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We use resonant and nonresonant x-ray diffraction measurements in combination with first-principles
electronic structure calculations and Monte Carlo simulations to study the relationship between crystal structure
and multiferroic orders in the orthorhombic perovskite manganites, o-RMnO3 (R is a rare-earth cation or
Y). In particular, we focus on how the internal lattice parameters (Mn-O bond lengths and Mn-O-Mn bond
angles) evolve under chemical pressure and epitaxial strain, and the effect of these structural variations on the
microscopic exchange interactions and long-range magnetic order. We show that chemical pressure and epitaxial
strain are accommodated differently by the crystal lattice of o-RMnO3, which is key for understanding the
difference in magnetic properties between bulk samples and strained films. Finally, we discuss the effects of
these differences in the magnetism on the electric polarization in o-RMnO3.
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I. INTRODUCTION

The past two decades have seen major activity in the study
of magnetoelectric multiferroics, an exciting class of materi-
als that exhibit ferroelectric polarization alongside magnetic
order. Interest in these materials largely stems from the possi-
bility of controlling one order using the stimulus that usually
controls the other, offering great potential for development
of novel multifunctional devices [1,2]. Among single-phase
multiferroics, interesting candidates for future technological
applications are those in which ferroelectricity is induced by
inversion-symmetry-breaking magnetic order (multiferroics
of type II) [3], since their ferroelectric (magnetic) properties
can be easily tuned by applied magnetic (electric) field [4,5].
Type II multiferroics are usually frustrated magnets in which
competing exchange interactions give rise to several magnetic
phases with similar energies. As a result, transitions between
them can be driven by control parameters such as chemical
or hydrostatic pressure, epitaxial strain, or even ultrashort
light pulses [6,7], offering multiple routes to manipulating and
controlling their properties [8].

The orthorhombic RMnO3 (o-RMnO3), in which R is a
rare-earth cation or Y, are prototypical representatives of type
II multiferroics. It was discovered in 2003 [5] that in bulk
o-TbMnO3 the establishment of an incommensurate spiral
magnetic order [9] gives rise to a spontaneous electric po-
larization whose direction and magnitude can be manipulated
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by an external magnetic field. This effect, however, occurred
at quite low temperatures and the measured values of the
electric polarization were relatively small compared to those
of conventional ferroelectrics. Nevertheless, this discovery
stimulated experimental and theoretical studies aiming to
understand and improve the multiferroic properties of systems
with frustrated magnetic orders. In particular, it was theoreti-
cally predicted that E-type antiferromagnetic order (E-AFM),
which was observed in early neutron diffraction measure-
ments in o-HoMnO3 [10] and expected to be a magnetic
ground state in other o-RMnO3 with small R, may induce an
electric polarization at least one order of magnitude higher
than that of spiral-order systems [11,12]. The experimental
verification of this prediction, however, gave contradictory
results. On one hand, the predicted polarization values have
not yet been measured experimentally for bulk o-RMnO3

[13–15]. Moreover, magnetic orders different from E-AFM
were reported for R = Ho, Er, Y [16,17] and there is still no
agreement about the type of these orders, the mechanisms of
their establishment, or the directions and magnitudes of the
electric polarizations which they induce. On the other hand,
increased polarization values were observed in structurally
modified o-RMnO3 samples. Indeed, it has been shown that
the spiral order in o-TbMnO3 can evolve to E-AFM under
isotropic pressure [18,19] and this evolution significantly
enhances the electric polarization in this system [20]. Varia-
tions of the magnetic modulation vector and enhancement of
electric polarization were also observed in epitaxially strained
films of o-RMnO3 [21–23]. The microscopic origin of such
an evolution of the magnetic order in strained samples as well
as the difference in magnitudes of the electric polarization
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between bulk and strained samples of o-RMnO3, however, are
still not understood.

In this work, we present a systematic study of the re-
lationship between the crystal lattice and the magnetism
in o-RMnO3 using x-ray diffraction measurements, density
functional theory (DFT), and Monte Carlo (MC) simulations.
We focus specifically on how the microscopic exchange inter-
actions can be varied by controlling the crystal lattice using
chemical pressure (substitution of the R cation) or epitaxial
strain and how these variations affect the long-range magnetic
order. Note that we consider only the magnetism due to the
ordering of Mn3+ d-electron moments. The effects which may
arise from the ordering of f -electron spins of R cations are not
the focus of this work. First, we employ nonresonant and res-
onant x-ray diffraction measurements to determine the lattice
parameters and magnetic modulation vectors, respectively, in
a set of epitaxially strained o-RMnO3 films. We show that
the magnetic modulation vectors in highly strained films can
differ significantly from those in bulk samples and relaxed
films having the same R cation. Next, we use DFT to cal-
culate the internal coordinates for the experimentally reported
crystal structures of several o-RMnO3 bulk samples (from the
literature) and films (both from the literature and our new
measurements) and analyze how the internal lattice parame-
ters evolve across the series. We find that chemical pressure
affects primarily the Mn-O-Mn bond angles, while epitaxial
strain is accommodated by changes in the Mn-O bond lengths.
To study the magnetism, we employ a model Hamiltonian
which includes Heisenberg, biquadratic and four-spin ring
exchange couplings, as well as Dzyaloshinskii-Moriya inter-
actions (DMI) and single-ion anisotropy (SIA). We extract the
exchange couplings and anisotropy constants by mapping the
results of DFT calculations onto this model Hamiltonian and
analyze how they are affected by the structural variations in
bulk samples and films of o-RMnO3. We show that variations
of the Mn-O-Mn bond angles caused by chemical pressure
have a strong effect on the in-plane nearest-neighboring (NN)
Heisenberg exchange while all the other couplings stay almost
constant with changing R. In turn, changes in the Mn-O bond
lengths caused by epitaxial strain affect both in-plane and
interplane NN Heisenberg couplings as well as next-nearest-
neighboring (NNN) couplings and higher order exchanges.
Then we use the calculated exchanges and anisotropies in a
series of Monte Carlo simulations to determine the magnetic
ground states and corresponding magnetic modulation vec-
tors qb. The latter are then compared to experimental values
reported in the literature and obtained in this work through
resonant x-ray diffraction measurements. We show that for
most bulk and strained systems our model Hamiltonian and
calculated couplings reproduce well the experimentally re-
ported values of qb. Moreover, we find that unconventional
H-AFM and I-AFM orders can be stabilized in the strained
films of o-LuMnO3. Finally, we discuss the nature of the
ferroelectricity that is induced in bulk and strained o-RMnO3

by the magnetic phases obtained in our MC simulations.
This article is organized as follows: In Sec. II A, we

describe the crystal structure and its relation to microscopic
exchange interactions in o-RMnO3. In Sec. II B, we introduce
the magnetoelectric phase diagram of bulk o-RMnO3 and
summarize the literature data on studies of the magnetic

FIG. 1. Crystal structure of o-RMnO3. Green spheres indicate
R3+ cations; purple, Mn3+ cations; and red, O2− anions. Panel (a)
shows the view in the bc plane, and panel (b) shows it in the ab

plane (only Mn and O ions are shown).

and ferroelectric properties of o-RMnO3 under hydrostatic
pressure and epitaxial strain. In Sec. III, we present the details
of the experimental procedure and the results of our x-ray
diffraction measurements. Then, in Sec. IV, we introduce the
magnetic model Hamiltonian, which is used to describe the
magnetism in o-RMnO3 and summarize the details of our
DFT and MC simulations. In Sec. V, we present the results
of our theoretical study of the evolution of internal lattice
parameters in bulk and films of o-RMnO3. In Sec. VI A, we
present the calculated exchange couplings and anisotropies
for all considered o-RMnO3 samples. In Sec. VI B, we show
which magnetic phases are stabilized in MC simulations using
the calculated exchange coupling and anisotropy constants for
the considered o-RMnO3 samples. In Sec. VII, we present the
electric polarizations calculated for several representative bulk
and strained o-RMnO3 using the magnetic phases obtained in
our MC simulations. Finally, in Sec. VIII, we summarize the
main results of our investigation.

