curves, together with the evolution of the plastic strain
rate, are given in Fig. 3. The applied strain rate is considered
as a threshold; if the magnitude of the continuous plastic
strain rate in the time series is greater than the threshold, a
dislocation avalanche is detected. As with the experimental
data, an intermittency parameter is calculated and shown in
Fig. 2(a) (right ordinate and upper abscissa). Their values
are numerically higher than derived from the experimental
results. This is due to numerous instrumental and method-
specific factors, as we outline in detail in the SM [27]. Two
dominating factors are (i) the difficulty of reaching pure strain
control in experiments due to the finite machine stiffness
effect [25] and (ii) the significantly different event resolutions.
The effect of reducing the data sampling by a factor of 10 in
the simulations is shown in the SM [27] in Fig. S3 and results
in approximately 1 order of magnitude lower IP without any
change of the observed scaling seen in Fig. 2(a). Despite
the numerically different IP values, the power-law relation
between IP and displacement rate is very well reproduced
for all the considered sample sizes, as shown in Fig. 2(a).
Remarkably, the power-law exponent is found to be −0.5,
which is close to the experimentally determined value −0.59.
This implies that IP ∝ u̇−α holds for a wider strain-rate range
and that this scaling is insensitive to the event resolution and
the crystal sizes.

Moreover, Fig. 3 clearly demonstrates that with the in-
crease of the strain rate and the external size, the plastic strain-
rate evolution changes from crackling-noise type to quasiperi-
odic type. Concomitantly, the ratio between the fluctuation
of the plastic strain rate and the applied strain rate becomes
smaller. We note that Fig. 3 demonstrates how fluctuations are
more pronounced in the smaller crystal (500 nm) at 1000 s−1
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FIG. 4. (a)–(d) Microstructures at some specific plastic strains εp

as indicated. Solid lines in different colors represent dislocations with
different Burgers vectors. The darkness of the purple shaded regions
is proportional to the local plastic strain. The yellow arrows in (a)
and (c) indicate the bowing direction of dislocation sources.

than in the larger crystal (2 μm), which is a consequence of the
fact that an equivalent strain rate is effectively a lower applied
displacement rate for the 500-nm crystal. Thus, the velocity
mismatch between slip in the smaller crystal and the applied
rate is larger than for the 2-μm crystal, naturally leading to
increased intermittency.

Through an in-depth examination of the microstructural
evolution, it is found that at low strain rates, the operation of
a few dislocation sources may contribute to one burst event. If
these dislocation sources further trigger the correlated opera-
tion of several other dislocation sources, a sudden large ratio
between plastic strain rate over applied strain rate is observed,
which is the manifestation of a dislocation avalanche (slip
event). Therefore, the burst behavior at low rate is controlled
by the intermittent operation of small numbers of dislocation
sources, leading to appreciable scatter. However, a strain burst
in the high-strain-rate case requires the correlated operation
of multiple dislocation sources in order to admit a plastic
strain rate that is comparable to the high applied strain rate.
Thus, the higher the applied rate, the more sources are active
simultaneously, which effectively leads to a spatial merging
of source activity and reduction of the discrete flow character.
To keep up with high applied rates, dislocations quickly
multiply to generate more sources at the early stage of plastic
deformation, after which the dislocation density maintains a
relatively stable value. One example of the larger dislocation
density and larger number of operating sources at higher strain
rate is given in Figs. 4(a) and 4(c) for a plastic strain of εpl =
0.1%, where yellow arrows indicate the bowing direction of
sources (edge and screw dislocations are indicated as solid
lines of different colors). Due to the low screw dislocation
mobility in bcc Nb, an increased density ratio between screw
and edge dislocations is observed in comparison to the as-
prepared sample. This ratio stabilizes after a short amount of
anelastic strain to about 5–8 in the 2-μm crystals. This point is
reached when the plastic strain-rate evolution curve in Fig. 3
attains the plateau around the applied strain rate. While both
the dynamics of edge and screw dislocations contribute to
individual bursts [35], recent simulations on W microcrystals

reveal how the time-resolved evolution is dominated by slow
screw dislocations [36]. A similar conclusion was made on the
basis of a detailed avalanche velocity-profile analysis of both
Au and Nb microcrystals deformed in experiments, revealing
how the velocity relaxation in Nb is significantly longer in
duration in comparison to Au, as expressed by a reduced
decay exponent of the governing shape function [18]. This
extended velocity relaxation of an avalanche in bcc is at-
tributed to the fact that edge components are known to quickly
exit the sample surface, whereas the screw components
move much more slowly and also accumulate on their glide
plane [37].

