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Molecular dynamics simulations with machine learning potential for Nb-doped lithium
garnet-type oxide Li7−xLa3(Zr2−xNbx )O12
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Lithium garnet-type oxide Li7La3Zr2O12 (LLZO) is one of the most promising solid electrolyte materials. In
this study, the Li conduction properties of Nb-doped LLZO, Li6.75La3(Zr1.75Nb0.25)O12, have been investigated
by molecular dynamics simulations with the machine learning potential. It is shown that Nb-doped LLZO holds
a high-conductivity cubic structure at low temperatures. Two kinds of Li occupation sites, 24d and 96h, are
correctly predicted, which form the three-dimensional network of the Li migration pathway. The Li conductivity
at 298 K and the activation energy are obtained as σLi = 5.0 × 10−3 S/cm and Ea = 223 meV, respectively,
which are in reasonably good agreement with the experimental data. The free energy difference between the
24d and 96h sites is expected to be negligibly small. This most likely contributes a high Li conductivity in
the Nb-doped LLZO. The Nb substitution for Zr is accompanied with the Li vacancy formation due to the
charge neutrality condition, which stabilizes the cubic phase and enhance the Li conduction. The Nb substitution,
however, also has a negative effect. The supervalency of the Nb5+ ion destabilizes the Li atoms at the surrounding
96h sites. The Li conductivity in Nb-doped LLZO is determined by trading off between these effects.
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I. INTRODUCTION

Lithium-ion conductors have attracted great attention be-
cause of their potential application for solid electrolytes in
all-solid-state batteries. The garnet-type oxide Li7La3Zr2O12

(LLZO) is one of the most promising materials [1], which
possesses desired features, relatively high ion conductivity,
negligible electronic transport, high chemical stability, and a
wide energy potential window. For LLZO, many experimental
efforts have been made to identify Li conduction properties
and improve them [2–7].

It has been known that two polymorphs exist for LLZO,
tetragonal and cubic phases [2,3]. The Li conductivity of the
tetragonal phase is rather poor (∼10−6 S/cm at room tem-
perature), while the cubic phase shows a good conductivity,
typically 2 orders of magnitude higher than the tetragonal
phase. Figure 1(a) indicates the crystal structure of cubic
LLZO. This phase has a body-centered cubic (bcc) primitive
cell with the symmetry of space group Ia3̄d (No. 230). The
La and Zr atoms are located at the 16a and 24c sites and form
LaO8 dodecahedra and ZrO6 octahedra, respectively. The Li
atoms occupy the tetrahedral 24d and octahedral 48g sites,
where the latter is actually split into two 96h sites [3]. These
Li sites are partially occupied and form the three-dimensional
network as shown in Fig. 1(b), which is thought to be the
main feature responsible for the high Li-ion conductivity
in the cubic phase. In contrast, the tetragonal phase shows
the complete ordering of Li atoms, where the symmetry is
reduced to I41/acd (No. 142). This reduction transforms
the cubic 24d sites into the 8a and 16e sites, and the cubic
48g/96h sites into the 16f and 32g sites. The 16e site in the
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tetragonal phase becomes completely vacant, and other 8a,
16f , and 32g sites are fully occupied, forming the ordered
arrangement shown in Fig. 1(c).

The stoichiometric LLZO has the tetragonal structure at
room temperature and the cubic modification only occurs at
elevated temperatures. The phase-transition temperature of
contamination-free LLZO has been reported to be around
650 K [7]. Thus, in practical applications, the cubic phase
is stabilized by aliovalent substitution. Ohta et al. [4] have
shown that Nb substitution for Zr considerably improves the
Li-ion conductivity. The Nb substitution is accompanied with
Li vacancy formation owing to the charge neutrality condition,
which disturbs the Li ordering in the tetragonal structure and
stabilizes the cubic phase. In addition, an increase in the Li
vacant sites is expected to enhance the Li conduction. The Nb-
doped compound Li7−xLa3(Zr2−xNbx )O12, however, exhibits
the maximum conductivity at x = 0.25 and further doping
causes rather deterioration of the conductivity. A similar trend
has been found for Ta-doped LLZO [5]. The effects of the
supervalent substitution for the Li-ion conduction are still not
fully understood.

