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Lattice dynamics and elasticity in thermoelectric Mg2Si1−xSnx
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Lattice dynamics and elastic constants in Mg2Si1−xSnx were investigated using resonant ultrasound spec-
troscopy, Mössbauer spectroscopy, nuclear inelastic scattering, and inelastic x-ray scattering. Increasing the Sn
content x results in smaller elastic constants, lower Sn specific Debye temperature, lower speed of sound, and
a softening of acoustic Sn specific phonons. However, close to band convergence at about x = 0.6, the shear
modulus is well below the expected value, which suggests a pronounced connection between band convergence
and lattice dynamics in this system. Based on the determined speed of sound and average phonon group velocity,
the importance of optical phonons for lattice thermal conductivity is discussed, as the significant reduction in both
velocities would yield an implausibly low lattice thermal conductivity of only about 60% of the experimental
value. Sn specific thermodynamic quantities calculated from the Sn specific density of phonon states substantiate
the general softening of lattice vibrations upon substitution of Si by Sn. A major contribution to the vibrational
entropy is thus due to Sn specific vibrational modes. The generalized density of phonon states in Mg2Si1−xSnx

derived from inelastic x-ray scattering for one composition shows that vibrational modes related to lightweight
Mg and Si set in above 12.5 meV, whereas Sn specific modes are concentrated around 11 meV.
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I. INTRODUCTION

Thermoelectric energy generation has attracted consider-
able attention in the past decades. On the one hand, thermo-
electrics may play a vital role in increasing energy efficiency
by harvesting waste heat and, on the other hand, thermoelec-
tric materials display interesting and interconnected physical
properties and phenomena. The thermoelectric figure-of-merit
ZT = S2σ

κe+κl
, where S is the Seebeck coefficient, σ is the elec-

trical conductivity, and κe and κl are the electronic and lattice
contributions to thermal conductivity [1], illustrates that a
good thermoelectric material must accommodate potentially
conflicting transport properties. But besides exhibiting a high
ZT value in a broad temperature range, the ideal thermoelec-
tric material should also be made of inexpensive, abundant,
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and nontoxic elements, in order to facilitate wide-spread and
environmentally compatible application.

Solid solutions based on Mg2Si and Mg2Sn certainly fulfill
the latter requirements and exhibit favorable ZT values above
1 [2,3] competitive with PbTe based thermoelectrics and skut-
terudites, not least due to their low mass density. Within the
Mg2Si1−xSnx solid solution system, highest figures-of-merit
have been found for stoichiometries around Mg2Si0.4Sn0.6

due to high Sσ 2 values and favorable thermal conductivities
[2,4–6]. Ab initio calculations showed [2,7] that close to x =
0.6 two low-lying electronic bands associated with different
effective electron mass converge, which results in an overall
increase in effective electron mass and, consequently, of See-
beck coefficient. Moreover, thermal conductivity is reduced
upon isovalent substitution of Si by Sn presumably due to
phonon scattering by mass and strain fluctuations. Lattice
dynamics in Mg2Si1−xSnx, which eventually form the micro-
scopic basis for the lattice contribution to thermal conductiv-
ity, were investigated in detail for the end members Mg2Si and
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TABLE I. Lattice parameter a, and relative contribution I , ob-
tained by XRD analysis for the solid solutions Mg2Si1−xSnx (I) and
impurity phases Mg2Si (II) and β-Sn (III).

Sample Phase a (Å) I

Mg2Si0.79Sn0.2Sb0.01 I 6.4173(1) 1.00
Mg2Si0.49Sn0.5Bi0.01 I 6.5969(1) 1.00
Mg2Si0.44Sn0.55Bi0.01 I 6.6138(1) 0.967(1)

II 6.3794(4) 0.012(1)
III 6.4809(3) 0.021(1)

Mg2Si0.39Sn0.6Bi0.01 I 6.6460(1) 0.970(1)
II 6.3810(4) 0.004(1)
III 6.4899(4) 0.026(1)