II. BACKGROUND AND MOTIVATION

A. Crystal structure and exchange interactions in o-RMnO3

The o-RMnO3 have Pbnm (no. 62) symmetry and dif-
fer from the perfect cubic perovskites by the presence of
Jahn-Teller (JT) distortions of the MnO6 octahedra [24] and
GdFeO3-type (GFO) tiltings of these octahedra [25] (see
Fig. 1). The JT distortions lift the degeneracy of the singly
occupied majority spin eg states of the Mn3+ ions (3d4:
t3
2ge

1
g). The resulting occupied eg state on each Mn site i can

be represented as a linear combination of |dz2〉 and |dx2−y2〉
orbitals [26]:

|φi〉 = cos

(
θi

2

)
|dz2〉 + sin

(
θi

2

)
|dx2−y2〉, (1)

where θi is the orbital mixing angle, which is determined by
the balance between the energy of the orbital-lattice interac-
tion and the elastic energy [27,28]. A simple estimate of θi can
be made using the following formula [29]:

θi = arctan

[ √
3(l − s)

2m − l − s

]
, (2)
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FIG. 2. d-p-d superexchange paths within the ab planes in
o-RMnO3. (a) eg-pσ -eg superexchange paths. The cooperative JT
distortion of MnO6 octahedra favors the ordering of the eg orbitals
such that an occupied eg orbital (colored) on one Mn site overlaps
with an empty eg orbital (white) on the neighboring Mn site via the
pσ state of oxygen. (b) t2g-pπ -t2g superexchange paths.

where s, m, and l are the lengths of short, medium, and
long Mn-O bonds in the MnO6 octahedron. The cooperative
character of the JT distortions leads to an ordering of the
occupied eg orbitals with θi = −θj on the NN Mn sites i and
j within the ab planes, and θi = θj along the c direction. The
GFO distortion in o-RMnO3 reduces the unit cell volume and
so is larger for R cations with smaller radii. This distortion
reduces the Mn-O-Mn bond angles and decreases the lengths
of the O(1)-O(2) bridges within the ab planes [see Fig. 1(b)].

The magnetic ground state in o-RMnO3 is defined by the
network of competing exchange couplings between the spins
on NN and NNN Mn sites. Each superexchange interaction
contains contributions from both eg and t2g orbitals mediated
by the p states of O anions. The crystal structure plays an
important role in defining the relative strength of NN and
NNN exchange couplings as well as the contributions from
eg and t2g states to each coupling. Indeed, for interactions
within the ab planes, the presence of the eg orbital ordering
described above leads to superexchange between an occupied
eg orbital on one Mn site with an empty eg orbital on the
NN Mn site through the pσ states of O [see Fig. 2(a)]. This
favors ferromagnetic (FM) coupling between the eg spins
according to the Goodenough-Kanamori-Anderson (GKA)
rules [30–32]. The t2g states, in turn, form covalent bonds
with the pπ states of O anions [see Fig. 2(b)] and electron
transfer along the path t2g-pπ -t2g favors antiferromagnetic
(AFM) coupling of the t2g spins. Thus eg and t2g contributions
compete with each other within the ab planes. In general,
the eg-pσ -eg contribution is expected to be larger than that
of the t2g-pπ -t2g in absolute values, because the eg states are
directed toward the pσ states of O, which provides a stronger
overlap between them and therefore stronger coupling. Thus,
the resulting NN exchange within the ab planes is expected
to be FM. Nevertheless, the relative strengths of eg-pσ -eg and
t2g-pπ -t2g contributions can be changed by varying the bond
angles and bond lengths (the amplitudes of the GFO and JT
distortions, respectively), which can be achieved by hydro-
static or chemical pressure, or epitaxial strain. In fact, the
change in the Mn-O bond lengths affects the overlap integral
between the orbitals participating in the superexchange and

FIG. 3. Phase diagram of bulk o-RMnO3, following Ref. [34].
Borders are drawn based on magnetic susceptibility and electric
polarization measurements conducted on powders. The area on the
left of the dashed line in the E-AFM phase represents o-RMnO3

for which conflicting data on measurements of the magnetism and
ferroelectricity was reported. Labels at the top of the image indicate
the R ion associated with the radii indicated on the lower horizontal
axis. Increased orange shading indicates higher predicted electric
polarization.

should modify both eg and t2g contributions by decreasing
as bond lengths increase and vice versa. One has to keep
in mind that variation of the Mn-O bond lengths can also
change the mixing of the two eg states on each Mn site (in
other words, the orbital mixing angle), which can in turn
affect the eg-pσ -eg interaction. The variation of Mn-O-Mn
bond angles is expected to influence the eg-pσ -eg coupling
significantly due to the geometry of this bond (the coupling
decreases with reducing angle and vice versa), while the
t2g-pπ -t2g should be less affected due to the isotropic character
of t2g orbitals within the ab planes. Changes in the GFO
distortion can also modify the NNN exchange interactions
along the b direction due to variation of the lengths of the
O(1)-O(2) bridges [see Fig. 1(b)]. Indeed, an increasing GFO
distortion brings oxygens O(1) and O(2) closer to each other,
which enhances the hybridization between their p orbitals
and leads to stronger coupling. Along the c direction, the
interactions occur between empty eg states mediated by pσ

orbitals and between singly occupied t2g states mediated by
pπ orbitals; both are antiferromagnetic according to the GKA
rules. Therefore, in this case eg and t2g contributions reinforce
each other [33].

B. Experimental phase diagram of bulk o-RMnO3

The interplay between lattice and spin degrees of freedom
described in Sec. II A manifests in the magnetic phase dia-
gram (see Fig. 3) of bulk o-RMnO3, which was experimen-
tally established through multiple studies of magnetic order in
these materials. At low temperatures, o-RMnO3 with larger R

ion species (R = La,...,Gd) exhibit an A-type AFM ordered
ground state (A-AFM, modulation vector qb = 0) [35] which
is favored by their orbital ordering. Decreasing the radius of
the R cation increases the GFO distortion, which leads to an
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evolution of the magnetic order, initially to incommensurate
(IC) spiral structures (R = Tb, Dy) and then to E-type AFM
order (E-AFM, qb = 1/2; R = Tm, Yb, and Lu). Conflicting
reports exist for the intermediate radii of Ho and Y. For
o-HoMnO3 both E-AFM order [10] and incommensurate or-
der with qb ≈ 0.4 [36], identified as a sinusoidal spin density
wave, have been reported. For o-YMnO3, an IC ac spiral
(qb = 0.078) and sinusoidal spin density wave (qb = 0.435)
[37] have both been observed, and E-AFM order has been
reported based on a study of the structural modulation at low
temperatures. Lastly, an incommensurate magnetic structure
has also been reported for o-ErMnO3 [17], with a similar
propagation vector (qb = 0.433) to that of o-HoMnO3 and
o-YMnO3, but the magnetic structure was not specified. In
Ref. [34], this phase was discussed in terms of coexisting
spiral and E-AFM phases. In our recent theoretical study
based on DFT and Monte Carlo simulations for o-HoMnO3

and o-ErMnO3, we demonstrated that this IC magnetic phase
is likely a “w-spiral” order [38]. Since all the aforementioned
magnetic phases can be described by the modulation vector
q = (0, qb, 1), the evolution of magnetism across the series
of bulk o-RMnO3 can be represented as a variation of qb

with decreasing radius of the R cation (rR). In Fig. 4, we
summarize the literature values of the modulation vectors qb

reported for bulk o-RMnO3 (single crystals and powders)
[17,36,37,39–43] shown as red open circles versus rR . One
can see that qb varies systematically with rR , from qb = 0 for
the A-AFM phase to qb = 1/2 for the E-AFM phase. The two
contradicting values for R = Ho and Y are also presented.

The microscopic mechanism that drives this evolution of
magnetism in bulk o-RMnO3 is still debated. It was initially
considered in terms of competing Heisenberg exchange in-
teractions between NN and NNN Mn3+ spins within the ab

planes: The relative strengths of these interactions are directly
affected by the increasing GFO distortion (decreasing Mn-
O-Mn bond angles) [33,46]. Reference [47] suggested that
an increase of the GFO distortion primarily affects the NNN
in-plane coupling Jb (see Fig. 6), and that this causes the
evolution of magnetism. However, recent theoretical studies
have demonstrated that this effect mainly reduces the NN
coupling Jab, and that magnetic order evolves because the
effect of other couplings (such as NNN Heisenberg and
higher order exchanges) becomes more pronounced [48,49].
In Ref. [50], the importance of the interaction between third-
nearest-neighboring Mn spins within the ab planes (J3nn

in Fig. 6) was demonstrated. Moreover, it was shown that
biquadratic exchange interactions play a key role in stabilizing
E-AFM over spiral order [51,52]. We recently found that
interplane four-spin ring exchange interactions (Kc in Fig. 6)
are crucial to explain the establishment of the w-spiral state
in o-HoMnO3 and o-ErMnO3, as well as two unconventional
commensurate magnetic phases (so-called H-AFM and I-
AFM) which can, in principle, form in these systems [38].