First-principles calculations based on density functional
theory (DFT) [8,9] have been also applied for LLZO. Because
of the Li disordering in cubic LLZO, the dynamical correla-
tion most likely plays an important role. In order to take this
effect into account, ab initio molecular dynamics (MD) simu-
lations have been carried out to investigate the Li conduction
properties [10–12]. However, the statistics were taken under
limited conditions, high temperatures with relatively small
computational cells, due to the high computational demands
of DFT.

In this study, we perform the MD simulations with the
machine learning potential (MLP) for Nb-doped LLZO. Our
recent studies [13,14] have indicated that the MLP approach
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FIG. 1. (a) Crystal structure of cubic LLZO. Green, blue, and
gray spheres represent La, Zr, and O atoms, and red and orange
spheres indicate Li atoms located at the 24d and 48g/96h sites,
respectively. (b) Three-dimensional network formed by Li occupa-
tion sites in cubic LLZO. (c) Ordered Li atomic arrangement in the
low-temperature tetragonal phase.

allows the large-scale simulations with accuracy comparable
to DFT. One of our purposes is to demonstrate the utility of
our MLP for Li oxide conductors. The other is to investigate
the Li conduction properties, in particular, the effect of the Nb
substitution for Zr in LLZO.

II. METHODOLOGY

The machine learning potential for Li6.75

La3(Zr1.75Nb0.25)O12 (Nb-doped LLZO with x = 0.25)
has been constructed by the Self-Learning and Adaptive
Database (SLAD) approach given in Ref. [14]. In the SLAD,
the sample structures for training are collected by the MD
simulations using the MLP itself with the aid of the spilling
factor for simultaneous error estimation [13].

Here, we briefly summarize the formulation of our MLP.
The details can be found in Refs. [13,14]. The geometry
around the I th atom located at RI is represented by the
following descriptor:

gI = gI
tt ′nl =

l∑
m=−l

f I
tnlmf I

t ′nlm, (1)

TABLE I. Parameters for MLP construction and results of cross
validation (CV): the scale parameter θ , regularization parameter λ,
fractional ionicity fz, maximum absolute errors MAE, descriptor
expansion parameters, nmax and lmax, cutoff radius Rcut, normalization
parameters D−1, spilling factor criteria slarge and shuge, and recursive
bisection criterion δr2.

SLAD Fivefold CV

θ 0.5 0.968
λ 1 × 10−3 5.5 × 10−4

fz 1 0.692
MAEenergy (hartree/atom) 4.3 × 10−4 4.0 × 10−4

MAEforce (hartree/bohr) 5.1 × 10−3 4.5 × 10−3

MAEstress (GPa) 0.15 0.10
nmax 12
lmax 6
Rcut (bohr) 10
D−1

energy (hartree/atom) 1 × 10−4

D−1
force (hartree/bohr) 1 × 10−3

D−1
stress (GPa) 0.1

slarge 0.02
shuge 0.04
δr2 0.05

with

f I
tnlm =

′∑
i∈t

fcut
(
RI

i

)
jl

(
qnR

I
i

)
Ylm

(
R̂

I

i

)
, (2)

where RI
i = Ri − RI , RI

i = |RI
i |, jl are the spherical Bessel

functions, Ylm are the real spherical harmonics, t are indices
for atom types, and fcut is a smooth radial cutoff function
with compact support. The prime in the summation of Eq. (2)
excludes the i = I term. The sampling wave-vector lengths
are set to be qn = 2πn/Rcut, where Rcut is a cutoff radius of
fcut. The similarity measure between two local geometries is
given by

d2(I, J ) =
∑

n

∑
l

∑
t

∑
t ′�t

∣∣gI
tt ′nl − gJ

tt ′nl

∣∣2
, (3)

when the I th and J th atoms belong to the same atom type;
otherwise, d2(I, J ) = ∞. Using the similarity measures, the
energy is written as a sum of weighted Gaussians:

