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Mobility and quantum mobility of modern GaAs/AlGaAs heterostructures
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In modern GaAs/AlxGa1−xAs heterostructures with record high mobilities, a two-dimensional electron gas
(2DEG) in a quantum well is provided by two remote donor δ layers placed on both sides of the well. Each δ layer
is located within a narrow GaAs well, flanked by narrow AlAs layers which capture excess electrons from donors.
We show that each excess electron is localized in a compact dipole atom with the nearest donor. Nevertheless,
excess electrons screen both the remote donors and background impurities. When the fraction of remote donors
filled by excess electrons f is small, the remote donor limited quantum mobility grows as f 3 and becomes larger
than the background impurity limited one at a characteristic value fc. We also calculate both the mobility and
the quantum mobility limited by the screened background impurities with concentrations N1 in AlxGa1−xAs and
N2 in GaAs, which allows one to estimate N1 and N2 from the measured mobilities. Taken together, our findings
should help to identify avenues for further improvement of modern heterostructures.
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I. INTRODUCTION

Modern GaAs/AlxGa1−xAs heterostructures hosting an
ultrahigh mobility two-dimensional electron gas (2DEG) are
the result of glorious advances in molecular beam epitaxy
[1–9]. A more than 3000 times increase of the electron mobility
over the last several decades leads to numerous important
discoveries, including odd [10] and even [11] denominator
fractional quantum Hall effects, stripe and bubble phases
[12–14], exciton condensate in electron bilayers [15],
microwave-induced resistance oscillations and zero-resistance
states [16–19], etc. While there is growing experimental
evidence that high mobility alone is not a good predictor of
how a particular phenomenon manifests itself [5,7,8,20–26],
there clearly exists a strong interest in further improvement of
GaAs/AlxGa1−xAs heterostructures [6–9,27–29]. It is there-
fore important to understand dominant sources of disorder and
elucidate the ways to minimize them.

A typical modern GaAs/AlxGa1−xAs heterostructure,
schematically shown in Fig. 1(a), consists of a GaAs quantum
well of width w = 30 nm surrounded by AlxGa1−xAs barriers.
A 2DEG with a concentration ne � 3 × 1011 cm−2 fixed by
the electrostatics of the device is provided by two remote
doping layers symmetrically positioned at setback distances
of d � 80 nm. It has a low-temperature mobility μ � 3 ×
107 cm2 V−1 s−1 and a quantum mobility [30] μq ≡ eτq/m� ∼
1 × 106 cm2 V−1 s−1 [5,31–34], where τq is the quantum
lifetime and m� ≈ 0.067me is the electron effective mass in
GaAs. Usually, μ and μq can be expressed as

μ−1 = μ−1
R + μ−1

B , (1)

μ−1
q = μ−1

q,R + μ−1
q,B , (2)

*Corresponding author: sammo017@umn.edu

where the first and second terms account for scattering from
remote ionized impurities (RI) and charged background im-
purities (BI), respectively. In modern heterostructures, the
BI concentration is extremely small (� 1014 cm−3) and the
doping layers have a sophisticated design which substantially
reduces RI scattering. As shown in Fig. 1(b), each doping layer
consists of a narrow (typical width of 3 nm) GaAs quantum
well, which is doped in the middle by a δ layer of Si donors
with a typical concentration n ∼ 1012 cm−2 and surrounded
by AlAs layers with a typical width of 2 nm. The doping
layer shown in Fig. 1(b) is a special case of a short-period
GaAs/AlAs superlattice (SPSL), suggested by Baba [35] and
later implemented by Friedland [36]. Following Refs. [6,7,36],
we use this abbreviation for the doping scheme shown in
Fig. 1(b). To our knowledge, a structure shown in Fig. 1
was first realized in the early 2000s [37,38], although single
heterointerfaces with one such doping layer appeared much
earlier [39,40].