Mg2Sn. Both experimental and theoretical densities of phonon
states, phonon dispersions, and elastic constants were derived
[8–12] and mostly agree on an overall softening of phonon
energies and elastic constants upon Si substitution by Sn.
For Mg2Si1−xSnx solid solutions, predominantly theoretical
investigations were published [13–15] with the recent excep-
tion of neutron scattering results for x = 0.25, 0.5, and 0.75
[16]. The general, potentially simplifying picture emerging
from these findings is that lattice dynamics in Mg2Si1−xSnx

can be roughly understood in a Vegard’s law picture [16,17].
However, lattice dynamics and elasticity close to electronic
band convergence at x = 0.6 is still rather uncharted territory,
although the general importance of band convergence and
structure for the development of new thermoelectrics is well
recognized [18,19].

Here we aim to investigate elastic constants and (Sn
specific) lattice dynamics particularly of samples close to
composition x = 0.6 using resonant ultrasound spectroscopy,
Mössbauer spectroscopy, nuclear inelastic scattering, and in-
elastic x-ray scattering. The shear modulus C44 is found to be
significantly lower in samples close to band convergence than
expected within an average (Vegard’s law) model, which is
further substantiated by acoustic Sn specific phonon modes.
The theoretically expected splitting of (Mg,Si) and Sn re-
lated phonons in high and low energy regions [13], respec-
tively, can be corroborated. Moreover, the rather low average
phonon group velocity in this system substantiates the notion
of a significant contribution of optical phonons to thermal
conductivity.

II. MATERIAL AND EXPERIMENTAL DETAILS

All samples (see Table I for stoichiometries) were syn-
thesized by induction melting followed by crushing and
compaction by current assisted sintering [20]. Because for
thermoelectric applications the charge carrier concentration
of ternary Mg2Si1−xSnx needs to be optimized, samples were
actually n doped by small additions of Sb or Bi. Microstruc-
tural analysis as well as thermoelectric transport data for
sample Mg2Si0.79Sn0.2Sb0.01 can be found in Ref. [21] and
for the other three samples in Ref. [22]. Room temperature
x-ray diffraction (XRD) measurements were carried out using
a Huber powder diffractometer with Cu Kα1 radiation in
combination with an image plate Guinier detector. Lattice

parameters and phase content were analyzed using the soft-
ware JANA2006 [23].

Mössbauer spectra were obtained on a constant-
acceleration spectrometer using a 10 mCi Ca119mSnO3

for 119Sn Mössbauer spectroscopy. The velocity calibration
was performed with α-Fe at room temperature utilizing a
57Co/Rh source. All Mössbauer spectra discussed herein
were obtained using powder samples and isomer shifts are
reported with reference to the source. The significant γ

background due to fluorescence of the 119Sn Mössbauer
source was suppressed using a 50-μm-thick Pd foil placed
between source and sample.

Room temperature (polycrystalline) elastic constants C11

and C44 were derived from resonant ultrasound spectroscopy
(RUS) [24] measurements using parallelepiped shaped, poly-
crystalline samples of about 2 mm3 each. Using the RPR code
[25], C11 and C44 were calculated from the first 20 resonances.

Nuclear inelastic scattering (NIS) experiments [26], which
are based on phonon assisted absorption of synchrotron radia-
tion by an appropriate Mössbauer resonance (the 23.88 keV
resonance of 119Sn in the present case), were performed
at sector 30-ID of the Advanced Photon Source using a
high-resolution monochromator with an energy resolution of
1 meV [27]. Measurements were carried out at room tem-
perature as determined by the principle of detailed balance.
Sn specific densities of phonon states (DOS) were extracted
from NIS spectra using the Fourier-log decomposition as
implemented in the software DOS [28].

For sample Mg2Si0.39Sn0.6Bi0.01, a room temperature, in-
elastic x-ray scattering (IXS) experiment was carried out
at sector 30-ID of the Advanced Photon Source using an
incident energy of 23.73 keV obtained by a high resolution
monochromator [27] and using high resolution analyzers [29].
IXS spectra were recorded for seven different analyzer posi-

tions with an average scattering vector of Qav = 6.047 Å
−1

.
Individual IXS spectra were weighted and summed and the
resulting spectrum was further analyzed using the Fourier-
log decomposition procedure aforementioned and assuming
a hypothetical recoil energy calculated from sample stoi-
chiometry (similar to the approach outlined in Ref. [30]). The
resulting generalized density of phonon states thus contains
contributions from each element weighted by the respective
IXS cross section.