EMLP =
∑
J∈ref

αJ

∑
I

Q(gI , gJ ), (4)

where Q(gI , gJ ) = exp[−d2(I, J )/(2θ2)], α are the regres-
sion coefficients, θ are the scale parameters, and J runs
over the reference descriptors. The reference descriptors are
constructed from a DFT sample data set using the recursive
bisection method. The spilling factor for the error estimation
is defined as

s(g) = 1 −
∑
I∈ref

∑
J∈ref

Q(g, gI )Q−1(gI , gJ )Q(gJ , g), (5)

which is zero when the geometry g is fully projected by the
reference descriptors, whereas s = 1 when g has no overlaps
between them.

Because of an ionic character of the compound, the
total energy is divided into the long-range Coulomb
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FIG. 2. Comparison between MLP and DFT results: (a) total energy, (b) force, and (c) macroscopic stress.

interaction part and the remaining short-range one. The former
is calculated by the Ewald summation with the effective
charges Zeff = fzZ, where Z is a nominal valency of each
atom (+1,+3,+4,+5, and −2 for Li, La, Zr, Nb, and O) and
fz is the fractional ionicity parameter [15]. During the SLAD
iteration, we assume that fz is unity. The short-range part is
represented by EMLP of Eq. (4). The parameters for the MLP
construction are summarized in Table I.

The MD structure sampling with the MLP is carried
out for the conventional unit cell composed of eight for-
mula units (190 atoms) using the isotherm-isobaric ensemble
[16–18]. Temperature and pressure are controlled to be T =
800 K and P = 0 GPa, respectively. The tetragonal LLZO
structure is chosen as the initial configuration, in which two
of 16 Zr atoms located at (0, 0, 0) and (1/2, 1/2, 1/2)
are replaced by Nb atoms. Two Li atoms to be removed
are randomly selected at the beginning of each MD run.
The time step is 0.97 fs and the target MD period is set to
10 000 steps. To prevent large thermal fluctuation, the velocity
scaling method is applied for 500 MD steps before starting
the isothermal-isobaric MD calculation. DFT calculations for
collected sample structures are performed with the ultrasoft
pseudopotential method [19,20]. The Brillouin zone integra-
tion is performed with single �-point sampling, and the cutoff
energies are set to be 15 and 120 hartrees for the wave function
and charge density, respectively. The generalized gradient
approximation proposed by Wu and Cohen [21] is adopted
for the exchange-correlation energy.

The SLAD process is completed with 36 iterations. Using
the collected DFT sample data set, the scale and regularization
parameters as well as the fractional ionicity fz are refined
by the fivefold cross validation. This refinement reduces the
maximum absolute errors of the MLP modestly as given in
Table I. Figure 2 shows the comparison between the DFT
and MLP results. The agreement between them is fairly
good [22]. The sample data set consists of 105 structures
which contain 19 950 local atomic geometries. From them,
9002 reference descriptors are generated by the recursive
bisection method [13].

It is found that the obtained MLP is useful for stoichiomet-
ric LLZO, too. Table II shows the crystallographic parameters
of tetragonal LLZO optimized by the MLP, which are in
good agreement with those by DFT. Both the theoretical
results agree well with the experimental data [6]. We also

have performed the additional validation [22], which indicates
that the present MLP is transferable for stoichiometric LLZO.
It is most likely because the DFT sample data set includes
adequate local atomic geometries which do not contain Nb
atoms (about 45% atoms are outside the Nb cutoff sphere).
The present MLP is also applied for undoped LLZO systems
in Sec. III for comparison purposes.