The SPSL-doping scheme augments the advantage of weak
RI scattering of the 2DEG electrons. In AlAs/GaAs het-
erostructures with thick layers, the X minima in AlAs are
higher in energy than the � minimum in GaAs. However, for
thin layers size quantization plays an important role. In our
SPSL-doping layers, the much lighter effective mass in GaAs
produces a much larger size quantization energy than in AlAs,
raising the � minimum in GaAs above the X minima in AlAs
[41,42]. Thus all donated electrons which are not transferred to
the 2DEG (excess electrons) are stored in the AlAs side wells.
Each excess electron pairs with a donor in a compact dipole
atom, so that their low-temperature parallel-to-2DEG con-
ductance is negligible. Furthermore, excess electrons choose
donors which minimize their energy; this leads to significant
correlations in the positions of charged donors [43,44] and thus
to a dramatic reduction of RI scattering. In what follows, we
call this redistribution of electrons excess electron screening
(EES) and describe it by the screening radius rs . EES is
different from the conventional screening by the 2DEG, which
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FIG. 1. (a) A schematic view of a modern GaAs/AlxGa1−xAs
heterostructure. The 2DEG (shown in blue) resides in a GaAs well
of thickness w and is provided by two doping layers (shown in red)
separated by AlxGa1−xAs barriers of thickness d (shown in gray).
Here, − and + represent negative and positive charges in the 2DEG
and the doping layers, respectively. (b) An enlarged view of a small
section of the doping layer at a filling fraction f � 0.6. Excess
electrons (−) in AlAs form compact dipoles (ellipses) with the nearest
donors (+) in GaAs. Empty donors (also shown by +) alternate
with compact dipoles due to Coulomb repulsion between the excess
electrons. Only empty donors are shown in (a). An example of a pair
of anomalously close donors separated by distance ρ is shown in the
middle (see Sec. III).

is described in the paper by the Thomas-Fermi (TF) screening
radius q−1

TF and exists on top of the EES. As we show, EES also
reduces the BI potential.

In the first part of this paper we study scattering by the
charged donors in the SPSL-doping layers. We begin with the
calculation of the binding energy of a dipole atom and show
that the electron localization length in the middle of the AlAs
layers is 2.7 nm, several times smaller than the average distance
between the donors. This means that the excess electrons are
indeed localized and at low temperature their parallel-to-2DEG
conductance is negligible. Localization of the excess electrons
also allows us to treat the doping layer as a lightly doped 2D
semiconductor and to use the classical theory of its ground
state [43,45] to study the EES. We then calculate μR and
μq,R limited by a single doping layer containing donors with
concentration n and excess electrons with concentration f n,
where f is what we call the donor filling fraction. In the device
shown in Fig. 1(a), neutrality requires that f = 1 − ne/2n and
f can be varied by changing n. In addition, some electrons can
be lost to the device surface (not shown) and f can be different
even when n is the same. Thus, for our analysis, we treat f as
an independent variable.

We find that μR and μq,R grow very fast with f and exceed
μB and μq,B in the range 0.15 < f < 0.35. In this range, we
find

μR � 26f 3 e

h̄
k3
F d5

w , (3)

μq,R � 39f 3 e

h̄
kF d3

w , (4)

where kF = (2πne)1/2 is the Fermi wave number of the 2DEG
and dw ≡ d + w/2 is the distance between the center of the
quantum well and the doping layers.

Equations (3) and (4) are valid only if they predict mobilities
larger than the standard values in the presence of n donors and
no excess electrons (f = 0) [46–48],

μR = 8e

πh̄

(kF dw)3

n
, (5)

μq,R = 2e

πh̄

kF dw

n
. (6)

Because the doping layers in real samples likely have
different f , for the estimates below we use Eqs. (3) and (4) for
a single layer with the smallest f . Unless otherwise specified,
here and below we use the reference sample parameters [49]
ne = 3 × 1011 cm−2, dw = 95 nm, μ = 3 × 107 cm2 V−1 s−1,
and μq = 1 × 106 cm2 V−1 s−1. From Eqs. (3) and (4), we find
that μR = μB at f ≈ 0.20, while μq,R = μq,B at f = fc ≈
0.31 [50]. Since f in modern heterostructures often exceeds
this value (see, e.g., Ref. [5]), this result suggests that not only
μ, but also μq , can be governed by BI scattering.

