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NaPN2: Deep-ultraviolet nonlinear optical material with unprecedented strong
second-harmonic generation coefficient
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The electronic band structures and second harmonic generations (SHGs) of phosphorus nitrides LiPN2,
NaPN2, and CuPN2 are studied by first-principles calculations. NaPN2 has a band gap of ∼6.2 eV (200 nm)
and the strongest SHG coefficient among phosphorus-based deep-ultraviolet nonlinear optical (NLO) materials,
i.e., d36 = 2.35 pm/V at static limit and d36 = 3.77 pm/V under external optic field with wavelength 1064 nm.
Compared with the SHG coefficients of borate NLO materials working in the region of deep ultraviolet, NaPN2

presents an unprecedented high SHG coefficient, which is the manifestation of its enhanced orbital hybridization
owing to the shorter bond lengths from high pressure facilitated synthesis.
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I. INTRODUCTION

Coherent deep-ultraviolet (DUV, wavelength λ < 200 nm)
light sources play a pivotal role in enabling a wide range
of important technologies, including imaging, spectroscopy,
optical communications, etc. [1–5]. The core part of a co-
herent DUV light source is built on frequency conversion by
nonlinear optical (NLO) materials [6], which should satisfy
the following requirements: broken spatial inversion symme-
try, a band gap larger than 6.2 eV for a wide transparency
window in the DUV region, relatively large second harmonic
generation (SHG) coefficient (larger than the SHG coeffi-
cient of KH2PO4, i.e., 0.39 pm/V under optic field with
wavelength 1064 nm), and sufficient birefringence to ensure
phase matching in the DUV wavelength range [7]. The widely
used NLO borate crystals LiB3O5 [8], β-BaB2O4 [9], and
KBe2BO3F2 (KBBF) are featured by relatively strong SHG
coefficient with moderate birefringence. For instance, KBBF
has a DUV cutoff wavelength 150 nm, exhibiting appreciable
SHG of d11 = 0.47 pm/V under optic field with wavelength
1064 nm with a rather moderate birefringence value of 0.077;
it is a popular NLO material to generate laser light with
wavelengths in the DUV region [10]. However, considering all
NLO borates with band gap larger than 6.2 eV, none of them
has a SHG coefficient larger than 2.5 pm/V under optic field
with wavelength 1064 nm [7]; the notable Sr2Be2B2O7 has
the highest SHG coefficient of 2.48 pm/V under optic field
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with wavelength 1064 nm with a band gap of ∼8.0 eV [11].
The SHG coefficients of recently synthesized borate fluorides,
such as NH4B4O6F [12], RbB4O6F [13], and CsB4O6F [14],
are all even below 1.2 pm/V under optic field with wavelength
1064 nm.

The SHG coefficient at static limit is considered to be
proportional to the inverse of band gap [15]. NLO materials
with relatively small band usually present high SHG coeffi-
cient. For example, Weyl semimetal TaAs with zero band gap
presents a very large SHG coefficient of d33 = 3600 pm/V
under optic field with wavelength 800 nm [16]. In contrast to
this widely accepted scenario, BPO4 exhibits a larger SHG
coefficient, d36 = 0.76 pm/V, than that of KBBF, i.e., d11 =
0.47 pm/V, even though the band gap of BPO4 (∼9.25 eV)
is wider than that of KBBF (∼8.43 eV) [17]. This intriguing
observation indicates that it is insufficient to understand the
SHG from band gap value exclusively. Therefore, the contri-
butions from both charge transfer and orbital hybridization to
the band gap should be considered explicitly when we analyze
the microscopic origin of the SHG’s variance. For instance,
the enhanced orbital hybridization by external pressure can
enhance the SHG coefficient in insulators with large charge
transfer energy [15]. Considering that materials synthesized
under high pressure conditions usually present much stronger
orbital hybridization, we propose to investigate SHG coef-
ficients of phosphorus nitrides NaPN2 and CuPN2, which
can be synthesized under high pressure and high temperature
[18–20]. From first-principles calculations, we report an un-
precedented high SHG coefficient among phosphorus based
DUV NLO materials, d36 = 3.77 pm/V under optic field with
wavelength 1064 nm in phosphorus nitride NaPN2 with a band
gap of ∼6.2 eV.
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II. COMPUTATIONAL METHOD