Understanding the interplay between ferroelectricity and
magnetism has been a central motivator for studying this fam-
ily of materials. IC spiral and E-AFM orders break inversion
symmetry and induce an electric polarization in o-RMnO3,
making them type II multiferroics. For the spiral orders, the
electric polarization is usually treated as an effect arising
from spin-orbit coupling and is explained in terms of the

FIG. 4. Magnetic modulation vector qb as function of radius of
the R ion. Literature data for bulk samples (single crystals and
powders) [17,36,37,39–43] of o-RMnO3 are presented as empty
circles. In Refs. [17,36,37,39,40,42,43], qb values were determined
based on neutron diffraction measurements. Reference [41] is a study
of the mixed crystal systems Eu1−xYxMnO3 and their qb values
were extracted from XRD measurements of lattice modulation at low
temperatures. Films (literature data from Refs. [21,44,45] and our
new measurements) are indicated by filled circles. The dashed line
indicates the trend for bulk materials, and the green solid line is that
for relaxed films. The blue line shows the discrepancy between bulk
samples and strained films with the same R ion. qb is in reciprocal
lattice units.

spin-current model [53] and/or antisymmetric exchange stric-
tion [54]. Since spin-orbit coupling is weak in o-RMnO3,
the resulting electric polarization is relatively small (P ≈
0.1 μC/cm2) [5,55]. In systems with E-AFM order, the
proposed mechanism for the magnetically induced electric
polarization is symmetric exchange striction. It was theoreti-
cally predicted by Sergienko et al. [11] that this mechanism
should provide significantly enhanced polarization values
(P ≈ 0.5–12 μC/cm2) compared to systems with spiral order.
This prediction was confirmed later by Berry phase calcula-
tions for o-HoMnO3 (P ≈ 6 μC/cm2) [12]. However, to the
best of our knowledge, the predicted polarization values for
E-AFM order have not been experimentally detected in bulk
o-RMnO3; the largest P values were reported for o-LuMnO3

and o-YMnO3, reaching 0.17 and 0.24 μC/cm2, respectively
[15,56], which is at least an order of magnitude smaller than
P obtained from first principles. This contradiction between
theory and experiment is still not fully understood. Moreover,
measurements of P in o-RMnO3 with R = Ho, Er and Y
gave contradictory results. For example, in Ref. [14] P ≈
0.009 μC/cm2 was observed in o-HoMnO3 along the a

axis, while Ref. [16] reported P ≈ 0.15 μC/cm2 along the c
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direction. In both cases, the importance of the Ho3+ f -
electron moments in inducing P was underlined, since P

demonstrated a drastic increase only below their ordering
temperature. Reference [14] reported P ≈ 0.025 μC/cm2 for
o-YMnO3. The origin of this value is not yet understood
since neither the reported sinusoidal spin density wave nor
the ac spiral are expected to produce an electric polarization
according to the mechanisms of magnetically induced ferro-
electricity, described above. This also cannot be explained by
an ordering of R3+ moments as Y has an empty f shell. In
o-ErMnO3, no sizable polarization was measured by Ye et al.
[17], while Ishiwata et al. reported P ≈ 0.06 μC/cm2 for this
compound [34].

Recent experimental studies have demonstrated that struc-
tural modifications due to hydrostatic pressure or epitaxial
strain can stabilize magnetic phases in o-RMnO3 that are dif-
ferent from those that are stable in unperturbed bulk samples.
Moreover, the electric polarization in such structurally modi-
fied samples can be significantly larger than in bulk samples.
For example, the magnetic order in o-TbMnO3 evolves under
high pressure from a spiral to the E-AFM state [18,20], which
produces P ≈ 1 μC/cm2. It was recently demonstrated that
films of o-RMnO3 with R = Gd,...,Lu epitaxially grown on
YAlO3 yield electric polarizations of up to 1 μC/cm2 (for
o-TbMnO3 P of up to 2 μC/cm2 was measured), suggesting
that the E-AFM phase is likely stabilized [23]. Strain was also
found to affect or even tune the magnetic modulation vector
[44]. This effect was detailed in a recent study on o-HoMnO3

films. A strained film of o-HoMnO3 (32-nm [010]-oriented
film grown on YAlO3 substrate) was shown to possess a
magnetic modulation vector of qb ≈ 0.49, while a relaxed
film (120 nm) had qb ≈ 0.42, which is close to that of bulk
o-HoMnO3 [36]. Both films showed enlarged polarization
values compared to bulk o-HoMnO3 [22]. In spite of these ad-
vances in structural manipulation, the underlying mechanism
behind the evolution of magnetic order in the strained samples
as well as the enhancement of the polarization remain to be
understood.

From all the literature data summarized above, it is clear
that both magnetism and ferroelectricity in o-RMnO3 can be
manipulated by structural variations, such as hydrostatic or
chemical pressure or epitaxial strain. Since the ferroelectricity
in these materials is governed by magnetism, an understand-
ing of the relationship between the crystal lattice and magnetic
orders is of primary importance for potential optimization of
their multiferroic properties.

III. EXPERIMENTS ON CRYSTALLINE FILMS

As a basis for studying the effects of epitaxial strain on
the relationship between the lattice and magnetic order, we
measured the lattice parameters and magnetic modulation
vectors of a selection of epitaxially grown films. These were
grown by pulsed laser deposition using stoichiometric ceramic
targets of the corresponding hexagonal RMnO3 materials.
Further growth details are found in Ref. [44]. A full list of
films discussed here is available in Table I of the Supplemental
Material [57].

Nonresonant x-ray diffraction (XRD) was employed to
measure lattice constants to high precision using the Surface

FIG. 5. Magnetic intensity from reciprocal space scans along
the [010] direction, taken using resonant x-ray diffraction at the
Mn L3 edge. Data are from [010]-oriented films of orthorhombic
TbMnO3, HoMnO3, and LuMnO3. The widths of the peaks include
contributions from the limited thickness, the limited probe depth at
resonance, and the correlation length of the AFM order. qb is in
reciprocal lattice units.

Diffraction end station of the Materials Science beam line of
the Swiss Light Source (SLS) [58]. The lattice constants were
determined by collecting precise motor positions of several
reflections and computing the best fit to a UB matrix of
an orthorhombic crystal. The photon energies used were all
between 8 and 10 keV. Diffracted intensities were collected
using a Pilatus 100K detector [59] mounted on the detector
arm. In both experiments, samples were mounted on the cold
head of a Janis flow cryostat. The measured lattice parameters
for all considered o-RMnO3 films are summarized in Table I
of the Supplemental Material [57].

Resonant x-ray diffraction (RXD) experiments were con-
ducted to probe antiferromagnetic order. These were done us-
ing the RESOXS UHV diffraction end station [60] at the SIM
beam line [61] of the SLS. Photon energies used correspond
to the Mn L3 absorption edge using π -polarized incident light
(electric field in the scattering plane). Data were taken at 10 K.
Scattered intensities were collected using an IRD AXUV100
photodiode. Scans were conducted along the [010] direction
of reciprocal space, following the (0,qb,0) magnetic reflection.
This reflection provides a direct and unequivocal measure of
the modulation parameter qb. In Fig. 5, we present as an
example the scans for [010]-oriented o-TbMnO3 (150 nm),
o-HoMnO3 (120 nm), and o-LuMnO3 (104 nm) films.

In Fig. 4, we present our measured qb values for o-RMnO3

films with different R ions and different levels of strain (see
details in Table I of Supplemental Material [57]) alongside
the literature values for bulk samples and additional literature
values for films. Two notable observations can be made.
First, despite having the same R ion, relaxed films follow
the gradual trend of the bulk samples, while highly strained
films tend toward locking to the commensurate qb = 1/2 value.
Second, for the lower rR values (Tm, Yb, and Lu), the bulk
o-RMnO3 samples have qb = 1/2, but relaxed films do not
reach this value and instead show a gradual evolution of
qb. These film-bulk discrepancies support the idea that small
variations in the crystal lattice have a strong effect on the
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FIG. 6. Heisenberg (Jc, Jab, Ja , Jb, Jdiag, J3nn), biquadratic (Bc

and Bab), and four-spin ring (Kc and Kab) exchange interactions
considered in the model Hamiltonian of Eq. (3). The 40-atom
o-RMnO3 supercell (1 × 2 × 1 of the 20-atom unit cell) containing
eight Mn ions (purple spheres, the lighter spheres indicate Mn ions
in neighboring cells) is shown (R and O ions are not shown).

position of a material in the magnetic phase diagram and serve
as a motivation for our theoretical study of the relationship
between qb and the crystal lattice in o-RMnO3.