In the second part of the paper, we calculate μB and μq,B

taking into account EES. We show that at f � fc EES elim-
inates scattering by all impurities located at distances larger
than 0.5dw from the midplane of the 2DEG’s quantum well.
We assume BI concentrations N1 and N2 in the AlxGa1−xAs
barriers and GaAs quantum well, respectively, and arrive at the
linear equations

μ−1
B = A1N1 + A2N2 , (7)

μ−1
q,B = B1N1 + B2N2 , (8)

with coefficients A1 � A2 and B1 ∼ B2, which we calculate.
As a result, Eqs. (7) and (8) allow one to estimate N1 and N2

from measuredμB andμq,B . We find [49]N1 � 2 × 1014 cm−3

and N2 � 2 × 1013 cm−3. These estimates suggest that μq,B

is dominated by BI in the AlxGa1−xAs barriers, due to their
larger concentration, and therefore should benefit from the
purification of the Al source [8,51].

The plan of this paper is as follows. In Sec. II, we study
the quantum mechanics of an isolated compact dipole atom
in the doping layer. We compute the binding energy of an
electron in a compact dipole atom and show that its localization
length in the plane of the layer is small enough to proceed
classically. In Sec. III, we study the screening of fluctuations
of the donor concentration n(ρ) by EES and compute μR and
μq,R [Eqs. (3) and (4)]. In Sec. IV, we compute μB and μq,B

[Eqs. (7) and (8)], taking into account EES of the BI and derive
simple analytical formulas for A1, A2, B1, and B2. In Sec. V,
we examine the possible suppression of EES by spreading of
the δ layer of Si donors in the GaAs well and by roughness of
the AlAs/GaAs and AlAs/AlxGa1−xAs interfaces. In Sec. VI,
we comment on the possible relation between the RI potential
and the measured gap of the fractional quantum Hall effect at
filling factor 5/2. We conclude in Sec. VII with a summary of
our results and possible avenues for further improvement of
GaAs/AlxGa1−xAs heterostructures.
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FIG. 2. Schematic image of the electron wave function cloud
(blue) in the AlAs layer of thickness t . This cloud is bound to a
Si donor (+) in the GaAs layer a distance s away from the midpoint
of the AlAs layer. ξ is the electron localization length in the x − y

plane.

II. LOCALIZATION OF ELECTRONS IN THE
DOPING LAYERS

A remarkable feature of the SPSL-doping scheme is that
the excess electrons in the AlAs layers are able to reduce the
random potential of donors in the GaAs layer but their parallel-
to-2DEG conductance is negligible. As stated above, the main
reasons for this are the proximity of the electrons to the donors
and the large effective electron mass in AlAs. In this section, we
justify this claim, showing that excess electrons, while residing
in AlAs, are strongly bound to donors in GaAs.

An illustration of an electron bound state is shown in Fig. 2.
Each excess electron resides in the middle of the AlAs layer
of thickness t and is bound to a donor in GaAs at a distance
s away with the localization length ξ in the x-y plane. The
z axis is perpendicular to the AlAs/GaAs interface and the
origin is centered above the donor at the midpoint of the AlAs
layer. The AlAs/GaAs and AlAs/AlxGa1−xAs interfaces are
treated as infinite barriers so that the electrons are completely
confined to the AlAs layer. This means that there are two
competing energy scales: the separation 	 between the first
and the second subbands of the AlAs layer and the Coulomb
binding energy Eb. Below we show that Eb � 	 for reference
sample parameters t = 2 nm and s = 2.5 nm. This allows us
to think that electrons are bound in the plane at z = 0 by an
effective 2D potential

V (ρ,s) = −2

t

∫ t/2

−t/2
dz cos2

(
πz

t

)
e2

κ̄
√

ρ2 + (s + z)2
, (9)

obtained by averaging the Coulomb attraction of the donor
over the ground state wave functionφ(z) = (2/t)1/2 cos(πz/t).
Here, ρ =

√
x2 + y2 and κ̄ is the effective dielectric constant.