For the electronic structure, first-principles calculations
based on density functional theory were carried out within
a primitive cell with a 28 × 28 × 28 k-point grid and 500
eV energy cutoff. Projector augmented wave pseudopotentials
with Perdew, Burke, and Ernzerhof (PBE) exchange corre-
lation are adopted in our calculation [21–23]. Since PBE
exchange correlation may underestimate the band gap, we
also performed calculations employing the all-electron, full-
potential linearized augment plane wave (FPLAPW) method
with the modified Becke and Johnson local density approxi-
mation (MBJLDA) implemented in WIEN2K code [24,25]. For
the frequency dependent SHG coefficient, a first-principles
calculation with sum-over-state (SOS) approximation is per-
formed with a scissor determined by the band gap difference
from PBE calculation and MBJLDA calculation [26–30], re-
spectively. All studied phosphorus nitrides here crystalize into
tetragonal crystal structure with I-42d space group. Experi-
mental structural parameters are adopted [18–20], and geom-
etry optimization is not performed [31]. In the self-consistent
calculation, the tolerances for wave function squared resid-
ual and energy difference are less than 1.0 × 10−20 and

1.0 × 10−12 hartree/cell, respectively. The energy cut for
plane wave is 20 hartree.

III. ELECTRONIC STRUCTURES

In the borate NLO crystals, BPO4 has both larger band
gap and SHG coefficient than those of KBBF. It indicates
that SHG coefficient is not determined by the band gap
of noncentrosymmetric material exclusively. In our previous
work [15], we concluded that strong SHG in an insulator with
almost flat band structure is dominated by the appreciable
orbital hybridization, which is tunable under external pres-
sure. As materials synthesized under high pressure present
shorter bond length and stronger orbital hybridization, here we
choose two materials from high pressure facilitated synthesis,
NaPN2 and CuPN2, to study their electronic structures and
SHGs by first-principles calculations. Although high pressure
is not needed to make LiPN2, which can be synthesized at
high temperature [18], considering the close relation in terms
of structural aspect, we also include LiPN2 in this work.

The calculated band structures of LiPN2, NaPN2 and
CuPN2 are shown in Fig. 1. The band gap of NaPN2 is
about 6.2(4.7) eV from MBJLDA (PBE) calculation. The

FIG. 1. The calculated band structures of LiPN2, NaPN2, and CuPN2 by first-principles calculation with PBE (a)–(c) and MBJLDA (d)–(f).
The weights of p orbitals of N and s (d) orbitals of Li/Na (Cu) are in blue and red, respectively.
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band gap of LiPN2 is about 5.5(3.8) eV from MBJLDA (PBE)
calculation, while the band gap of CuPN2 is only 2.3(1.5)
eV from MBJLDA (PBE) calculation. In the calculated band
structures from MBJLDA calculation, as shown in Figs. 1(d)
and 1(f), we also mark the weight of 2p orbitals of N in blue,
and s (d) orbitals from both Li/Na (Cu) in red, respectively.
The calculated band structures reveal that the valence bands
just below the Fermi level are dominated by the 2p orbitals of
N, which are strongly hybridized with the s (d) orbitals from P
and Li/Na (Cu). In all calculated band structures, the valence
band below the Fermi level is minutely dispersive. Especially,
the conducting band of NaPN2 is less dispersive because of
long Na-Na distance. The small band gap of CuPN2 can be
interpreted by the small charge transfer energy between 3d
orbitals of Cu and 2p orbitals of N.

The light-matter coupling can be described by the follow-
ing model Hamiltonian in length gauge [32,33]:

H (k, t ) = h0(k) + H1 = h0(k) − er · E (t ), (1)

where h0(k) is the momentum-dependent unperturbed Hamil-
tonian, and E (t ) = E (ω)e−iωt is a time-dependent external
electric field. For the intrinsic NLO effect from band structure,
we ignore all the scattering terms here. With orthogonal
Bloch wave functions |n〉 = en(k, r) satisfying h0(k)en(k) =
εnen(k), the solution for Hamiltonian (1) can be expressed as

|ψ (r)〉 =
∫

BZ

d3k
(2π )3

an(k)en(k, r), (2)

where n is band index, and momentum takes values in whole
Brillouin zone (BZ). The density matrix ρ is defined as

ρ(k, t ) = C∗
n (k, t )Cm(k, t )|en〉〈em|. (3)

The dynamics of ρ(k, t ) can be described by the collisionless
quantum kinetic equation [34,35]

−h̄
∂ρ(k, t )

∂t
= eE · ∂ρ(k, t )

∂k
+ i[H, ρ(k, t )]. (4)

The first-order interband (n �= m) density matrix reads

ρ (1)
nm (k, ω) = 〈n|H1|m〉(ρ (0)

mm − ρ (0)
nn

)
h̄ω − εnm(k)

. (5)

For a large band gap insulator, ρ (0)
nn is 1.0 (0.0) for the valence

(conduction) band. Since kBT (kB denotes Boltzmann con-
stant, T temperature) is much smaller than the large band gap
of insulators, we ignore the temperature effect from the Fermi-
Dirac distribution for simplicity. The first-order intraband
density matrix is always vanishing. The second-order density
matrix ρ (2) ∝ E2. Making use of the definition of the position
operator in the Bloch state 〈n|r|m〉 = anm(k) − iδnm∂k and
anm(k) = i〈n|∂k|m〉 [36–39], the second-order intraband and
interband density matrices read