III. RESULTS AND DISCUSSION

A representative XRD pattern is shown in Fig. 1 and
exhibits contributions from three different phases. Beside the
major solid solution Mg2Si1−xSnx, antifluorite Mg2Si and
tetragonal β-Sn can be detected in two of the four samples
(see Table I). Concerning the lattice parameter a, the major
phase is reasonably close to Vegard’s law in each case (see
inset to Fig. 1), although the actual Sn content of the major
phases might slightly deviate from the nominal composition.
Thus, the sample sequence in terms of Sn content is still
represented by the nominal composition. The occurrence of
impurity phases, in particular a Si-rich and a Sn-rich phase,
is often observed for the Mg2Si1−xSnx system [21,22]. This is
due to a miscibility gap between Mg2Si and Mg2Sn, whose
borders are the subject of controversial discussion [36–38].

025404-2



LATTICE DYNAMICS AND ELASTICITY IN … PHYSICAL REVIEW MATERIALS 3, 025404 (2019)

FIG. 1. Representative x-ray diffraction pattern for the
Mg2Si1−xSnx samples. In this case, Mg2Si0.39Sn0.6Bi0.01, there are
two minor impurity phases present. Ticks (top to bottom) represent
the major Mg2Si1−xSnx phase (magenta), Mg2Si (green), and β-Sn
(dark green). The inset shows the lattice parameter a as a function
of the nominal Sn content of the major phase for each sample
(circles). Literature data for different compositions (red stars) are
from Refs. [31–35].

Moreover, synthesis kinetics can also affect the presence of
impurity phases [22].

However, the general single-phase character of all sam-
ples is supported by Mössbauer spectroscopy (see Fig. 2 for
representative spectra), as in all cases spectra could be well
modeled using a single Lorentzian absorption line. Isomer
shifts δ are weakly temperature dependent and increase from
about 1.8 to 1.9 mm/s with decreasing temperature, which
is in good agreement with literature on binary Mg2Sn [39],
whereas Mössbauer linewidths are virtually constant at about

FIG. 2. Representative 119Sn Mössbauer spectra at different tem-
peratures used to calculate Lamb-Mössbauer factors (see Fig. 3). The
inset shows room temperature isomer shifts δ with respect to the
corresponding unit cell volume Vcell.

FIG. 3. Lamb-Mössbauer factors fLM obtained from temperature
dependent Mössbauer measurements within a Debye model (solid
lines) and corresponding Debye temperatures θD.

0.9(1) mm/s. Room temperature isomer shifts with respect
to unit cell volume Vcell are shown in the inset to Fig. 2.
Notably, slightly larger isomer shifts can be observed for those
Mg2Si1−xSnx compounds with high Sn content, i.e., with
increased unit cell volume. Assuming that Vcell and electron
density at the 119Sn nucleus site are inversely proportional,
the increase of δ with increasing Vcell is unexpected [40] and
points towards a change of bonding character or bonding
mechanism.

Temperature dependent Mössbauer spectroscopy measure-
ments were used in order to determine the Lamb-Mössbauer
factor fLM of each sample within a Deybe model [41] (see
Fig. 3). The corresponding Sn specific Debye temperatures
decrease with increasing Sn content and are well below cal-
culated general Debye temperatures [12] indicating overall
softer Sn than Mg or Si phonons.