IV. COMPUTATIONAL DETAILS

A. Spin model Hamiltonian

In order to accurately describe the complex magnetic phase
diagram of the o-RMnO3 series (see Sec. II B), we employ the
following spin model Hamiltonian:

H = HHeis + HBQ + H4sp + HSIA + HDM, (3)

where

HHeis =
∑
〈i,j〉

Jij (Si · Sj ), (4)

HBQ =
∑
〈i,j〉

Bij (Si · Sj )2, (5)

H4sp =
∑

〈i,j,k,l〉
Kijkl[(Si · Sj )(Sk · Sl )

+ (Si · Sl )(Sk · Sj ) − (Si · Sk )(Sj · Sl )], (6)

HSIA = A
∑

i

S2
i,b, (7)

HDM =
∑
〈i,j〉

Dij · [Si × Sj ]. (8)

The first term, HHeis [Eq. (4)], is a Heisenberg Hamiltonian,
where Jij are exchange interactions between spins Si and Sj

on Mn sites i and j , respectively. A HHeis including only
AFM Jc and Jb and FM Jab (see Fig. 6) can explain the
establishment of the A-AFM and spiral orders, the latter
occuring if the NNN Jb is large enough to compete with NN
Jab. We extend our model by including also the second NN
couplings along the c direction (Jdiag, see Fig. 6) and second
(Ja) and third NN exchanges (J3nn) within the ab planes.
Further neighbor couplings are not taken into account since

we showed in our previous work that they are negligible in
comparison with those mentioned above [48].

The second term, HBQ [Eq. (5)], describes the biquadratic
exchange interactions between spins Si and Sj . It has been
demonstrated that the biquadratic couplings between NN
spins within the ab planes, Bab, are crucial for establishment
of E-AFM order [51,52]. In this work, we consider NN
biquadratic couplings, both within the ab planes (Bab) and
along the c direction (Bc) (see Fig. 6).

The third term, H4sp [Eq. (6)], corresponds to the four-
spin ring exchange couplings, which arise from consecutive
electron hoppings between the NN Mn ions forming four-site
plaquettes. We recently showed that the energies of different
magnetic orders calculated using DFT for several o-RMnO3

cannot be accurately fitted to the isotropic spin Hamiltonian
including only Heisenberg and biquadratic exchanges, and the
four-spin ring terms need to be included to provide an accurate
description of the magnetism [48]. Moreover, we found that
the presence of strong interplane four-spin ring exchange Kc

can stabilize several exotic magnetic orders in o-RMnO3 such
as incommensurate w-spiral and commensurate H-AFM and
I-AFM (see Ref. [38] for details). Here we include in the
analysis the four-spin interactions in two types of plaquettes:
those within the ab planes (Kab) as well as interplane (Kc)
plaquettes (Fig. 6).

The fourth term, HSIA [Eq. (7)], is a single ion anisotropy
which sets the magnetic easy axis along the b direction.

The fifth term, HDM [Eq. (8)], describes the
Dzyaloshinskii-Moriya interactions. We consider DM vectors,
Dij , which are defined both for Mn-O-Mn bonds along the
c direction and within the ab planes [62,63]. As shown in
Ref. [63], due to the symmetry of o-RMnO3 crystals, their
DM vectors can be described using five parameters: αab, βab,
and γab for the in-plane DM interactions (Dab

ij ) and αc and
βc for the interplane ones (Dc

ij ) (see Fig. 3 in Ref. [63]). The
αc components of the Dc

ij vectors favor a canting of the Mn
spins from the b axis toward the c axis [62,63], which was
experimentally observed for several o-RMnO3 [64,65]. The
γab components of the Dab

ij vectors can favor stabilization of
the ab spiral instead of the bc spiral [62]. In this work, we
consider only αc and γab and neglect all other components of
the DM vectors.

B. First-principles calculations

All density functional calculations are performed using
the Vienna Ab initio Simulation Package (VASP) based on
the projector-augmented plane wave (PAW) method of DFT
[66]. We employ the generalized gradient approximation
with Hubbard U correction (GGA+U ) for the exchange-
correlation potential in the form of Perdew, Burke, and Ernz-
erhof (PBE) revised for solids (PBEsol) [67] as it gives better
agreement between theoretically optimized and experimental
lattice parameters for the considered systems in comparison
with the standard PBE [68]. The parameter of the on-site
Coulomb repulsion for the Mn d states is set to U = 1 eV
and the on-site exchange interaction to JH = 0 eV since these
values give reasonable sizes of the band gaps and correct
magnetic ground states for many o-RMnO3. To eliminate the
effects which may arise from the ordering of the f -electron
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moments of the R cations, we use pseudopotentials for the
R elements in which f states are treated as core states. The
cutoff energy for the plane wave basis set is 600 eV. All the
calculations using the 20 atom unit cells (structural relax-
ations, calculations of the biquadratic couplings, DMI, and
anisotropy constants) are performed with a �-centered 7 ×
7 × 5 k-point mesh. For the 80-atom (2 × 2 × 1) supercells
(calculations of the Heisenberg and four-spin ring exchanges)
we use a �-centered 3 × 3 × 5 k-point mesh, and for 80-atom
1 × 2 × 2 supercells (calculations of electric polarizations)
we use a �-centered 7 × 3 × 2 k-point mesh. For the lattice
optimizations, the structures are considered to be relaxed if
the Hellmann-Feynman forces acting on the atoms are smaller
than 10−4 eV/Å and, when the volume is allowed to relax,
the components of the stress tensor are smaller than 0.1 kbar.
All the structural relaxations are performed with A-AFM
order imposed. Spin-orbit coupling is included only in the
calculations of the DMI and SIA.

C. Monte Carlo simulations

Monte Carlo simulations performed in this work are
based on the Metropolis algorithm [69] combined with over-
relaxation moves [70]. We employ the replica exchange tech-
nique [71,72], which is efficient in finding a global energy
minimum in systems with many local energy minima, which
is the case for frustrated spin systems with many compet-
ing interactions. For each compound, we simulate in paral-
lel M = 200 replicas, each at a different temperature. The
range of temperatures is defined as Tk = T0/α

k , where T0 =
0.005 meV is the temperature of interest, k = 1, . . . , M − 1
and α = 0.962 (this value gives the maximal temperature
TM−1 larger than the strongest exchange interactions in the
considered systems). We consider unit cells containing two
Mn atoms (in the following we call this the MC unit cell)—
Mn1 (0,0.5,0) and Mn2 (0.5,1,0)—and perform simulations
for different system sizes (12 × 40 × 12 and 4 × 100 × 4
MC unit cells). We apply periodic boundary conditions in all
directions and double-check the results using open boundary
conditions along the b direction (and periodic along the a

and c axes) to ensure that the modulation vectors of the
obtained magnetic structures are not affected by the choice
of boundary conditions. We also perform calculations starting
from different types of magnetic order—A-AFM, E-AFM,
H-AFM [see Fig. 11(a) and our recent work, Ref. [38], for
the details about the latter state) and random orientation—as
an additional check that the results are not affected by the
starting configurations and the systems are not trapped in a
local energy minimum.