Because the dielectric constants of GaAs (κ � 13) and AlAs
(κA � 10) are relatively close, we use κ̄ = (κ + κA)/2 � 11.5.
(Here and below we do not discriminate between the dielectric
constants of GaAs and AlxGa1−xAs for the relevant x � 0.24.)
The corresponding Schrödinger equation is then given by

− h̄2

2m�
xy

∇2ψ(ρ) + V (ρ,s)ψ(ρ) = −Ebψ(ρ) , (10)

where m�
xy is the electron’s effective mass in the x − y plane.

To find Eb, we use a variational approach with the trial wave
function

ψ(ρ) = exp

(
−

√
ρ2 + s2

b

)
, (11)

FIG. 3. The binding energy Eb in Ry (thick line) and the varia-
tional parameter b in units of the in-plane effective Bohr radius axy

(thin line) as a function of the distance s to the binding donor in units
of axy as obtained from the variational calculation for t = 2 nm.

where b is the variational parameter which minimizes Eb.
The results of the variational calculation Eb/Ry and b/axy

as a function of s/axy are given in Fig. 3, where axy =
κ̄ h̄2/(m�

xye
2) is the in-plane effective Bohr radius and Ry =

h̄2/(2m�
xya

2
xy). Using m�

xy = 0.22me for AlAs, we find axy �
2.6 nm and Ry � 23 meV near the X-point minima [52].
With s = 2.5 nm, we then estimate the electron binding energy
Eb ≈ 21 meV.

Above we have assumed that Eb � 	, allowing us to
average the potential over the fast motion along z direction and
treat an electron as two-dimensional. To justify this assumption
we estimate the inter-subband separation 	 = 3h̄2π2/(2m�

zt
2).

The electronic spectrum near the X-point minima in AlAs
is anisotropic and m�

z = 0.95me [52]. We find that indeed
	 � 0.26 eV � Eb.

The localization length ξ of the electron in an isolated dipole
atom in the x-y plane is given by

ξ = h̄√
2m�

xyEb

, (12)

which yields ξ � 2.7 nm. For n = 1 × 1012 cm−2, we find
nξ 2 � 0.07, which should be compared to the critical value
of (nξ 2)c below which electrons are localized and transport is
activated.

We can estimate (nξ 2)c using the data for a Si MOSFET
doped by sodium at the SiO2 side of the interface [53]. These
sodium atoms donate electrons, which reside on the silicon
side of the interface. Such MOSFET is therefore similar to the
SPSL-doping layer in which a sodium ion in SiO2 assumes
the role of Si in GaAs. The activation energy E1 of the
electron conductivity along the interface E1(n) as a function
of the surface concentration of sodium n was investigated in
Ref. [53]. At small n, E1 ≈ 24 meV, in agreement with
theoretical predictions for the binding energy of an isolated
donor. With increasing n, E1(n) decreases and extrapolation to
large n shows that it vanishes at n ≈ 1.7 ± 0.5 × 1012 cm−2.
Using Eq. (12) with the binding energy of an isolated donor
(24 meV) and the in-plane effective electron mass (0.19 me),
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we find the localization length of the electron bound to an
isolated sodium ion ξ ≈ 2.9 nm and conclude that in Si
MOSFET localization sets in at (nξ 2)c ≈ 0.14 ± 0.04. Since
our estimate of nξ 2 ≈ 0.07 for SPSL-doping layer is smaller
than this value, excess electrons should be localized and their
hopping conductivity at low T should be much smaller than
e2/h (and activated) [54]. Measurements of the conductivity
of SPSL-doping layers have shown that it is indeed activated
[55,56].

