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Quantum ferroelectric instabilities in superconducting SrTiO3
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We examine the effects of strain and cation substitution on the superconducting phase of polar semiconductors
near a ferroelectric quantum phase transition with a model that combines a strong coupling theory of supercon-
ductors with a standard microscopic framework for displacive polar modes coupled to strain degrees of freedom.
Our calculations reveal that the superconducting transition temperature Tc is enhanced by proximity to the
ferroelectric instability from the disordered side, while it is generally suppressed in the ordered phase due to its
increase in dielectric stiffness and a reduction of critical fluctuations from dipolar induced anisotropies. The con-
densation of the pairing phonon excitations generates a kink in Tc at a charge density that is generally lower than
that of the quantum critical point (QCP) and where both superconducting and ferroelectric orders set in. We apply
our model to SrTiO3 and find that the antiadiabatic limit places the kink nearly at its QCP. As the QCP is pushed
to higher charge densities with either tuning parameter, we find that the dome narrows and sharpens. Our model
is in qualitative and fair quantitative agreement with the recent observation of overlapping ferroelectric-like and
superconducting instabilities in n-doped Sr1−xCaxTiO3 and strain tuning of Tc in n-doped SrTiO3. We compare
our results to previous models invoking order-disorder lattice dynamics to describe the pairing excitations.
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I. INTRODUCTION

Strontium titanate (STO) is the first superconducting (SC)
oxide to be discovered more than half a century ago [1]. Upon
doping, it exhibits dome-shaped superconductivity [2–5]
similar to the well-known cuprates at unusually low charge
carrier concentrations (<1018 cm−3) [6–9], dubbing STO as
the most dilute superconductor [10]. Since its observation, the
origin of the pairing mechanism between its charge carriers
has posed a long-standing problem in condensed matter
physics, as the conventional Bardeen-Cooper-Schrieffer the-
ory of superconductors requires the so-called adiabatic limit
of electron-phonon coupling in which the characteristic en-
ergy scale of the charge carriers (the Fermi temperature TF ) is
much larger than that of the phonons (the Debye temperature
TD) [11]. STO is unusual in that it is outside this limit as TF �
13 K [10] and TD � 400 K [12]. Though several models have
been put forward [13–16], and experiments have constrained
possible pairing mechanisms between its charge carriers [17],
there is still no consensus on a theory of superconductivity in
dilute polar semiconductors such as doped STO [18].

Somewhat recently, Rowley et al. [19] have suggested a
connection between quantum criticality and superconductivity
in STO, and Edge et al. [20] have put forward a concrete
model. Within this framework, a QCP that separates com-
peting ferroelectric (FE) and paraelectric (PE) ground states
generates highly collective low energy phonon excitations
which induce an instability in the metallic phase and pair the
charge carriers to form Cooper pairs. A dome arises because
the quantum FE fluctuations pair up the charge carriers at low
doping levels, though there are not enough of them to provide
a robust superconductivity. As the density increases, so does
Tc until the fluctuations become ineffective at pairing due

to screening by the carriers themselves. Though STO is not
within the adiabatic limit, the model provides a good descrip-
tion of its SC dome, and it has received recent experimental
support [21–23].

In conventional FEs, the relevant low energy lattice exci-
tations are zone-center transverse optic (TO) phonons which
break spatial inversion symmetry and trigger a phase with
a spontaneous, reversible polarization upon condensation. In
pure STO, such a transition is aborted by quantum fluctuations
of the polarization order parameter [24] and, instead, incipient
FE behavior is observed in which the dielectric constant grows
enormously (�104) and the phonon frequencies soften down
to lowest observed temperatures without condensing [25].
Long-range FE order has been induced by tensile stress [26],
oxygen isotope exchange [27], or cation substitution [28].
At the QCP, the phonon excitations become gapless, and at
finite temperatures above it but well below TD [29], quantum
criticality sets in generating unusual behavior, such as a T −2

dependence in the dielectric susceptibility distinct from that
of the neighboring PE and FE phases [19].