V. CALCULATED EFFECTS OF CHEMICAL PRESSURE
AND EPITAXIAL STRAIN ON THE CRYSTAL LATTICE

First, we calculate how the o-RMnO3 crystal structure
evolves under chemical pressure and epitaxial strain. We start
by considering bulk o-RMnO3 and analyze how the internal
lattice parameters vary with the radius of the R cation. For this
purpose, we consider several representatives of the o-RMnO3

series (namely R = Gd, Tb, Ho, Er, Yb, and Lu) and fully
optimize their lattice parameters and internal coordinates

using DFT, with the experimentally reported structures as the
starting point [10,17,40,73–75]. This allows us to make a
direct comparison between our findings for bulk samples and
for strained films, for which the internal coordinates are not
readily measurable. In Fig. 7, we present the obtained lengths
of the short (s), medium (m), and long (l) Mn-O bonds within
the MnO6 octahedra, the O(1)-O(2) distances [see Fig. 1(b)]
as well as the Mn-O-Mn bond angles within the ab planes
(IPA) and along the c axis (OPA) versus the R radius. The
exact values for all the optimized lattice parameters together
with the experimentally reported values are summarized in
Table II of the Supplemental Material [57]. From Figs. 7(a)
and 7(b), one can see that in bulk o-RMnO3 the volume
reduction due to decrease in the radius of the R cation is
almost fully accommodated by reducing the Mn-O-Mn bond
angles within the ab planes and along the c direction. As a
secondary effect, the O(1)-O(2) distances also decrease as the
R radius decreases [Fig. 7(f)]. In turn, the s and m Mn-O bond
lengths [Figs. 7(c) and 7(d), respectively] are almost constant
across the series of the bulk samples and l bonds decrease
slightly from Gd to Lu [Fig. 7(e)]. This is in agreement with
literature experimental data [33] as well as with previous
theoretical reports [49,76].

In the next step, we investigate the effects of strain on
the crystal structure of o-RMnO3. For this, we consider a
set of [010]-oriented o-RMnO3 films (with the same R as in
the bulk samples described previously in this section) grown
epitaxially on YAlO3 substrates. The experimental lattice
parameters of the o-GdMnO3 and o-TbMnO3 films are taken
from Refs. [23,77], and for the other films we use values
measured in this work (see Table III of the Supplemental
Material [57]). The lattice mismatch between the film and the
substrate results in either compressive or tensile strain in the
ac planes: For o-GdMnO3 and o-TbMnO3 films, the a and
c lattice constants are strongly compressed compared to the
corresponding bulk values, which in turn leads to an increase
in b; in o-YbMnO3 and the two o-LuMnO3 films (26 nm and
104 nm), the effect is opposite—a and c are increased and b

is reduced; in o-ErMnO3, the a lattice constant is compressed,
while b and c are increased. For comparison, we also consider
a o-HoMnO3 film grown on a NdGaO3 substrate, for which
the a and c lattice constants of the film are extended and
b is significantly reduced. The experimental values of strain
εi applied to the a and c lattice constants (i = a or c) are
calculated using the following formula [78]:

εi = l
str,exp
i − l

bulk,exp
i

l
bulk,exp
i

, (9)

where l
str,exp
i is the experimentally determined lattice constant

of the film and l
bulk,exp
i is the corresponding lattice parameter

experimentally determined for the bulk sample with the same
R. We summarize the values of εi for all considered o-RMnO3

films in Table IV of the Supplemental Material [57].
To simulate the epitaxially strained films, we constrain the

lengths lstr
i (i = a, c) of the a and c lattice constants to the

values

lstr
i = (1 + εi )l

bulk
i , (10)
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FIG. 7. Theoretically optimized structural parameters of strained films and bulk o-RMnO3 vs the radius of the R cation: Panels (a) and
(b) give the Mn-O-Mn bond angles within the ab planes (IP angle) and along the c direction (OP angle), respectively; panels (c)–(e) show
short (s), medium (m), and long (l) Mn-O bond lengths of the MnO6 octahedra, respectively; and panel (f) shows the lengths of the O(1)-O(2)
bridges [see Fig. 1(b)] within the ab planes. Bulk samples are shown by empty circles and strained films by filled circles. For o-LuMnO3, the
triangles denote calculations for hypothetical films which are compressively strained in the ac plane by the same amount but in the opposite
direction as the experimentally measured tensile strained films. o-LuMnO3 26-nm film and the corresponding inverse case are highlighted in
gray; 104-nm film and the inverse case are shown in black. Compressive strain within the ac planes of the o-RMnO3 films is shown by the
violet color; tensile strain is indicated by the blue color. The dashed lines connecting the data points for bulk o-RMnO3 are guides to the eye.

where lbulk
i is the corresponding lattice parameter of the re-

laxed bulk crystal structure described above (the values are
presented in Table II of the Supplemental Material [57]). Then
we use DFT to optimize the length of the b lattice param-
eter, which is perpendicular to the substrate, and the ionic
positions. In Fig. 7, we present the Mn-O-Mn bond angles,
Mn-O bond lengths, and O(1)-O(2) distances of the optimized
strained crystal structures (together with the corresponding
parameters for the bulk structures) versus the radius of the R

cation (all lattice parameter values are summarized in Table III
of the Supplemental Material [57]). When we compare each
bulk sample with its corresponding strained film(s), we see
that applying strain (both compressive and tensile) affects
mostly the m and l Mn-O bonds of the MnO6 octahedra, while
the s bonds as well as both IP and OP Mn-O-Mn bond angles
remain almost unchanged between bulk and strained samples.
For m and l bonds, compressive and tensile strains clearly
have opposite effects: In the first case (R = Gd, Tb), m is
reduced and l is increased (due to increase in the b lattice
constant), and vice versa in the latter case (R = Ho, Yb, Lu).

Next, to check whether the effect of compressive strain
can be different in systems with small unit cell volume, we
simulated two hypothetical films of o-LuMnO3 in which we
artificially compressed the a and c axes of the fully optimized
bulk crystal structure by the same amount |εi | (see Table IV
of the Supplemental Material [57]) as they expanded in the
experimentally studied tensile strained o-LuMnO3 films (26
and 104 nm) described above. These hypothetical films will
be called inv26 and inv104, respectively, in the following.
The obtained lattice parameters for the inv26 and inv104
o-LuMnO3 films are also shown in Fig. 7. One can see that

indeed the trend in variation of m and l bonds is the same
(the amplitude is larger) as in the compressively strained
films (o-GdMnO3 and o-TbMnO3 films) with larger unit cell
volumes. In this case, however, the interplane Mn-O-Mn bond
angles are also reduced from their bulk values.

To understand how these lattice variations affect the orbital
ordering in o-RMnO3, we estimate the orbital mixing angles
θ using Eq. (2) and our optimized values of s, m, and l

Mn-O bond lengths for all considered bulk samples and films
of o-RMnO3. The calculated θ are presented in Fig. 8. One
can clearly see that since the Mn-O bond lengths are almost
constant across the series of bulk samples, θ also shows
only small variations. By applying strain, however, the orbital
mixing angles can be significantly changed with respect to the
corresponding bulk values. For example, for bulk LuMnO3

θ ≈ 112◦ and, according to Eq. (1), the occupied eg orbitals
on neighboring Mn sites i and j within the ab planes have a
character close to either |3x2 − r2〉 (on site i) or |3y2 − r2〉
(on site j ). For the 26-nm film of LuMnO3, however, θ is
significantly reduced (97◦), which affects the character of
the occupied orbitals, with the weight of |3z2 − r2〉 state
increasing and that of |x2 − y2〉 going down; see Eq. (1).

Thus, we see that chemical pressure and epitaxial strain
are accommodated by the crystal structure of o-RMnO3 in
different ways. In particular, the former leads to a change in
the Mn-O-Mn bond angles (GFO distortion) while the latter
affects mostly the Mn-O bond lengths (JT distortion) in the
opposite way for compressive and tensile cases. Variation
of the JT distortion in o-RMnO3 films changes their orbital
ordering compared to bulk samples. Since the magnetism in
the o-RMnO3 is closely related to the magnitudes of the JT
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FIG. 8. Orbital mixing angles θ in strained films and bulk
o-RMnO3 vs the radius of the R cation rR . Bulk samples are shown
by empty circles, and experimentally measured strained films by
filled circles. For o-LuMnO3, the triangles denote calculations for
hypothetical films which are compressively strained in the ac plane
by the same amount but in the opposite direction as the experimen-
tally measured tensile strained films. The 26-nm o-LuMnO3 film and
the corresponding inverse case are highlighted in gray; the 104-nm
film and the inverse case are in black. Compressive strain within the
ac planes of the o-RMnO3 films is shown by the violet color; tensile
strain is indicated by the blue color. The dashed lines connecting the
data points for bulk o-RMnO3 are guides to the eye.

and GFO distortions (as described in detail in Sec. II A), the
fact that the chemical pressure and epitaxial strain affect these
distortions differently can be key to understanding of distinct

magnetic (and, therefore, ferroelectric) properties of bulk and
strained films of o-RMnO3.