III. SCATTERING BY REMOTE DONORS

Since excess electrons in the AlAs layers and donors in
the GaAs layer form compact dipole atoms, scattering from
these dipoles can be ignored. However, localized electrons
can still choose among host donors, minimizing the total
energy of the system. As a result, the ionized donors are
screened by the f n electrons, so that the correlator of the
random potential energy 〈U (ρ)U (0)〉 is reduced [ρ = (x,y) is
a vector in the x-y plane]. The Fourier image of the potential
correlation function and the Fourier image of the correlator
D(ρ)〈n(0)[1 − f (0)]n(ρ)[1 − f (ρ)]〉 of ionized donor con-
centration fluctuations can be related as

〈|U (q)|2〉 =
(

2πe2

κq

)2

D(q), (13)

and so the screening of the potential can be understood
as originating from the correlations of the ionized donors.
If donors of concentration n are charged and uncorrelated,
D(q) = n in Eq. (13). At small f when the concentration
of ionized donors is still approximately n, screening by the
excess electrons reduces 〈|U (q)|2〉 [and thus D(q)] by the
factor (1 + (qrs)−1)2. Accounting for the additional factor
(1 − e−2qdw )2 from the images of the donors in the 2DEG,
D(q) can be written as

D(q) � (qrs)2n

(1 − e−2qdw )2
, (14)

where we have used the condition qrs � 1, valid for the
important wave numbers q ∼ d−1

w and not too small f (see
below).

Since dw � w we can treat the 2DEG as if it were confined
to an infinitely thin plane located at the center of the quantum
well. The contributions of RI scattering to the mobility and
quantum mobility can then be calculated using Born approxi-
mation as

μ−1
R = 2πh̄

ea2
B

∫ 2π

0

dθ (1 − cos θ )e−2qdw

(q + qTF)2
D(q) , (15)

μ−1
q,R = 2πh̄

ea2
B

∫ 2π

0

dθe−2qdw

(q + qTF)2
D(q) , (16)

whereq = 2kF | sin(θ/2)| is the transferred momentum, θ is the
angle between the initial electron wave vector k and the final
wave vector k + q, qTF = 2a−1

B is the inverse Thomas-Fermi
screening radius of the 2DEG, and aB = κh̄2/m�e2 � 10 nm
is the effective Bohr radius in GaAs.

The main contribution to the integrals in Eqs. (15) and
(16) comes from q � (2dw)−1. For such q, q + qTF � qTF

(since aB � dw). Changing the integration variable to q, and

extending the upper bound of integration to ∞ (since kF dw �
1), we find

μ−1
R = πh̄

2ek3
F

∫ ∞

0
q2D(q)e−2qdwdq , (17)

μ−1
q,R = πh̄

ekF

∫ ∞

0
D(q)e−2qdwdq . (18)

In Eqs. (15)–(18) the random fluctuations of the RI potential
are screened twice: once by EES and once by 2DEG screening.
In the absence of EES (f = 0), a single layer of donors with
concentration n is characterized by D(q) = n and one arrives
at Eqs. (5) and (6) with the well-known ratio μR/μq,R =
(2kF dw)2.