To model the pairing excitations between carriers, one-
dimensional transverse Ising models with short-range inter-
actions have been invoked and solved within a mean field
approximation [20,30,31]. However, the soft collective vi-
brational excitations described by such models are not nor-
mal modes of the lattice but rather unstable pseudospin
waves with relaxational dynamics, which are typical of order-
disorder (OD) FEs such as potassium dihydrogen phosphate
(KH2PO4) [32]. STO, on the other hand, is a perovskite
with a low temperature tetragonal PE phase which exhibits
displacive behavior with a resonant soft TO mode that fully
accounts for the dielectric constant and remains undamped
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down to the lowest observed temperatures [19,25,33], even
when the lattice instability is approached by oxygen isotope
substitution where it has been suggested that the effects of an
OD component may become important [34,35]. Moreover, FE
transitions in perovskites are generally understood as resulting
from the competition between a PE state favored by short-
range repulsive forces and a FE phase favored by long-ranged
and anisotropic dipole interactions that arise from their mixed
covalent-ionic bonding character [36]. The aim of this paper
is to describe the SC phase that emerges from a pairing
excitation that corresponds to a displacive soft TO phonon.

We use a self-consistent phonon approximation (SCPA) to
study the quantum statistical mechanics of our model Hamil-
tonian which includes local thermal and quantum fluctuations
of the order parameter. This allows us to self-consistently
calculate the doping and strain dependence of Tc, as well the
FE transition temperature Tf e, phonon energies, and polar-
ization order parameter. For simplicity, we consider fictitious
negative hydrostatic pressures as a way to mimic the effects of
tensile strain. Uni- and biaxial tensile strain are of course the
experimentally relevant cases [26]. We neglect the effects of
band narrowing due to polaron formation, which could have
strong effects on the correlations [37].

We find that proximity to the QCP favors superconductivity
from the PE side, but Tc decreases on the ordered side due to
a reduction of the critical fluctuations from dipolar induced
anisotropies and the dielectric stiffening by the spontaneous
polarization. This generates a kink in the SC dome at a
characteristic charge density that is generally lower than
that of the QCP and where the SC and FE orders set in. As
the QCP is pushed to higher charge densities with cation
substitution or tensile strain so the FE phase increasingly
overlaps with the SC phase, the dome narrows and sharpens.
Though we do not make any a priori assumptions that the
pairing fluctuations are quantum critical, we find that the
antiadiabatic limit places the kink nearly at the QCP and
within the QC region. While our results are in qualitative
agreement with the essentials of the OD models, there
are significant qualitative differences. Though our model
produces a dome which is narrower than the observed one, its
phase diagram is in overall agreement with recent experiments
in n-doped Sr1−xCaxTiO3 (STO:Ca-x) [21] and the observed
strain tuning of Tc in n-doped STO [23,38,39].

II. MODEL

Following Ref. [20], our starting point is the McMillian
formula [40] for the SC coupling constant,

λ(n, T , P ) =
∫ ∞

0
α2

e-ph(ω)F (ω)
dω

ω
,

where αe-ph(ω) is the electron-phonon coupling, F (ω) =∑
q,μ δ(ω − �qμ), is the spectral density at frequency ω, and

�qμ (μ = 1, 2, 3) is the phonon energy at wave vector q.
Generally, it is not expected that charge carriers couple to
long-wavelength TO phonons [41]. For perovskite lattices
such as that of STO, this is indeed the case but only when
q is along a principal axis. Away from such special directions,
coupling occurs due to cubic anisotropy [42]. While such
finite coupling still depends on �qμ, we make the simplifying

assumption that αe-ph is independent of it. Thus,

λ(n, T , P ) = α2
e-ph

∑
q,μ

1

�qμ

, (1)

where the sum over q runs over the entire Brillouin zone.
We note that despite this assumption λ does not diverge: The
largest contributions occur at the FE transition where the TO
phonons become gapless and have a dispersion �q ∝ q [see
Eq. (5b) below]. By taking the continuum limit of Eq. (1)
over a sphere of wave-vector cutoff radius �, we find that
λ ∝ ∫

d3q/�q ∝ ∫ �

0 dqq2/q ∝ �2. Tc is calculated from the
strong-coupling theory [20],

1 = λ(n, Tc, P )