Further, our simulations can reveal the spatial distribution
of plastic strain, which Fig. 4 indicates by shaded planes
that are located on slip planes. The degree of darkness of
the shaded planes indicates how much local plastic strain
each slip plane has admitted. Consequently, darker shaded
slip planes are seen at higher plastic strains for a given rate.
More important is the observation that the number of active
slip planes increases with increasing rate at a given plastic
stain. This is easily seen when comparing Figs. 4(b) and 4(d),
revealing how the localization of plastic flow decreases with
increasing deformation rate. At high rates, a larger number
of slip planes are activated and contribute to the relief of
internal stresses built up in response to the high rate. These
observations are in excellent agreement with the experimental
observations in Fig. 2.

The observation of decreasing intermittency with increas-
ing rate, and in particular the robust power-law scaling
between IP and the applied rate in both the experiments
(Nb〈011〉, Au〈001〉) and the simulations (Nb〈001〉), can be
captured in a simple model and the DDD simulations. We
consider the case of an idealized succession of elastic stress-
strain regimes during which the stress rises followed by a drop
in stress �σ due to an avalanche. Each elastic and plastic
portion of the stress-strain curve is defined by its duration,
�t1 and �t2, where the subscript 2 identifies the elastic part
and 1 the plastic part (see Fig. S2). Under the assumption
of a negligible overall strain hardening rate, which is well
supported by Fig. 1(a), an equilibrium between the stress drop
and the stress recovery during the elastic part can be equated
as 〈E (ε̇0 − ε̇p)�t1〉 + 〈E ε̇0�t2〉 = 0, where E is the Young’s
modulus, the brackets indicate the average over all discrete
events, and ε̇0 is the applied strain rate. Rearranging and defin-
ing ε̇p = ρbv and �t1 = L/v allows expressing the burst fre-
quency per unit strain as IP = 1

〈ε̇0(�t1+�t2 )〉 = 1
〈ε̇p�t1〉 = 1

〈ρ〉bL ,
with b being the Burgers vector, ρ the dislocation density,
v the dislocation velocity, and L the system size. We note
that the equality is independent of material. The expression
IP ∝ (〈ρ〉bL)−1 can be further evaluated by interrogating the
DDD simulations for a relationship between 〈ρ〉L and u̇.
A power-law relationship between 〈ρ〉L and u̇ would not
only support the above model, but also capture the fact that
different crystal sizes are contained in the scaling displayed in
Fig. 2(a). As shown in Fig. S3, both experimentally obtained
exponents of α = 0.41 and α = 0.59 are in good agreement
with the DDD data. This simple model implies that at higher
applied deformation rates, a higher dislocation density (and
thus a higher extent of correlated dislocation activity) is linked
to the occurrence of avalanches.
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The good agreement between experiments and simulations
strongly support our initial hypothesis that smooth plastic
flow of pure bulk single crystals may emerge as a result of
an externally applied drive that has a higher velocity than
the collective slip events admitted by the material. If this
result can be generalized to the bulk scale, the occurrence
of intermittent or smooth flow of pure single crystals would
be another example of how the velocity of a microstructural
process relates to the experimentally applied deformation rate,
such as serrated and not-serrated flow in metallic glasses
[6,38], or the PLC effect [3–5]. While we argue that there is
strong evidence for this case, caution has to be used when
generalizing to the bulk scale. It may appear straightforward
to argue that strain-rate constancy naturally will lead to u̇
exceeding the outer envelope of avalanche velocities, which
for a 10-cm, large Nb〈011〉 bulk single-crystal specimen and
ε̇0 = 10−3 s−1 (u̇ = 100 000 nm/s) indeed would be the case.
However, such an argument assumes that the slip dynamics
is insensitive to the dramatic change in surface/volume ratio,
and that net glide velocities are marginally affected by the
changes in boundary conditions. This could be evaluated via
bulk testing with the same displacement resolution as used
here, which to our knowledge is experimentally not available.
However, we note that selected evidence exists for the micro
and bulk scale that crystal size does not affect the slip-size
velocity [1,15,39]. Indeed, Becker and co-workers [1,39] have
reported the velocity of suddenly deforming bulk Zn (hcp) and

Al (fcc) crystals, where the slip rate is of the same order of
magnitude as for the Au studied here.

In summary, we show that a transition from intermittent-
to-smooth flow can be obtained for micron-sized Nb and
Au single crystals via the increase of the applied defor-
mation rate such that the latter is exceeding the velocity
of the underlying dislocation avalanches (slip events). The
reduction in intermittent response of the deforming crys-
tals is captured in both experiments and simulations, and a
simple power-law relationship between burst frequency and
applied rate can be approximated to describe the reduction in
burst frequency with increasing rate. Future experiments will
show if the transition revealed here can be the fundamental
origin of smooth bulk stress-strain behavior of pure single
crystals.
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