We now return to Eq. (14) and calculate rs for f � 1. Since
only a small concentration f n of excess electrons remain in
the AlAs barriers, they only occupy the lowest energy states.
Such states are provided by rare pairs of anomalously close
donors, separated by distanceρ [see such a pair in Fig. 1(b)]. An
electron forms a dipole with one donor while the other donor re-
mains ionized and its attractive potential lowers the electron en-
ergy by e2/κ̄ρ when ρ � s, ξ . At small f , one can easily calcu-
late the chemical potential EF (f,n) which separates the energy
levels of the occupied and empty dipole atoms, and is measured
from the energy of an isolated dipole atom [45]. The probability
to find a second donor in a disk of radius ρF ≡ e2/κ̄|EF | cen-
tered around the first donor is πnρ2

F . The average concentration
of such donor pairs, i.e., the concentration of electrons, is then
πn2ρ2

F /2 = f n, where factor 1/2 eliminates double counting.
Recalling that EF is negative, one then finds [45]

EF = −
(

π

2

)1/2
e2n1/2

κ̄

1

f 1/2
, (19)

and

rs = κ̄

2πe2

1

n

dEF

df
= 1

4(2πn)1/2

1

f 3/2
� 0.1

n1/2f 3/2
. (20)

Unfortunately, Eqs. (19) and (20) are only valid for very
small f � 0.15 [45,57]. As mentioned in the introduction,
the mobilities likely cross over from being limited by RI
scattering to being determined by BI scattering in the range
0.15 < f < 0.35. In this range, we use the results of numerical
modeling of the ground state of the f n excess electrons on
n random donors and a neutralizing background [43,45]. For
0.15 < f < 0.35, we find a simple fit

rs � 0.18

n1/2f 3/2
, (21)

with an accuracy of 10%. Using this rs with Eq. (14) and com-
bining with Eqs. (17) and (18), we arrive at Eqs. (3) and (4) [58].

Our results are based on the assumption that the donors
are randomly distributed in the plane of their δ layer. The
distribution of donors at low temperatures is a snapshot of
the distribution of donors at a temperature TD ∼ 800 K ∼
6e2n1/2/κ̄ below which the diffusion of donors stops. At this
temperature dipole atoms are ionized and donors separated by a
distance ρ interact with the Coulomb repulsion energy e2/κ̄ρ.
If e2/κ̄ρ > TD , the probability to find such a pair of donors is
reduced by the Boltzmann factor exp[−(e2/κ̄ρ)/TD]. For the
important pairs, e2/κ̄ρF ∼ |EF |, and using Eq. (19), we find
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FIG. 4. The upper half of the structure shown in Fig. 1(a) with an
impurity (plus) at a distance z from the midplane of the 2DEG. Due to
EES, an image charge (red minus) is produced at a distance 2dw − z

from the midplane that reduces the potential of the impurity.

that this effect is relevant only at f � 0.05, where EES plays
little role. Therefore Eqs. (3) and (4) are robust against this
effect for experimentally relevant f .

We have also assumed that the system of excess electrons
is close to its ground state at low temperatures. Although these
electrons are localized, the rate of electron hops from a dipole
atom to the nearest empty donor γ � γ0 exp[−2(nξ 2)−1/2]
has a large prefactor γ0 ∼ 1012 s−1 related to the emission
of phonons. For n = 1 × 1012 cm−2 the exponential factor is
∼ 10−3 resulting in γ ∼ 109 s−1, much larger than the typical
rate of cooling of the sample.

Our Eq. (3) for μR can be compared with Ref. [43],
which numerically studied the screening of the RI potential
by excess donors in GaAs/AlxGa1−xAs heterostructures with
a conventional δ doping in AlxGa1−xAs at d � 50 nm (only
the equilibrium theory of Ref. [43] is relevant here) [59].
In the important range of filling fractions 0.2 < f < 0.4 if
we use the parameters of Ref. [43], our μR agrees with its
Fig. 4(a). Reference [43] did not study μq or BI scattering.