III. RESULTS AND DISCUSSION

A. Li conduction in Nb-doped LLZO

Using the constructed MLP, the isothermal-isobaric MD
simulations are carried out for Nb-doped LLZO with x =
0.25 to investigate the Li diffusion properties. The 2 × 2 × 2
supercell containing 64 formula units (1520 atoms) is used,
where the ordered body-centered sublattice is assumed for
the Nb arrangement as done in the MLP construction. The
temperature range is set to T = 400 ∼ 800 K with an interval
of 100 K and the target pressure is fixed at P = 0 GPa. The
MD period is taken to be 50 000 steps for T � 600 K and
90 000 steps for T � 500 K. At each temperature, the first
10 000 MD steps are for equilibration and the remaining steps
are used to collect the statistics. For the temperature range
considered here, the time-averaged structures of Nb-doped

TABLE II. Crystallographic parameters of tetragonal LLZO.
Space group: I41/acd (No. 142). The lattice constants obtained by
MLP are a = 13.027 Å and c = 12.514 Å, and those by DFT are
a = 13.010 Å and c = 12.535 Å.

Wyckoff MLP DFT

Atom position x y z x y z

Li1 8a 0 1/4 3/8 0 1/4 3/8
Li2 16f 0.1808 0.4308 1/8 0.1805 0.4305 1/8
Li3 32g 0.0805 0.0876 0.8052 0.0793 0.0880 0.8091
La1 8b 0 1/4 1/8 0 1/4 1/8
La2 16e 0.1274 0 1/4 0.1276 0 1/4
Zr 16c 0 0 0 0 0 0
O1 32g 0.9652 0.0557 0.1537 0.9657 0.0555 0.1535
O2 32g 0.0552 0.8522 0.5346 0.0552 0.8523 0.5350
O3 32g 0.1506 0.0277 0.4463 0.1507 0.0280 0.4464
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FIG. 3. Arrhenius plot of calculated Li diffusion coefficients DLi

for Nb-doped LLZO. The upper inset shows the mean-squared dis-
placement of Li, which is obtained by the overlapped data collection
with time interval of 9.7 ps. The lower inset indicates the time-
averaged lattice constant as a function of temperature.

LLZO are predicted to be cubic: The deviations of three axial
lengths from the geometric mean are less than 0.5%.

Figure 3 depicts the Arrhenius plot of the Li diffusion
coefficients DLi calculated from the mean-squared displace-
ment. The predicted DLi are represented well by the Arrhenius
equation DLi = D0

Li exp[−Ea/kBT ] with the prefactor D0
Li =

1.8 × 10−4 cm2/s and the activation energy Ea = 223 meV.
The extrapolation according to this relations yields DLi =
3.2 × 10−8 cm2/s at 298 K [23]. The lattice constant a as
a function of temperature is also shown in Fig. 3, which
obeys a linear relationship. The lattice constant at 298 K
is extrapolated to a = 12.90 Å, which agrees well with the
experimental value of 12.95 Å [4]. Using the Nernst-Einstein
relation with these extrapolated data, the Li ion conductivity at
298 K is obtained to be σLi = 5.0 × 10−3 S/cm. The experi-
mental values of the conductivity and the activation energy are
σLi = 0.8 × 10−3 S/cm and Ea = 310 meV, respectively [4].
Considering the inevitable contribution from grain boundaries
in the experimental measurement [24], the agreement between
the prediction and the experiment is thought to be reason-
ably good. Assuming � = 2 Å for the average Li hopping
distance (approximately a half of the distance between the
neighboring 24d sites), the Li hopping frequency is estimated
as ν = 6D0

Li/�
2 = 2.7 ps−1.

From the atom trajectories, we calculate the atom density
function for Li. All Li trajectories are folded into the bcc
primitive cell and the atom positions are mapped onto 1003

uniform grid points. The cumulative values on the grid points
are suitably normalized. The atom density function ρLi at
600 K is depicted in Fig. 4(a). The three-dimensional network
shown in Fig. 1(b) is clearly visible. For comparison, we
carry out the MD simulation for the stoichiometric compound
Li7La3Zr2O12 at 600 K. The structure is predicted to be

FIG. 4. Isosurface plots of the Li atom density function for
(a) Nb-doped LLZO and (b) stoichiometric LLZO at T = 600 K.
The isovalue is taken to be 0.02 bohr−3.

tetragonal with the lattice parameters a = 13.13 Å and c/a =
0.968. The obtained ρLi is plotted in Fig. 4(b), from which
the ordered arrangement given in Fig. 1(c) can be confirmed.
For this tetragonal phase, any Li migration channels are not
connected and the calculated conductivity is negligibly low
(DLi = 1 × 10−9 cm2/s).