VI. CALCULATED EFFECTS OF CHEMICAL PRESSURE
AND EPITAXIAL STRAIN ON THE MAGNETISM

A. Microscopic exchange interactions

In order to develop better insight into how these structural
variations due to chemical pressure and epitaxial strain affect
the magnetic properties of o-RMnO3, we analyze their effects
on the microscopic exchange interactions. We extract all
the considered Heisenberg, biquadratic, and four-spin ring
exchanges as well as the parameters of DMI and SIA (see
Sec. IV A and Fig. 6) by mapping the DFT energies of
different magnetic configurations calculated for all the studied
bulk o-RMnO3 (R = Gd, Tb, Ho, Er, Yb, Lu) on the model
Hamiltonian of Eq. (3). The methods which we use to extract
the Heisenberg, biquadratic, and four-spin ring exchanges are
described in detail in our previous work (see Sec. IVB of
Ref. [48]), while for calculations of DMI and SIA we employ
the approach proposed in Sec IIC of Ref. [79]. We show
the extracted couplings Jc, Jab, Jb, J3nn, Bab, and Kc versus
the radius of the R cations in Fig. 9 (plots for the other
coupling constants are presented in Fig. 1 of the Supplemen-
tal Material [57] and the exact values of all the extracted
couplings are summarized in Table V of the Supplemental
Material). Note that for several bulk o-RMnO3, experimen-
tally determined values of the Heisenberg couplings Jc, Jab,
and Jb are available in the literature. These were extracted
by fitting the measured magnon dispersions to the dispersion
relation for a simple Heisenberg Hamiltonian for an A-type

FIG. 9. Calculated exchange coupling constants vs the radius of the R cation: Panels (a)–(d) show the Heisenberg exchanges Jc, Jab, Jb, and
J3nn, respectively; panel (e) shows the biquadratic in-plane exchanges Bab, and panel (f) shows the four-spin ring couplings Kc. Bulk samples
are indicated by the empty circles, and experimentally measured strained films are shown by the filled circles. For o-LuMnO3, the triangles
denote the hypothetical films which are compressively strained in the ac plane by the same amount but opposite direction as experimentally
measured tensile strained films. The o-LuMnO3 26-nm film and the corresponding inverse case are highlighted in gray, and the 104- and
inv104-nm cases are in black. Compressive strain within the ac planes of the o-RMnO3 films is shown by the violet color, and tensile strain is
given by the blue color. The dashed line connecting the data points for the bulk o-RMnO3 is used to guide the eye.
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antiferromagnet (for example, see Ref. [80]). These effective
couplings, therefore, effectively fold in the contributions from
the next-nearest-neighbor Heisenberg exchanges (Ja , Jdiag,
J3nn) and the four-spin ring exchanges (Kc and Kab), which
we treat separately in our work. As a result, we cannot provide
a direct comparison between the experimentally determined
values and our calculated values of the exchange interactions.

One can see that the decreasing radius of the R cation
from Gd to Lu (resulting in the reduction of the Mn-O-Mn
bond angles) in bulk o-RMnO3 leads to a drastic decrease in
the absolute value of the FM NN Heisenberg exchange Jab

from −7.04 meV in o-GdMnO3 to −2.20 meV in o-LuMnO3

[Fig. 9(b)]. In contrast, all the other couplings remain almost
constant across the series. The drop in Jab can be explained
by the significant reduction of the FM contribution from
the eg-pσ -eg superexchange, which is strongly dependent on
the Mn-O-Mn bond angles. In contrast, the AFM t2g-pπ -t2g

contribution remains unchanged since it is much less affected
by the variation of the bond angles due to the geometry of
the participating orbitals. The latter also explains why the
interplane NN Heisenberg couplings Jc are nearly the same
for all the considered bulk samples of o-RMnO3 as these
couplings are mostly determined by the t2g-pπ -t2g superex-
change. Clearly, there is also a small effect on the NNN
Heisenberg coupling Jb [see the inset in Fig. 9(c)], which
increases with reducing R. This occurs because of the de-
crease in the distance between the ions O(1) and O(2) shown
in Fig. 1(b), which results in larger overlap between their
p orbitals along the Mn-O(1)-O(2)-Mn superexchange path.
We can conclude that the evolution of the magnetic order in
bulk o-RMnO3 is mostly due to the reduction of Jab, because
the effect of other couplings (NNN Heisenberg, higher order
couplings, and anisotropic terms) becomes more pronounced
when the strong FM NN exchange is reduced.

Next, we perform similar calculations of the exchange
coupling and anisotropy constants for the films of o-RMnO3

to determine how they are influenced by the structural vari-
ations caused by epitaxial strain. The resulting couplings are
presented in Fig. 9; see also Fig. 1 and Table VI of the Sup-
plemental Material [57]. As we showed in the previous sec-
tion, the application of strain affects the Mn-O bond lengths,
whereas the Mn-O-Mn bond angles in most cases change only
slightly from their values in the corresponding bulk samples.
First we consider four films which are compressively strained
within the ac plane (o-GdMnO3, o-TbMnO3, o-LuMnO3

inv26, and inv104) and for which the b lattice constants are
expanded, resulting in a reduction of m and increase in l Mn-O
bond lengths compared to the bulk samples. As one can see
from Figs. 7(d) and 9(a), the decrease in m by 0.02–0.04 Å
provides a significant increase in the coupling Jc (for example,
by 3.46 meV for a thin film of o-GdMnO3 relative to the
corresponding bulk sample). This can be explained by the
increased overlap between the d orbitals of Mn and p states
of O participating in the superexchange. The increase in l [by
0.02–0.04 Å, Fig. 7(e)], in turn, results in a drastic reduction in
the absolute value of Jab coupling relative to the bulk samples
for o-GdMnO3 and o-TbMnO3; and for o-LuMnO3 films this
coupling even changes sign from FM to AFM [see Fig. 9(b)].
The latter likely occurs because the AFM contribution from
the t2g states start to dominate over the FM eg contribution.

The increase in the NNN coupling Jb [see Fig. 9(c)] origi-
nates from the reduction of O(1)-O(2) distance, which is a
secondary effect of the increase in l. Interestingly, the higher
order couplings (Kc and Bab) are affected by the variation
of the bond lengths while they show almost no dependence
on the bond angles [see insets in Figs. 9(e) and 9(f)]. For
the tensile strained films, the variation of the couplings is
opposite to the case of compressive strain. For example, in the
o-LuMnO3 26-nm film, Jc is reduced to almost 0 meV due
to the increase of m Mn-O bond lengths and Jab is increased
in absolute value to −8.7 meV, which is even stronger than
the same coupling in bulk o-GdMnO3, by decreasing l. The
four-spin ring interplane exchange Kc increases with tensile
strain and starts to compete with the weak Jc.

Thus we demonstrated that the microscopic exchange in-
teractions in o-RMnO3 evolve differently under chemical
pressure and epitaxial strain. Specifically, the substitution of
smaller R in bulk o-RMnO3 results in an increased GFO
distortion and leads to the reduction of the NN in-plane
Heisenberg coupling Jab and a slight increase in the NNN
coupling Jb, while all the other couplings are almost constant
across the series of the bulk samples. On the other hand, the
change in the Mn-O bond lengths caused by epitaxial strain
affects strongly both in-plane and interplane NN Heisenberg
exchanges and leads to a smaller variation of other coupling
constants (NNN Heisenberg, biquadratic, and four-spin ring
exchanges). The changes are clearly different for compressive
and tensile strain. The evolution of each coupling depends
on whether the structure and, consequently, the Mn-O bond
lengths are expanded or reduced in the relevant direction.

B. Monte Carlo simulations

In the next step, we perform a series of Monte Carlo
simulations using the calculated exchange couplings and
anisotropy constants for bulk samples and strained films of
o-RMnO3 to determine their ground-state magnetic phases.
This also serves as a check of how well the model Hamiltonian
of Eq. (3) reproduces the experimentally measured magnetism
in these systems.