As we saw above, in modern heterostructures, both μR and
μq,R are larger than μB and μq,B at f > fc = 0.31. However,
the remote donors can become important for the quantum
mobility if one succeeds to substantially reduce BI scattering.
We thus would like to estimate μR and μq,R at 1 − f � 1,
i.e., when almost all of the donors form neutral dipole atoms
and only a small fraction of donors 1 − f � 1 are ionized.
Ionized donors can be treated as holes, which repel each other
and tend to form a Wigner crystal [44,45]. If such a crystal
were ideal, it would not scatter electrons. However, due to the
discreteness of the random positions of donors, holes have to
move from their ideal position to the nearest-neighbor donor.
Each such move effectively creates a dipole with the arm
∼ n−1/2 randomly oriented in the x-y plane. The number of
such dipoles in the relevant square of size dw is (1 − f )nd2

w and
because of their random orientation the amplitude of potential
fluctuations created by them in the 2DEG can be estimated as
[(1 − f )nd2

w]1/2(en−1/2/κd2
w) = (1 − f )1/2(e/κdw). A more

accurate estimate of the dipole scattering gives

μR � 7.7
e

h̄

k3
F d5

w

1 − f
, (22)

μq,R � 6.5
e

h̄

kF d3
w

1 − f
. (23)

Note that our results for 1 − f � 1 disagree with Ref. [43],
which arrived at a much faster growth of μR near f = 1. This is
because the authors only considered macroscopic fluctuations
of the donor concentration and ignored fluctuations in the
position of the nearest neighbors mentioned above.

IV. SCATTERING BY BACKGROUND IMPURITIES

In this section, we consider scattering by background
impurities in SPSL-doped heterostructures taking into account
EES. We begin with μB and μq,B calculated in the Born
approximation as

μ−1
B = m�2

eπ h̄3k2
F

∫ 2kF

0
〈|U (q)|2〉 q2√

4k2
F − q2

dq , (24)

μ−1
q,B = 2m�2

eπh̄3

∫ 2kF

0
〈|U (q)|2〉 1√

4k2
F − q2

dq , (25)

where 〈|U (q)|2〉 is the BI scattering potential.
In this section, as everywhere above we assume that the

2DEG occupies the first subband only. Then the square of
the wave function is well concentrated in the range −w/4 <

z < w/4 near the midplane of the quantum well. If the BI
are uniformly distributed with a concentration N , then in the
absence of EES, the scattering potential can be written as

〈|U (q)|2〉 = N

q

(
2πe2

κ(q + qTF)

)2

. (26)

It is easy to see that with such a 〈|U (q)|2〉 Eq. (25) diverges
logarithmically. This divergence results from scattering from
an infinite number of distant impurities. (These impurities
scatter at small angles so that they do not affect transport,
and μ−1

B remains finite.) In order to truncate this divergence,
one must either consider a sample with finite thickness, or
use multiple scattering theory that goes beyond the Born
approximation [47,60].

Let us now show that EES truncates the divergence even
stronger. We assume that f � fc so that EES is already so
strong that its screening radius rs � dw, i.e., the doping layer
screens a static potential as if it were a metal. This means
that at f � fc, μB and μq,B are independent of f . Let us
consider an impurity at a distance z > 0 from the midplane of
the 2DEG, as shown in Fig. 4. When the impurity is located
between the 2DEG and the doping layer, the doping layer
creates an oppositely charged image of the impurity at the
distance 2dw − z, which reduces its potential. When z � dw,
the image is far from the 2DEG and its effect is small. However,
when z becomes close to dw as shown in Fig. 4, the impurity
forms a compact dipole with its image whose potential in the
2DEG practically does not scatter. Thus the scattering off of
impurities located at distances larger than a critical distance
z = dB becomes negligible. We can estimate dB by solving
the equation(

e

κdB

− e

κ(2dw − dB)

)2

= 1

2

(
e

κdB

)2

, (27)

which gives dB � 0.5dw. Here we use the squares of the
potentials as they lead to scattering. Furthermore, we can
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ignore the impurities at z > dw, as the doping layer acts as
a Faraday cage, which screens these impurities [61]. Thus we
need to consider only the impurities within the finite distance
|z| < dB .