2π2

∫ 0

−εF

dεN (ε)
tanh(βcε/2)

ε
, (2)

where N (ε) � √
ε + εF is the electron density of states near

the Fermi level εF , and βc = (kBTc )−1.
We now need a model for the phonon excitations. We con-

sider a standard model Hamiltonian for displacive FEs with
normal mode coordinates that describe local displacements
Qi = (Qix,Qiy,Qiz) in the unit cell i that are associated with
the soft TO mode, the condensation of which is driven by
the dipolar force and leads to the FE transition [32]. We also
consider elastic strains ηα coupled to the displacements Qi .
We write the components of the strain tensor in the usual Voigt
notation: η1 ≡ εxx , η2 ≡ εyy , η3 ≡ εzz, η4 = 2εyz, η5 = 2εxz,
and η6 = 2εxy .

The Hamiltonian is as follows [43],

H = HQ + Hη + HQη, (3)

where,

HQ = 1

2

∑
i

|�i |2 + κ

2

∑
i

| Qi |2 + α

4

∑
i

| Qi |4

+ γ

2

∑
i,ν �=ν ′

Q2
iνQ

2
iν ′ − 1

2

∑
ijνν ′

vνν ′
ij QiνQjν ′ , (4a)

Hη = 1

2

6∑
i,μμ′=1

Cμμ′ημiημ′i + P

3∑
i,μ=1

ημi, (4b)

HQη = −ea

∑
i

(η1i + η2i + η3i )| Qi |2

− et

∑
i

[
η1i

(
2Q2

ix − Q2
iy − Q2

iz

)

+ η2i

(
2Q2

iy − Q2
ix − Q2

iz

)
(4c)

+ η3i

(
2Q2

iz − Q2
ix − Q2

iy

)]
− er

∑
i

(QixQiyη6i + QixQizη5i + QiyQizη4i ).

Here, �i is the conjugate momentum of Qi , and vνν ′
ij

(ν, ν ′ = x, y, z) is the dipolar interaction tensor with Fourier
transform vνν ′

q = [ 1
3C2 − B2q2]δνν ′ − C2 qνqν′

q2 , where q = |q|
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and B and C are constants that depend on the lattice struc-
ture [44]. κ is the lattice stiffness; α and γ are coefficients
of the isotropic and anisotropic cubic anharmonicities, re-
spectively. ea, et , and er are coupling constants between the
polar and strain degrees of freedom; Cμμ′ (μ,μ′ = 1, 2, ..., 6)
is the elastic constant tensor in the cubic phase, and P is a
hydrostatic pressure, both in units of energy (the usual elastic
constants and homogeneous stresses are given by Cμμ′a−3 and
Pa−3 where a � 3.9 Å is the lattice constant of the cubic
structure). We study the quantum statistical mechanics of the
Hamiltonian (3) within SCPA [43]. We consider the PE and
FE phases separately.

A. PE phase

For simplicity, we will assume that the PE phase is cubic.
Above Tf e, there is therefore a doubly degenerate TO phonon
�⊥

q and a singlet longitudinal optic (LO) mode �
‖
q with

isotropic dispersions [45],

(�‖
q )2 = (�⊥

q )2 + C2, (5a)

(�⊥
q )2 = (�⊥

0 )2 + B2q2, (5b)

where �⊥
0 is the TO mode at the zone center. As expected [46],

the effect of the dipole force is to lift the triply degenerate
mode of the cubic phase by gapping out the LO phonons.