The atom density function can be converted to the free
energy difference [25],

�F = −kBT log

[
ρLi

ρ0
Li

]
, (6)

where ρ0
Li indicates the density at the reference point. Here,

we choose the tetrahedral 24d site as the reference and the
density is symmetrized with the Ia3̄d symmetry operations to
remedy statistical errors. In this analysis, therefore, the effect
of the Nb substitution for Zr is taken into consideration in an
average manner. The potential energy surface is analyzed to
determine the minimum energy path for Li migration between
the neighboring 24d sites in the cubic phase. The results at
600 K are given in Fig. 5. Around the 48g site at the middle of
the pathway, the 96h site pair is correctly reproduced. The pair
is separated by a tiny energy barrier of 17 meV at the 48g site.
The predicted position of the 96h site is (0.097, 0.688, 0.576)
which agrees well with the experimental one for Ta-doped
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FIG. 5. Minimum energy path for Li migration between the
neighboring 24d sites. (a) Three-dimensional view. (b) Contour plot
of the Li atom density function. The contour spacing is 0.03 bohr−3.
(c) Free energy profile along the migration pathway.

LLZO, (0.099, 0.686, 0.580) [6]. The major energy barrier is
found between the 24d and adjacent 96h sites with the height
of 124 meV. The free energy difference between the 24d and
96h sites is predicted to be nearly zero.

The temperature dependence of the free energy profile
along the Li migration pathway is marginal. The free energy
differences at the saddle point, 48g, and 96h sites as a function
of temperature are plotted in Fig. 6. The energy at the 96h

site is essentially unchanged and kept to be nearly zero.
The Li occupancies of the 24d and 96h sites are, therefore,
expected to be almost equal, whose value will be nocc � 0.45
(= 54/120). The energy barrier at the saddle point decreases
slightly with decreasing temperature, whereas the energy at
the 48g site shows a small increase.

The saddle-point barrier height calculated from the atom
density function is about 120 meV, which is lower than
Ea = 223 meV obtained from the Arrhenius plot. The former
approach is based on the mean-field approximation, which
reduces the effect of the correlation between Li atoms to
the effective one-body potential and becomes correct in a Li
dilute limit. In the latter, the correlation is taken into account
more exactly in a statistical way. The difference between
two approaches suggests that the Li-Li correlation plays an
important role for the Li conduction in LLZO.

Figure 7 depicts the pair radial distribution func-
tions (RDFs) at 600 K. In the Li-Li RDF plot, there are no

FIG. 6. Free energy differences at the saddle point, 48g, and 96h

sites as a function of temperature. The dotted lines are added as eye-
guides.

peaks at the radial distance r < 2 Å. This indicates that it
is forbidden to simultaneously occupy the 24d and adjacent
96h sites whose interatomic distance is d = 1.7 Å, probably
because of the cationic repulsion. The first-peak position (r =
2.5 Å) approximately coincides with the distance between the
second-nearest neighboring 24d-96h sites (d = 2.3 Å). For
the Zr-O and Nb-O pairs, the Nb-O bond length is shorter
than the Zr-O one, reflecting the difference of the ionic radii
of cations, Zr4+ (0.79 Å) and Nb5+ (0.69 Å). The first peak
of the Zr-Li PDF is located at 3.0 Å, which corresponds to
the Zr-Li(96h) pair (d = 2.9, 3.1 Å). The Nb-Li PDF shows a

FIG. 7. Pair radial distribution functions for (a) Li-Li,
(b) Zr(Nb)-O, and (c) Zr(Nb)-Li in Nb-doped LLZO at 600 K.
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similar distribution, but the height of its first peak is slightly
lower than that of the Zr-Li PDF.