Room temperature elastic constants C11 and C44 deter-
mined using RUS are shown in Fig. 4. Both elastic constants
continuously decrease with increasing Sn content, which is
expected considering the much lower elastic constants of
Mg2Sn compared to Mg2Si [8,9]. However upon approaching
the Sn content associated with electronic band convergence,
the absolute values of the elastic constants decrease rapidly
and the shear modulus C44 is well below expected values
for Sn contents �0.5. Transversal vT , longitudinal vL, and
average (Debye) speed of sound vS were calculated according
to vL,T = √

C11,44/ρ and 3v−3
S = 2v−3

T + v−3
L [42], where ρ

is the mass density, and are shown in the inset to Fig. 4. In
general, the decrease in elastic moduli and the speed of sound
with increasing Sn content is in line with the decreasing (Sn
specific) Debye temperatures as observed by Mössbauer spec-
troscopy. Moreover, the notable decrease of shear modulus
C44 might point towards an electronic band structure effect
on elastic constants due to electronic band convergence. As
all samples exhibit similar ratios of physical/measured density
vs x-ray/theoretical density, potential effects of density varia-
tions on the measurement of elastic constants can be excluded.
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FIG. 4. Elastic moduli C11 and C44 extracted from room temper-
ature resonant ultrasound spectroscopy (open symbols) for different
Mg2Si1−xSnx . Full symbols mark literature data: experimental data
for Mg2Si (square) and Mg2Sn (circle) from Refs. [8,9] and the-
oretical calculations for Mg2Si1−xSnx (triangle from Ref. [13] and
diamond from Ref. [14]). The dashed lines are guides for the eye. The
inset depicts the longitudinal vl , transversal vt , and average vs speed
of sound calculated using C11 and C44 (see text for further details).
Error bars are well below the size of the data points.

Sn specific densities of phonon states (DOS) were obtained
from NIS experiments and are shown in Fig. 5. All DOS are
dominated by a peak around 11 meV and exhibit rather broad
features at higher energies. The phonon cutoff was determined
to be 32.5 meV in all cases. This agrees with theoretical DOS
available for Sn contents below 0.25 and above 0.75 [13].
However, the experimentally determined spectral weight of
modes with energy above 16 meV is found to be slightly more
pronounced than expected theoretically. The Sn specific DOS
in Mg2Si0.39Sn0.6Bi0.01 and Mg2Si0.49Sn0.5Bi0.01 are almost
indistinguishable, whereas there is a significant stiffening of

FIG. 5. Sn specific densities of phonon states obtained from
NIS measurements at room temperature. The inset shows the low
energy part of the reduced densities of phonon states including the
corresponding Debye levels (horizontal lines).

low energy acoustic modes in Mg2Si0.79Sn0.2Sb0.01 which is
accompanied by an overall narrowing of the first spectral
peak. This is in agreement with the elastic constants, which
increase with decreasing Sn content, and with ab initio calcu-
lations [13]. These calculations show a similar redistribution
of Sn specific phonon modes to lower energies in the acoustic
region with increasing Sn content x for ternary Mg2Si1−xSnx.
This is also a strong indication that the change of dopant (from
Sb to Bi in the present case) likely has a negligible effect on
the Sn specific DOS. Thus, the Mg2Si1−xSnx lattice stiffens
with an increasing number of Mg-Si bonds.

Based on these DOS, several Sn specific thermodynamic
quantities can be calculated, e.g., the Lamb-Mössbauer factor
fLM, the vibrational entropy Svib, and the mean force constant
F [28]. These quantities are summarized in Table II. The
trend of decreasing Lamb-Mössbauer factor with increasing
Sn content is consistent with conventional Mössbauer spec-
troscopy results. Notably, Lamb-Mössbauer factors calculated
from DOS are slightly lower than the ones calculated within
a Debye model (see Fig. 3 and compare Table II), but agree
within their respective errors. As force constants mostly de-
pend on the spectral weight of high frequency modes, it is
not surprising that all Sn specific force constants agree within
their error bars. However, Sn specific force constants are
higher than the Si and Ge specific force constants in Mg2Si
and Mg2Ge, respectively [11]. The temperature dependence of
the vibrational entropy was calculated for some compositions
[13], which allows one to estimate a vibrational entropy
of 3.21 kB/atom for Mg2Si0.79Sn0.2Sb0.01 and 3.61 kB/atom
for Mg2Si0.44Sn0.55Bi0.01 and Mg2Si0.39Sn0.6Bi0.01. Thus, the
Sn specific vibrational entropy of 4.66(2) kB/atom for
Mg2Si0.79Sn0.2Sb0.01 is higher than the average contribution
of Mg and Si due to the high concentration of spectral weight
of low phonon energies.