First, we consider bulk o-RMnO3 and determine the mag-
netic ground states for the systems with R = Gd, Tb, Ho,
Er, Yb, and Lu using the exchange coupling and anisotropy
constants listed in Table V of the Supplemental Material [57].
Since the methods which we use to calculate these constants
allow an uncertainty in their values of up to ±10–25% (see
our previous work for details, Ref. [38]), we take the lower
boundary of this uncertainty range and check whether the
experimentally observed magnetic ground states can be re-
produced for all systems within this range of parameters. For
that purpose, we perform for each compound a set of MC
simulations in which one of the exchange couplings (Jc, Jab,
Ja , Jdiag, Jb, J3nn, Kab, Kc, Bab, Bc, γab, γc) or anisotropy
(A) presented in Table V of the Supplemental Material [57]
is varied by ±10% while all the others are kept fixed to the
values presented in Table V of the Supplemental Material.
In these simulations, the system size is 4 × 100 × 4 MC unit
cells. For each compound, the lowest energy state obtained
in the MC simulations with the couplings and anisotropy
constants listed in Table V of the Supplemental Material is
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FIG. 10. Experimentally determined and calculated modulation
vectors of the ground-state magnetic phases in bulk and strained
o-RMnO3. Panel (a) shows qb for bulk o-RMnO3, and panel (b)
shows that for the films of o-RMnO3. Black circles indicate experi-
mentally determined (exp.) qb, and purple circles denote calculated
qb (MC). The gray circle in panel (b) indicates the experimentally
measured qb in the 26-nm film of LuMnO3, and the green circle
shows the calculated qb for this film; the qb values for the 104-nm
LuMnO3 film are shown with the usual black (measured) or purple
(calculated with MC) circles (note that the purple circle at qb = 0.5
is obscured by the green circle). qb is in reciprocal lattice units.

used as a starting configuration. We determine the types of
obtained magnetic phases by calculating the order parameters
(for A-AFM, E-AFM, and H-AFM orders) and magnetic
structure factors along different directions in reciprocal space;
the positions of the peaks in the magnetic structure factors
give the modulation vectors of the resulting magnetic phases.

In Fig. 10(a), we present the modulation vectors qb of
the minimum energy phases obtained in our MC simula-
tions for bulk o-RMnO3 together with the experimentally
reported values. We find that for o-RMnO3 with R = Gd,
Ho, Er, Yb, Lu our model Hamiltonian [Eq. (3)] and the
calculated couplings reproduce well the experimentally re-
ported qb values. For o-TbMnO3, we obtain a spiral order
with qb = 0.2 as the lowest energy state (the experimental
value is qb = 0.28) using periodic boundary conditions in all
directions, while with open boundary conditions along the
b axis we obtain qb = 0.22. Interestingly, for R = Tb, Ho
and Er several magnetic phases can be stabilized by varying

the exchange couplings by ±10% of their values listed in
Table V of the Supplemental Material. This behavior is likely
due to a competition between exchange interactions in these
compounds (almost all calculated couplings are relatively
strong), resulting in multiple low-energy magnetic states with
very close energies. The favoring of one state over another
in the real samples may occur due to different synthesis
conditions, resulting in slightly different lattice parameters.
For example, in o-TbMnO3 samples, both A-AFM order and
an incommensurate cycloidal spiral can be the lowest energy
states. In o-HoMnO3, in turn, a cycloidal spiral, w-spiral,
and E-AFM orders can be readily stabilized. The latter two
can be the magnetic ground states in o-ErMnO3 as well (see
our previous work for details, Ref. [38]). This can explain
the contradictory experimental reports of the magnetic and
ferroelectric properties of the o-RMnO3 that are on the border
between spiral and E-AFM phases in the magnetic phase
diagram described in Sec. II B.

Next, we perform the same analysis for the strained films
of o-RMnO3. The modulation vectors of the ground-state
magnetic phases obtained in our MC simulations and the cor-
responding experimental values are presented in Fig. 10(b).
We find that for o-GdMnO3, o-TbMnO3, and o-ErMnO3

films the lowest energy magnetic phase is E-AFM with the
spins slightly canted away from the b axis, which agrees
with the experiments [23,77]. For the o-LuMnO3 104- and
26-nm films, the experimentally reported qb values are 0.486
and 0.479, respectively. In our MC simulations, we observe
magnetic phases with similar incommensurate qb values for
these films; however, we find these phases to be metastable.
For the 104-nm film, the calculated lowest energy state is
H-AFM order [see Fig. 11(a)] with qb = 0.5. The magnetic
structure factors calculated for this magnetic phase give peaks
at (0,0.5,0) and (0,0.5,1) (see Ref. [38] for details). Note
that H-AFM is degenerate with I-AFM order [see Fig. 11(b)]
with q = (0, 0.5, 0.5) within the framework of the model
Hamiltonian of Eq. (3); however, the latter state does not give
the experimentally observed peak in the magnetic structure
factor at (0,qb,0) [38]. For the 26-nm film, both H-AFM (or I-
AFM) and A-AFM states can be stabilized in the simulations.
The presence of the H-AFM (or I-AFM) order in these films of
o-LuMnO3 is interesting since one would rather expect the es-
tablishment of A-AFM order in o-RMnO3 with such a strong
NN in-plane Heisenberg exchange Jab (−5.48 and −8.68
meV, respectively). H-AFM (or I-AFM) order is enabled
due to drastic suppression of the NN interplane Heisenberg
coupling Jc combined with an increased interplane four-spin
ring interaction Kc which favors this order. The only sample
for which we did not reach an agreement with experiment is
the o-HoMnO3 film. The experimental value of qb = 0.413
was not found even in the range of the couplings of ±30%
of the values presented in Table VI of the Supplemental
Material [57]. We believe that this is due to an experimental
limitation. The low homogeneity of this sample likely causes
inconsistencies between the RXD and XRD experiments, as
they may probe slightly different positions and volumes of the
sample.

To double check the results of our MC simulations for the
films of o-LuMnO3 (26 and 104 nm) in which unconventional
H-AFM or I-AFM orders were obtained as the lowest energy
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FIG. 11. Theoretically identified lowest energy magnetic phases
in 26- and 104-nm films of o-LuMnO3. Panel (a) shows the magnetic
unit cell for H-AFM order (crystallographic o-LuMnO3 unit cell is
doubled along the b axis); panel (b) shows the magnetic unit cell
for I-AFM order (crystallographic unit cell is doubled along b and
c directions). Mn ions are highlighted in purple; red arrows indicate
Mn spins. Lu and O ions are not shown.

states, and to clarify whether one of these states might be
favored in these systems by, for example, exchange striction
or another distortion of the electronic density, we perform
the following analysis: We construct a 1 × 2 × 2 supercell
for each film (the theoretically optimized unit cell is doubled
along b and c directions) and optimize the ionic positions
within this supercell imposing E-AFM, H-AFM, and I-AFM
orders in turn. Then we calculate the energies of these with
their corresponding magnetic orders. The results are pre-
sented in Table I. For comparison, the corresponding energies
calculated for bulk o-LuMnO3 are also presented. One can
see that E-AFM order is the lowest energy state for bulk
o-LuMnO3. Tensile strain along the a and c directions favors
the establishment of I-AFM order in both the 104-nm film and
26-nm films.

Thus, we showed that MC simulations based on the model
Hamiltonian of Eq. (3) and the exchange couplings calculated
using DFT accurately reproduce the experimentally deter-
mined magnetic phase diagram of both bulk and strained
o-RMnO3. We find that, in those bulk o-RMnO3 that lie near
the boundary between IC spiral and E-AFM phases, different

TABLE I. DFT energies per spin (in meV) (relative to the energy
of the E-AFM order) calculated for bulk and strained o-LuMnO3 (26-
and 104-nm films) imposing E-AFM, H-AFM, and I-AFM orders.

E-AFM H-AFM I-AFM

Bulk 0 1.75 0.93
104 nm 0 −0.68 −1.78
26 nm 0 −3.56 −5.18

TABLE II. Electric polarizations (in μC/cm2) calculated for
bulk and strained GdMnO3, ErMnO3, and LuMnO3 imposing E-
AFM, H-AFM, and I-AFM orders. The value of P corresponding
to the ground-state magnetic phase is in bold font.

E-AFM H-AFM I-AFM

GdMnO3

Bulk 4.17 ‖a 0.08 ‖c 0.11 ‖a
10 nm 3.16 ‖a 0.31 ‖c 0.17 ‖a

ErMnO3

Bulk 4.06 ‖a 0.35 ‖c 0.12 ‖a
30 nm 3.85 ‖a 0.36 ‖c 0.17 ‖a

LuMnO3

26 nm 5.17 ‖a 0.18 ‖c 0.77 ‖a
104 nm 4.60 ‖a 0.16 ‖c 0.45 ‖a
Bulk 4.09 ‖a 0.40 ‖c 0.19 ‖a
inv104 3.54 ‖a 0.10 ‖c 0.05 ‖a
inv26 3.22 ‖a 0.06 ‖c 0.26 ‖a

magnetic orders can be stabilized by small variations (±10%)
of the exchange interactions. In real materials, such small
variations could arise from slightly different lattice constants
due to different synthesis conditions and/or the presence of
defects. This could explain the contradictory values reported
for the measured magnetism and ferroelectricity in these
materials. Our simulations also confirmed that E-AFM can
be stabilized in o-GdMnO3, o-TbMnO3, and o-ErMnO3 by
epitaxial strain. Finally, we discovered an unconventional I-
AFM order, which is degenerate with H-AFM order in the
MC simulations, but lower in energy in DFT, in the 26- and
104-nm films of o-LuMnO3. This order is enabled by the
increased interplane four-spin ring exchange interactions Kc

and drastically reduced interplane NN Heisenberg couplings
Jc caused by the longer m Mn-O bonds.