ρ (2)
nn (2ω) =

∑
m

〈n|H1|m〉ρ (1)
mn − ρ (1)

nm 〈m|H1|n〉
2h̄ω

, (6)

ρ (2)
nm (2ω) = eE (ω)

2h̄ω − εnm

(
−i

∂

∂k
+ amm − ann

)
ρ (1)

nm

+
∑

l �=n,l �=m

〈n|H1|l〉ρ (1)
lm − ρ

(1)
nl 〈l|H1|m〉

2h̄ω − εnm
, (7)

respectively. The secondorder electronic polarization along
the y direction is determined by

P(2)
y = e

∑
n

〈n|yρ (2)|n〉 =
∑

nl

〈n|y|l〉〈l|ρ (2)|n〉. (8)

For n = l , the intraband current P(2)
in j (2ω) along the y direction

reads

P(2)
y,I (2ω) = e

∑
n

∫
BZ

dk
(2π )3

〈n|y|n〉ρ (2)
nn (k, ω)

= −e2E (ω)

2h̄ω

∑
n �=m

∫
BZ

dk
(2π )3

amnDy
nmρ (1)

nm , (9)

and the interband electronic polarization reads

P(2)
y,T (2ω) =

∑
nm

∫
BZ

dk
(2π )3

e2E (ω)〈m|y|n〉
2h̄ω − εnm

Dx
nmρ (1)

nm . (10)

Here, we ignored the contribution involving three bands, i.e.,
the second term in Eq. (7) is omitted. The justification for
such treatment is that 〈m|y|l〉〈l|H1|n〉ρ (1)

nm does not vanish only
when the three atomic orbital hybridize with each other, i.e.,
three-body interaction is usually weaker than two-body inter-
action. The vector Dnm(k) = −i∂k + amm(k) − ann(k), which
characterizes the difference between intracell position matri-
ces within valence and conduction bands, is gauge invariant
under the local phase transformation of the Bloch function.
The shift vector defined in momentum space is analogous to
the dipole in real space [40]. Both Eqs. (9) and (10) are locally
gauge invariant if we multiply any function exp[iθ (k)] by the
Bloch function of the unperturbed ground state. Importantly,
the shift vector D(k) is explicitly presented in Both Eqs. (9)
and (10), in which both shift vector and gauge invariance
are incorporated. From Eqs. (9) and (10), we conclude that
shift vector is the unique source for NLO susceptibility in a
noncentrosymmetric insulator [41–48], even though there are
several channels for SHG in metal [49–52]. Except for the
shift vector, the SHG coefficient is also related to the interband
Berry connection anm(k), which characterizes the possibility
of transition between energy bands |n(k)〉 and |m(k)〉. In
the case of large charge transfer energy, the interband Berry
connection anm(k) can be enhanced by strong orbital hy-
bridization [15], i.e., bond covalency [53]. External pressure
can reduce the bond length and enhance the overlapping of
atomic orbitals. Additionally, we can enhance the shift vector
by large atomic displacement, which breaks spatial inversion
symmetry [54].

Since all studied materials here are large band gap insu-
lators and are topologically trivial, the NLO response here
is exclusively determined by the shift vector mechanism.
We calculated the SHG coefficients of LiPN2, NaPN2, and
CuPN2 contributed by the shift vector mechanism by the SOS
approximation implemented in the ABINIT code [28]. Since
PBE approximation always underestimates the band gap of
NLO crystals [15], a scissor operator at 1.7, 1.5, and 0.8
eV is adopted for LiPN2, NaPN2, and CuPN2, respectively,
to enlarge band gap artificially in all calculations. Here, the
scissor operator takes the band gap difference of each material
calculated by PBE approximation and MBJLDA, respectively,
and it will be added to the eigenvalues of each conducting
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FIG. 2. The calculated photon energy dependent SHG
χ (2)

zxy (2ω; ω, ω) by first-principles calculation with SOS
approximation and scissor correction determined by the band
gap difference between PBE and MBJLDA calculations.