The low energy limit of the DOS divided by energy
squared, LD = limE→0[g(E )/E2], where g(E )/E2 is the so-
called reduced DOS, can be used to calculate [43] the average
phonon group velocity vNIS = 3

√
m/(2π2h̄3mnLD), where m is

the mass of the nuclear resonant nucleus (the mass of Sn-119
in the present case), m is the average mass in the unit cell,
and n is the atomic density. For the calculation of vNIS, the
Debye level was estimated from the almost constant reduced
DOS in the energy interval 2.5 � E � 5 meV (see inset to
Fig. 5). As data below 2.5 meV is potentially affected by the
subtraction procedure of elastic scattering, it was omitted for
estimating LD. Calculated average phonon group velocities
vNIS are compared to vS calculated from elastic constants in
Table II. The average phonon group velocity and the speed
of sound exhibit the same general trend, i.e., a decrease
with increasing Sn content. For Mg2Si0.44Sn0.55Bi0.01 and
Mg2Si0.39Sn0.6Bi0.01, vNIS and vS are quite close and agree
within their error bars, whereas vNIS is significantly lower than
vS for Mg2Si0.79Sn0.2Sb0.01. It is possible that the subtraction
of the elastic contribution was insufficient in this case, which
might affect the Debye level determination. On the other hand,
the average phonon group velocity of phonons with energies
in the interval between 2.5 and 5 meV does not necessarily
coincide with the speed of sound, i.e., with the average
group velocity of phonons with E → 0. Such differences
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TABLE II. Lamb-Mössbauer factor fLM, vibrational entropy Svib, and mean force constant F calculated from Sn specific DOS measured at
room temperature. The Lamb-Mössbauer factor fLM,MB obtained by applying a Debye model to conventional Mössbauer spectroscopy results
(see Fig. 3), the average speed of sound vS calculated from elastic constants, and the phonon group velocity vNIS calculated from Sn specific
DOS are also shown for comparison.

Sample fLM fLM,MB Svib (kB/atom) F (N/m) vNIS (m/s) vS (m/s)

Mg2Si0.79Sn0.2Sb0.01 0.40(2) 0.44(3) 4.66(2) 124(10) 4310(60) 4830(80)
Mg2Si0.44Sn0.55Bi0.01 0.36(2) 0.40(3) 4.80(1) 118(6) 3750(70) 3880(70)
Mg2Si0.39Sn0.6Bi0.01 0.35(1) 0.36(3) 4.78(1) 123(4) 3530(60) 3610(70)

between speed of sound and average phonon group velocity
determined for phonon energies of a few meV were observed
for other compounds [44,45] and cannot be ruled out for
Mg2Si0.79Sn0.2Sb0.01. However, the reason of this discrepancy
cannot be unambiguously solved.

In binary Mg2X (X = C, Si, Ge, Sn, Pb), the average
phonon group velocity in the low energy limit, i.e., the
speed of sound, is considered to be the most important pa-
rameter for understanding lattice thermal conductivity [46].
Extending this notion to the solid solution Mg2Si1−xSnx

and considering κl = 1
3Cv2

Sτ , where C is the specific heat,
τ is the phonon relaxation time, and potential phonon en-
ergy dependencies have been neglected, for the calculation
of the lattice thermal conductivity, a significant decrease
of κl is expected based on vS and vNIS determined from
RUS and NIS, respectively. This expectation also persists
if a more elaborate Callaway model [47] including phonon
scattering by solute atoms [48,49] is used, which yields
[50] κl = 1.53 W m−1 K−1 for Mg2Si0.49Sn0.5Bi0.01 and κl =
1.36 W m−1 K−1 for Mg2Si0.39Sn0.6Bi0.01. These values ac-
count only for about 60% of the lattice thermal conductiv-
ities experimentally determined of these samples [22] and
of theoretically calculated κl [17,51]. However, ab initio