Within SCPA, �⊥
0 is given as follows [43],

(�⊥
0 )2 = ω2

0 + (5α + 2γ )ψ0 − 2eaηa, (6)

where ω0 ≡ √
κ − v0 is the frequency of a purely har-

monic model and v0 ≡ C2/3 is the largest Fourier compo-
nent of the dipole interaction; ψ0 = (2ω)−1coth(βω/2) are

local fluctuations of polarization with ω =
√

(�⊥
0 )

2 + v0 and
ηa = 〈η1 + η2 + η3〉 = (ea/Ca )(3ψ0) − P/Ca is the volume
strain. 〈...〉 denotes thermal average.

According to Eqs. (1) and (5), we therefore have

λ(n, Tc, P ) = α2
e-ph

∑
q

(
2

�⊥
q

+ 1

�
‖
q

)
. (7)

Note that the largest contributions to λ come from the critical
mode �⊥

q , as �
‖
q is gapped out by the large depolarizing field.

We now parametrize the model parameters in order to
describe the effects of doping and cation substitution on
the phonon excitations. In the OD models [20,30,31], the
quantum tunneling energy � between FE ground states with
opposite polarization is chosen for such parametrization, as
the effects of quantum fluctuations become important when
� is comparable to the well depth between such states. For
displacive models, however, quantum fluctuations must be
comparable to the structural differences between competing
PE and FE ground states and generate zero-point energies
comparable to the classical energy reduction [47]. We there-
fore choose to parametrize such energy barrier, which in our
model is proportional to −ω4

0/α at 0 K. For simplicity, we
keep α fixed and assume that all changes occur in ω0 as
follows,

ω2
0 → ω2

0[1 − b2(eεF /b1 − 1) − g(xr − x)], (8)

where b1, b2, g are model parameters that will be fitted
to experiments. xr = 0.018 is the Ca concentration above
which STO:Ca-x enters a glassy phase which we do not
aim to describe here [28]. This parametrization is constructed
based on (i) the observation that doping destabilizes the FE
phase [20,21] while cation substitution stabilizes it and (ii)
the restriction that our model should generate simultaneous
physically reasonable values for Tc and Tf e as well as �q in
the relevant doping range. We will show below that Eq. (8)
accomplishes this at the expense of narrowing the SC dome
compared to the observed one. We have attempted to use the
polynomial parametrization of the OD models, and while we
can find a set of model parameters that fit the observed SC
dome, we could not obtain physical values for Tf e and �q .
Clearly, this highlights the need for a theory to model these
effects [42]. Equations (2) and (5)–(8) are a self-consistent
system that give Tc(n, P ), Tf e(n, P ), and �⊥

0 (n, P, T ).

B. FE phase

The observed FE order in STO:Ca has orthorhombic sym-
metry [28]. Such states, however, appear as saddle points in
the free energy of the the Hamiltonian (3) [48]. Thus, we will
assume that the FE ground state has a noncentrosymmetric
tetragonal symmetry with an order parameter A along the z

axis. Below Tf e, the LO frequency becomes anisotropic, while
the degenerate PE TO phonon gives rise to two distinct modes,

(�q1)2 = (�⊥
01)2 + B2q2, (9a)

(�q2)2 = (�q1)2 + [(�⊥
03)2 − (�⊥

01)2]

(
q⊥
q

)2

, (9b)

(�q3)2 = (�q1)2+ C2+ [(�⊥
03)2− (�⊥

01)2]

(
qz

q

)2

, (9c)

where q⊥ =
√

q2
x + q2

y . �⊥
01 and �⊥

03 are zone-center TO

phonons for q ⊥ (001) given as follows [43],

(�⊥
01)2 = γA2 + (2α − γ )(ψ1 − ψ3) + 6etηt , (10a)

(�⊥
03)2 = 2αA2, (10b)

(�⊥
03)2 = ω2

0 + 3α(A2 + ψ3) + 2(α + γ )ψ1

− 2eaηa − 4etηt . (10c)

ψ1,3 = (2ω1,3)−1 coth (βω1,3/2) are local fluctuations

of polarization with ω1,3 =
√

(�⊥
01,3)

2 + v0, ηa =
〈η1 + η2 + η3〉 = (ea/Ca )(2ψ1 + A2 + ψ3) − P/Ca , and
ηt = 〈η3 − η1〉 = (3et/2Ct )(A2 + ψ3 − ψ1) are volume and
deviatoric strains, respectively. Equation (9) shows that the
phase volume of critical fluctuations in the FE phase is
reduced by the dipolar force.