band. By calculation, the d36 = 1
2χ (2)

zxy (2ω; ω,ω) coefficient
in each material presents the largest component value. In the
region of low frequency, the calculated frequency dependent
SHG coefficients are very flat, as shown in Fig. 2. Before the
two-photon resonance, the SHG coefficients increase slightly
with the increase of photon energy. This consistency indicates
that the physics at low frequency is captured in the two-band
model proposed in our previous work [15]. At static limit, d36

of NaPN2 (LiPN2) is about 2.35 (1.67) pm/V. Under optic
field with wavelength 1064 nm, the d36 coefficient is about
3.77 pm/V, which is larger than the SHG coefficient of any
discovered NLO crystal working in the DUV region, i.e., the
band gap is larger than 6.2 eV. Experimentally, borate NLO
material Sr2Be2B2O7 has a band gap of about 8.0 eV and
a relatively large SHG coefficient d22 = 2.48 pm/V under
optic field with wavelength 1064 nm [11]. The calculated
SHG coefficient of Sr2Be2B2O7 is unavailable because of the
structural instability of Sr2Be2B2O7. Commercially available
β-BaB2O4 has a band gap of about 6.7 eV and a large
SHG coefficient d22 = 2.2 ± 0.05 pm/V by experimental
measurement [55]. By first-principles calculation, the calcu-
lated SHG coefficient d22 = 2.03 pm/V by Lin et al. [56,57]
and 2.98 pm/V by Duan et al. [58]. In the NLO materials
working in the DUV region, β-BaB2O4 has the largest SHG
coefficient. BPO4 has the same space group as NaPN2, but
it has relatively small d36 = 0.74 pm/V because of the large
band gap. From our calculation, NaPN2 synthesized under
high pressure presents larger SHG coefficient than that of
β-BaB2O4, although the growth of single crystals under high
pressure may be challenging. Anyway, high pressure affords a
simple method to enhance SHG coefficient by enhancing bond
covalency.

Even though NaPN2 has a larger band gap than LiPN2, the
SHG coefficient d36 of NaPN2 is also larger. NaPN2 synthe-

sized under high pressure has relatively short N-P bond length
1.639 Å, while N-P bond length in LiPN2 is 1.644 Å. In con-
trast to the relatively long Li-N bond length 2.093 Å in LiPN2,
the Na-N bond length in NaPN2 is slightly elongated to 2.409
Å, because 3s orbitals of Na are more spatially extended.
Since the Li-P (Na-P) bond length in LiPN2 (NaPN2) is larger
than 3.0 Å, the orbital hybridization between Li-P (Na-P) is
ignorable. From the band structures of LiPN2 and NaPN2, the
sp hybridization between Li-N and Na-N is obvious. Since the
charge transfer energy between 3s-Na and 2p-N is lower than
that between 2s-Li and 2p-N, the larger band gap of NaPN2

can be interpreted by the relatively strong sp hybridization
between 3s-Na and 2p-N. In contrast to LiPN2, the larger
SHG coefficient in NaPN2 can be interpreted by the enhanced
orbital hybridization between 3s-Na and 2p-N. The slightly
reduced N-P bond length in NaPN2 can also enhance the
NLO response somewhat. The large SHG coefficient d36 of
CuPN2 can be simply interpreted as the reduced band gap.
The reduced band gap mainly results from the relatively low
charge transfer energy between 3d-Cu and 2p-N. Even though
d36 of CuPN2 is as large as 5.35 pm/V, it cannot work in the
DUV region because of its small band gap, 2.3 eV.

Moderate birefringence n is another criterion for an
excellent NLO crystal. For phase matching in the DUV re-
gion, n should be larger than 0.07 and smaller than 0.1.
We also calculated the birefringence of LiPN2 and NaPN2

by first-principles calculation with the same computational
parameters as in the SHG calculation. At static limit, both
LiPN2 and NaPN2 present relatively small birefringence, as
shown in Fig. 3. The calculated birefringence of NaPN2 at
input wavelength 1064 nm is slightly smaller than that of
LiB3O5 [59–61]. The small n of NaPN2 can be interpreted
by its weak anisotropy of the crystal, while the large n in
KBBF results from the layered structure, which also reins
in the growth of single crystals with large size. The calcu-
lated frequency-dependent birefringence of NaPN2 (LiPN2)

FIG. 3. Calculated photon energy-dependent birefringence by
first-principles calculation.
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is increasing (decreasing) slightly with the increase of fre-
quency of incident photons. Quasi-phase-matching technol-
ogy may be required to optimize the output power of laser
light.

IV. SUMMARY

In summary, our computations by first principles method
reveal that NaPN2 has a remarkable band gap ∼6.2 eV
(200 nm) and the strongest SHG among phosphorus based
DUV NLO materials, d36 = 2.35 pm/V at static limit and
d36 = 3.77 pm/V under external optic field with wavelength
1064 nm. Compared to the SHG coefficients of borate non-
linear optical (NLO) materials working in the region of deep
ultraviolet, NaPN2 presents an unprecedented high SHG co-
efficient, which can be interpreted by its enhanced orbital

hybridization due to shorter bond lengths from the high pres-
sure facilitated synthesis.
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