FIG. 6. Generalized density of phonon states in
Mg2Si0.39Sn0.6Bi0.01 obtained from IXS. The Sn specific DOS in
this sample is also shown. As the IXS signal contains contributions
from all elements in the sample, the Sn specific contribution was
scaled according to its expected contribution using the atomic form
factor and the atomic mass of Sn [53]. The difference between IXS
and NIS related DOS is depicted by the dashed line and represents
(Mg,Si) related phonons.

calculations have shown that optical phonons, which are not
taken into account by the Callaway model, may contribute
significantly to lattice thermal conductivity in Mg2Si1−xSnx

[15] due to their significant dispersion. Indeed, the theoretical
estimate of the optical phonon contribution closely matches
the discrepancy of 40% between actual lattice thermal con-
ductivity and the Callaway model calculation based on mass
contrast scattering presented herein. Additionally introducing
Umklapp scattering further reduces the calculated [52] lattice
thermal conductivity by about one order of magnitude. The
deviation from experimental values thus increases, which
again illustrates that lattice thermal conductivity in this system
cannot be understood solely based on acoustic phonons. Thus,
the notion that optical phonon modes contribute significantly
to κl in this system is supported experimentally.

The generalized DOS in Mg2Si0.39Sn0.6Bi0.01 obtained
from IXS spectra is shown in Fig. 6 together with the appropri-
ately scaled Sn specific DOS obtained from NIS. Sn specific
phonon modes contribute about 50% to the generalized DOS
due to the high atomic number of Sn as compared to Mg and
Si. Phonon modes below 15 meV are almost exclusively asso-
ciated with Sn, whereas Mg and Si contribute predominantly
to modes between 15 and 25 meV as well as above 30 meV. In
general, this separation between Sn and (Mg,Si) related modes
can be expected considering the atomic masses and shows
similar features as DOS calculations for high and low Sn con-
tents [13]. A similar gap between Sn and Mg specific phonon
energies was also observed by neutron scattering experiments
combined with density functional theory calculations [16].
Moreover, the phonon cutoff at about 35 meV is in good
agreement with theoretical results for the close composition
Mg2Si0.5Sn0.5 [16].

IV. CONCLUSIONS

Elastic constants and lattice dynamics in Mg2Si1−xSnx

were investigated using RUS, Mössbauer spectroscopy, nu-
clear inelastic scattering by the 121Sn Mössbauer resonance,
and inelastic x-ray scattering. In general, the lattice is found
to soften upon Si substitution by Sn, which is reflected by
a decrease of the elastic constants C11 and C44, which also
entails a decrease of the speed of sound, by a softening
of Sn partial acoustic phonons and by lower Sn specific
Debye temperatures obtained from Mössbauer spectroscopy.
The shear modulus C44 decreases significantly close to band
convergence and exhibits unexpected low values. This is also
reflected by the calculated speed of sound, which is in good
agreement with the average phonon group velocity derived
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from NIS. The drop of the shear modulus close to band
convergence suggests a close connection between electronic
and vibrational properties for such compositions, which opens
the more general question about the potential connection
between band convergence and lattice dynamics. The compar-
ison between the Sn specific DOS and the generalized DOS
obtained by means of IXS exemplifies that Sn and (Mg,Si)
related phonons are well separated in terms of energy in
Mg2Si1−xSnx with Sn mostly taking part in vibrational modes
below 15 meV. This also entails that Sn specific vibrations
strongly contribute to the overall vibrational entropy. The
unexpectedly low speed of sound and average phonon group
velocity in Mg2Si1−xSnx close to band convergence results
in an implausibly low lattice thermal conductivity within
a simple Callaway model. Thus, the importance of optical
phonons, which are not taken into account by the latter model,
for thermal transport in Mg2Si1−xSnx as pointed out theoret-
ically [15,51] is experimentally substantiated. It remains an
open question, whether certain optical modes predominantly
contribute to lattice thermal conductivity or all optical modes

are comparably relevant. In any case, ways to reduce the
optical contribution should be explored for improving the
thermoelectric figure-of-merit of this system.
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