B. Effects of Nb substitution

As mentioned in Sec. I, the Li vacancy formation is
expected to be the major effect of the Nb substitution for
Zr, which stabilizes the cubic phase and enhances the Li
conduction. Our results given in Figs. 4(a) and 4(b) support
this consideration. However, the enhancement effect saturates
with a relatively small amount of the substitution, x = 0.25
[4]. This implies that the Nb substitution also has a negative
effect for the Li conduction, and the conductivity is deter-
mined by trading off between both effects. The Zr(Nb)-Li
RDF given in Fig. 7(c) suggests that the Nb atom destabilizes
the Li atoms at the surrounding 96h sites.

In order to separate the enhancement effect caused by Li
vacancies from the Nb-substitution contribution, we consider
the hypothetical compound, undoped LLZO, with the Li
vacancy concentration x = 0.25, Li6.75La3Zr2O12. The MD
simulation is performed for this model compound at 600 K,
where the excess negative charges are compensated by the
uniform background charge density. The structure is obtained
to be cubic. The Li diffusion coefficient is predicted as DLi =
2.9 × 10−6 cm2/s, which is 12% higher than the value of Nb-
doped LLZO, 2.6 × 10−6 cm2/s. This provides clear evidence
for the negative effect of the Nb substitution.

In Ref. [10], ab initio MD simulations have been performed
for model LLZO. Though the Li conductivities are not re-
ported, it is indicated that the phase-transition temperature
monotonically decreases with increasing the Li vacancy con-
centration up to x = 0.5 and shows no saturation. This also
supports the negative effect for the aliovalent substitution.

A smaller ionic radius of Nb5+ might be the source
of this effect. However, the time-averaged lattice constants
of Nb-doped and model LLZO are 12.972 and 12.976 Å,
respectively, which are quite close to each other. We also
investigate the Li migration pathway from a geometrical
viewpoint. Throughout the pathway, the narrowest part of the
void channel is expected to be the triangle surfaces forming
Li(24d )-O4 tetrahedra [see Fig. 5(a)]. The radii of inscribed
circles for these triangles are evaluated from the MD profiles.

They are represented well by the normal distribution. The
mean in radii (the standard deviation) for Nb-doped and
model LLZO are obtained to be 0.898 and 0.897 Å (0.028
and 0.028 Å), respectively, indicating that the Li migration
channel is geometrically unaffected by the Nb atoms. Thus,
it is expected that the negative effect for the Li conduction
mainly originates from the supervalency of the Nb5+ ion,
which destabilizes the Li atoms at the surrounding 96h sites
due to the electrostatic repulsive interaction.

IV. SUMMARY

The Li conduction properties of Nb-doped garnet-type ox-
ide Li6.75La3(Zr1.75Nb0.25)O12 are investigated by the molec-
ular dynamics simulations with the machine learning poten-
tial. The Li conductivity at 298 K and the activation energy
are predicted as σLi = 5.0 × 10−3 S/cm and Ea = 223 meV,
respectively, which are in reasonably good agreement with
the experimental data. The MD simulations correctly predict
two kinds of Li occupation sites, 24d and 96h, which form
the three-dimensional network of the Li migration pathway.
Our MLP approach successfully reproduces the Li conduction
properties of the LLZO observed experimentally. The free
energy difference between the 24d and 96h sites is expected
to be negligibly small. This most likely contributes a high Li
conductivity in the Nb-doped LLZO.

Unlike stoichiometric LLZO, Nb-doped LLZO holds a
cubic structure at low temperatures. The Nb substitution for Zr
stabilizes the cubic phase due to the accompanied Li vacancies
which disturb the ordered Li arrangement in the tetragonal
phase and enhance the Li conduction. Our analysis, however,
reveals that the Nb substitution also has a negative effect. The
supervalency of the Nb5+ ion destabilizes the Li atoms at
the surrounding 96h sites. The Li conductivity in Nb-doped
LLZO is determined by trading off between both effects.
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