According to Eq. (1), we therefore have

λ(n, Tc, P ) = α2
e-ph

∑
q

(
1

�q1
+ 1

�q2
+ 1

�q3

)
. (11)

Similarly to the PE phase, the critical isotropic TO phonons
make the largest contributions to λ.

We assume the same εF and x dependence of the model
parameters as that of the nonpolar phase. Thus, Eqs. (2) and
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FIG. 1. (a) Schematic phase diagram of our model. Red-solid and
red-dashed lines are the SC transition temperatures with and without
stress/cation substitution, respectively. (b) Doping dependence of the
TO phonon energies �⊥

01,3 and SC coupling constant λ along the red-
solid phase boundary Tc shown in (a).

(8)–(11) give the relevant transition temperatures, phonon
frequencies, and order parameter in a self-consistent fashion.

III. RESULTS AND DISCUSSION

Figure 1(a) shows a schematic phase diagram calculated
from our model. In the absence strain or cation substitution,
the pairing excitations are PE at all charge densities and
we find a dome-shaped Tc similar to the OD models. When
long-range polar order is induced by either tuning parameter,
we find that it coexists with superconductivity up to a charge
density nc where the FE phase is terminated at the QCP. Tc

is enhanced on the PE side whereas it quickly decreases on
the FE phase. A kink appears at a charge density nkink, where
Tc = Tf e. Figure 1(b) shows this is where the TO phonon
condenses, which maximizes the coupling constant, as as it
is shown by the sharp peak in λ.

We now apply our model to n-doped STO:Ca. The model
parameters are obtained by fitting to the observed phonon
frequencies [21,25,49], FE phase diagram, [28] and Debye
temperature [12] of STO:Ca without doping. The elastic
constants were taken from Ref. [50]. As it is usual, we take
the continuum limit and replace the summations in Eqs. (7)
and (11) by integrals over a sphere of wave-vector cutoff
radius � [45]. Typical results are shown in Fig. 2 and re-
produce well the observed behavior. The parameters b1, b2,
and αe-ph are chosen to match the observed QCP in n-doped

FIG. 2. Calculated TO soft mode frequencies for STO:Ca-0.45%
showing the expected split of the high-temperature TO doublet into
two modes at the FE transition Tf e � 20 K. Inset: Calculated phase
diagram for STO:Ca-x.

STO:Ca-0.9% at nc � 0.2 × 1020 cm−3 [21] and the maxi-
mum Tc (�0.3 K) for n-doped STO at ambient pressure [3].
The values are the following: ω0 = 3.9i meV, α = 7.9 meV3,

γ = 14.8 meV3, B = 138.1 meV Å
−1

, C = 7.7 meV, b1 =
5.0 meV b2 = 3.4 × 10−16, g = 30.7, � = π/a, αe−ph =
1.5 meV1/4, ea = 4.2 meV2, et = 0.1 meV2, Ca = 7.2 × 104

meV, Ct = 4.6 × 104 meV.
We first discuss our results for applied hydrostatic pres-

sures. Figure 3(a) shows the calculated SC domes for several
positive and negative pressures. At zero pressure, there is a
SC dome shown by the dashed line. Hydrostatic compression
pushes the system away from the QCP by hardening the fre-
quency of the TO phonons, therefore decreasing λ as well as
Tc. For negative pressures, a QCP is induced within the dome
and Tc slightly increases on the PE side while it decreases on
the FE side except very near the kink. By increasing negative
pressure, the QCP is pushed to higher densities and the dome
narrows and sharpens. Figure 3(b) shows the phase diagram
for doped STO under a fixed negative pressure (P/Ca =
−0.51). Tf e and Tc are shown, respectively, in units of TD

and TF to show that nkink � nc and that the kink lies within
the QC region � < T � TD [19]. Thus, for STO, we find that
the pairing fluctuations near the kink are quantum critical.