VII. ELECTRIC POLARIZATION IN BULK
AND STRAINED o-RMnO3

Finally, in order to understand how the chemical pres-
sure and epitaxial strain affects the electric polarization in
o-RMnO3 and to check whether the presence of the mag-
netic phases which were obtained in our MC simulations can
resolve the contradictions in the reported measured values
of P , we perform the following analysis: We consider bulk
and strained films of o-GdMnO3, o-ErMnO3, and o-LuMnO3

(for the latter both experimentally studied and hypothetical
inv26 and inv104 films). For each system, we construct a 1 ×
2 × 2 supercell by doubling the corresponding theoretically
optimized unit cell (as was described in Sec. V) along the b

and c axes. Then we use DFT to optimize the ionic positions
within this supercell imposing E-AFM, I-AFM, and H-AFM
orders. After that, we perform Berry phase calculations using
these optimized structures with the corresponding magnetic
orders imposed. The obtained polarizations, with the supercell
in which the positions were relaxed with A-AFM order taken
as the reference high-symmetry structure, are summarized in
Table II. One can see that P calculated for bulk o-RMnO3

with E-AFM order imposed is almost unaffected by the size
of the R ion. All the values are at least an order of magnitude
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higher than those measured experimentally, in agreement with
previous theoretical reports [49,76]. (Note that for R larger
than Gd, Refs. [49,76] reported an enhancement in P with
R). Compressive strain along the a and c axes reduces P in
the films of E-AFM o-GdMnO3 and inv104 and inv26 hypo-
thetical films of o-LuMnO3 by up to 1 μC/cm2. Tensile strain
along the same direction, in turn, increases P ; for example,
for the 26-nm film of o-LuMnO3 P increases by more than
1 μC/cm2. Our calculated values are inconsistent with the
recent experimental study of P in the series of o-RMnO3 thin
films, in which P ≈ 1 μC/cm2 along the a axis was reported
for all R = Gd,...,Lu except Tb, where P ≈ 2 μC/cm2 was
reported [23].

Our calculated P induced by H-AFM order are aligned
along the c axis and their amplitudes are at least an order
of magnitude smaller than those induced by E-AFM order.
While the absolute values of P are less affected by structural
modifications compared to the E-AFM case, the fractional
changes are equally dependent. This direction of P has to
our knowledge been experimentally observed only in systems
with spiral magnetic orders (o-TbMnO3 [5,55], o-DyMnO3
[55], o-Eu1−xYxMnO3 [81], and o-Gd1−xTbxMnO3 [42]), in
bulk samples of o-HoMnO3 [16] with incommensurate order
(qb ≈ 0.4) and in weakly strained films of o-YMnO3 [82]. In
earlier work, Ref. [38], we showed that P ‖c in o-HoMnO3 can
be explained by the presence of w-spiral order. I-AFM order
induces a small polarization along the a axis, with the value
of P = 0.77 μC/cm2 that we obtain for the 26-nm o-LuMnO3

film being close to the experimentally measured value of P ≈
1 μC/cm2 [23]. The I-AFM phase, however, is the ground
state only in the 26- and 104-nm o-LuMnO3 films according
to our MC and DFT calculations.

In conclusion, in spite of the fact that our DFT calculations
correctly capture the various magnetic orderings in o-RMnO3

films and bulk samples, we are not able to reproduce the
experimentally reported ferroelectric polarizations in many
cases. The wide spread in the reported values of ferroelectric
polarizations in different samples of o-RMnO3, the consis-
tently low values for E-AFM bulk crystals, as well as the
similar values across the series of o-RMnO3 films remain
unexplained.

VIII. SUMMARY AND CONCLUSIONS

In summary, we studied the effects of chemical pressure
and epitaxial strain on the crystal structure and multiferroic
orders of the o-RMnO3 series using x-ray diffraction mea-
surement techniques (XRD and RXD), first-principles calcu-
lations, and Monte Carlo simulations.

In our RXD measurements, we observed that the magnetic
modulation vectors qb measured for o-RMnO3 films can differ
significantly from those of bulk samples. To clarify the origin
of this difference, we used DFT to determine how the lattice
parameters evolve in the o-RMnO3 series, for both bulk
and thin-film samples. We then studied the effect of these
lattice variations on the microscopic exchange interactions.
We found that reducing the radius of the R cation in bulk
o-RMnO3 leads to decreasing Mn-O-Mn bond angles within
the ab planes and along the c axis, while the Mn-O bond
lengths stay almost constant throughout the series, with only

the l bonds decreasing slightly. In contrast, strain primarily
affects the Mn-O bond lengths relative to the corresponding
bulk samples, with bond angles varying under strain only in
the samples with the smallest unit cell volumes.

Next, we showed that reduction of the Mn-O-Mn bond
angles due to decreasing R-cation radius in bulk o-RMnO3

leads to a significant decrease in the absolute value of NN
Heisenberg in-plane exchange Jab (see Fig. 6) and a small
increase in the NNN Heisenberg coupling Jb. All other cou-
plings and anisotropies remain almost constant with respect to
R radius. From this finding, we concluded that the evolution
of the magnetic order across the bulk series is dominated
by the reduction in Jab, which makes the effect of the other
couplings, such as NNN Heisenberg couplings, biquadratic
and four-spin ring exchanges, DMI, and anisotropies, more
pronounced. For films of o-RMnO3, we demonstrated that
variation of the Mn-O bonds by applying strain can have a
drastic effect on both in-plane and interplane NN Heisenberg
couplings (Jab and Jc, respectively), and the magnitudes of the
NNN Heisenberg couplings (Jb and J3nn) and of higher order
exchanges (biquadratic and four-spin ring exchanges) can also
be affected. Expansion and compression of the Mn-O bonds
have opposite effects on the magnitudes of the exchange
couplings.

In our Monte Carlo simulations, we determined the mag-
netic ground states of the model Hamiltonian of Eq. (3) for
bulk and strained o-RMnO3 using the extracted exchange
coupling and anisotropy constants and found that the calcu-
lated modulation vectors agree well with the available exper-
imental data. We showed that in those bulk o-RMnO3 on the
boundary between IC spiral and E-AFM states in the mag-
netic phase diagram (Fig. 3), different magnetic orders can
be stabilized by small variations of the exchange couplings.
This can explain the contradictory experimental reports of
their magnetic and ferroelectric properties. For compressively
strained o-GdMnO3 and o-TbMnO3 films, we confirmed the
reported evolution of the magnetic order to the E-AFM phase.
This occurs due to a drastic reduction of the NN in-plane
Heisenberg coupling Jab caused by the increasing length of
the l Mn-O bonds. For tensile-strained films of o-LuMnO3 we
found that suppression of the interplane Heisenberg coupling
Jc and increase in the four-spin ring coupling Kc can stabilize
exotic magnetic orders such as H-AFM or I-AFM, with I-
AFM having the lower DFT energy.

Finally, we used DFT to analyze how the electric polar-
ization would evolve in bulk and strain o-RMnO3 if it were
induced by one of the magnetic phases which we obtained in
our MC simulations. The values of P calculated on imposing
E-AFM order were significantly larger than the experimen-
tally measured values for both bulk and films of o-RMnO3,
and in the latter case they were highly strain dependent,
increasing with tensile strain along the a and c directions
and vice versa. This behavior, however, has not been reported
experimentally, where measured P values are similar for both
compressively and tensile strained films. We find that the P

values calculated with I-AFM order imposed are closest to
those measured experimentally. However, in our MC and DFT
calculations I-AFM is the lowest energy phase only in the
tensile strained films of o-LuMnO3. Therefore, our findings
cannot fully resolve the puzzling behavior of P in o-RMnO3.
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