We find similar results when the QCP is induced by cation
substitution. Figure 3(c) shows the SC domes for several
Ca concentrations. Inducing a QCP with x also generates a
kink at a characteristic charge density nkink. For n > nkink, Tc

increases, while it decreases for n < nkink except very near the
FE transition. Increasing x narrows and sharpens the dome.
Figure 3(d) shows the phase diagram for x = 0.9%. We find
again that the kink occurs nearly at the QCP and lies within
the QC fan.

We now compare our results to those of previous OD mod-
els [20,30,31]. At the static and qualitative level considered
here, our results agree with the essentials of such models in the
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FIG. 3. (a) Calculated Tc for n-doped STO for several negative and positive hydrostatic pressures. (b) Phase diagram for n-doped STO at
P/Ca = −0.51, showing the overlapping FE phase (blue) and QC region (green). (c) Calculated Tc for n-doped STO:Ca-x. (d) Phase diagram
for n-doped STO:Ca-x with x = 0.9%.

absence of cation substitution or stress. However, we find that
when a FE transition is induced with these tuning parameters,
OD models predict a broadening of SC dome and a sharp peak
in Tc. This is in stark contrast with our results.

We now compare our results to recent experiments. Our
phase diagram is in overall qualitative and fair quantitative
agreement with recent experiments in STO:Ca-x [21]. While
an enhancement in Tc is observed near the QCP, the exist-
ing data [21] is too sparse to determine whether there is a
kink. Our results are also in qualitative agreement with the
observed reduction in Tc with hydrostatic pressure in n-doped
STO [38,39] and the very recent observation of enhanced su-
perconductivity with tensile stress [23]. Our calculated dome
tends to be narrower than the observed one [2–5]. This is a
consequence of our choice of the parametrization given in
Eq. (8) for which a theory is clearly needed [42].

IV. CONCLUSIONS

In summary, by combining a standard model for displacive
FEs with a strong-coupling theory of superconductivity, we
have studied the effects of a FE quantum phase transition
on the SC phase of polar semiconductors and applied it to
STO. We have shown that superconductivity is favored by
the FE instability from the disordered side, while the increase
in dielectric stiffness and dipolar induced anisotropies in the
pairing excitations decrease Tc. A kink signature in the dome
is generated by the condensation of the phonons when both
SC and FE orders set in and when the coupling constant
peaks. This generally occurs at charge densities below that of
the QCP. When we apply our model to doped STO, we find
that the antiadiabatic limit places the kink nearly at its QCP.
Our model is in qualitative and fairly quantitative agreement

with the recent observation of overlapping FE-like and SC
instabilities in n-doped STO:Ca-x and the strain tuning of Tc

in n-doped STO. At the qualitative and static level considered
here, we find that while these results agree with the essentials
of previous work invoking OD models to describe the pairing
excitations in STO, there are significant differences.

The theoretical framework presented here and its exten-
sions could provide insight into the intriguing role of spatial
inversion symmetry breaking in two-dimensional supercon-
ductivity at the interface of STO-based heterostructures [51],
gated KTaO3 [52], FeSe monolayers on STO [53], as well
as possible pairing mechanisms with new collective excita-
tions originated by multiferroic QCPs [54]. Finally, to further
explore the possible role of quantum structural transitions
on electronic degrees of freedom, we speculate that it may
be worthwhile to chemically or electrostatically dope other
material candidates near structural QCPs such as the ionic
insulators ScF3 [55] (as recently suggested [23]), and the
mercurus halide Hg2I2 [56].
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