Now let us make our model more general and assume that
the BI concentrations outside and inside the well are N1 and
N2, respectively. Then we can write the linear Eqs. (7) and (8)
for the mobilities μB and μq,B with coefficients A1, A2, B1,
and B2, which are estimated below.

Let us first concentrate onA1 andB1 related to the impurities
in the AlxGa1−xAs barriers. Due to EES, only the impurities
of the layer w/2 < |z| < dB contribute to scattering. Because
aB/2,w/4 < w/2 � dB , for the purpose of estimates we can
apply Eqs. (5) and (6) to a thin layer of impurities between z and
z + dz with concentration N1dz, and sum the contributions of
these layers arriving at

μ−1
B = π

4

h̄

e

∫ dB

w/2

N1dz

(kF z)3
= A1N1 , (28)

μ−1
q,B = π

h̄

e

∫ dB

w/2

N1dz

kF z
= B1N1 , (29)

where we multiplied by 2 as these impurities lie on both sides
of the 2DEG. We find [62]

A1 � π

2

h̄

e

1

k3
F w2

, (30)

B1 � π
h̄

e

1

kF

ln

(
dw

w

)
. (31)

Let us switch to A2 and B2, which are determined by
impurities in the GaAs well. Here, in order to get a very rough
estimates we do not discriminate between the two smallest
spatial scales, the screening radius of 2DEG aB/2 � 5 nm,
and the “half width of electron layer” w/4 = 7.5 nm. Then we
can write

A2 ≈ π

4

h̄

ekF

(
1 + kF

∫ w/2

w/4

dz

(kF z)3

)
� 17

h̄

e

1

k3
F w2

, (32)

B2 ≈ π
h̄

ekF

(
1 + kF

∫ w/2

w/4

dz

kF z

)
� 5

h̄

e

1

kF

, (33)

where we took into account that kF w/4 � 1 and replaced z by
w/4 when integrating from 0 to w/4.

Using the reference sample parameters [49] and expressing
the mobilities in units 1 × 106 cm2 V−1 s−1 and N1 and N2

in units of 1014 cm−3, we find that Eqs. (30)–(33) give A1 =
0.005, B1 = 0.20, A2 = 0.06, and B2 = 0.25. In Appendix, we
develop a quantitative theory of BI scattering which confirms
the estimates A1 = 0.005 and B1 = 0.20 and leads to slightly
larger A2 = 0.10 and B2 = 0.33.

Now one can easily calculate N1 and N2 from μB and
μq,B solving Eqs. (7) and (8). For example, if μ = 3 ×
107 cm2 V−1 s−1 and μq = 1 × 106 cm2 V−1 s−1, at f = fc,
we can subtract the contribution of μR and μq,R from μ

and μq and find μB = 35 × 106 cm2 V−1 s−1 and μq,B = 2 ×
106 cm2 V−1 s−1. They correspond to N1 � 2 × 1014 cm−3 and
N2 � 2 × 1013 cm−3. In this case AlxGa1−xAs accounts for
nearly 90% of μq,B , while it accounts for only 40% of μB .
This large sensitivity to the AlxGa1−xAs impurities implies
that for improvements one should focus not only on the Ga

purity [9], but also on the Al purity as well, particularly if one
is interested in high μq,B .

Previous work [60] has shown that the ratio μB/μq,B

without EES in single heterojunction devices is ∼10. As EES
reduces BI scattering, one might expect that this ratio would
decrease. Yet in the above discussion, we have shown that the
ratio μB/μq,B can be as large as 18. This large number is a
result of allowing N1 and N2 to be different, while Ref. [60]
assumed that N1 = N2. The large ratio N1/N2 compensates the
reduction in BI scattering by EES. If we assume that N1 = N2,
then it follows from Eqs. (7) and (8) with A1 = 0.005, B1 =
0.20, A2 = 0.10, and B2 = 0.33 that EES reduces the ratio to
μB/μq,B � 5.

Let us now consider a heterostructure in which the bottom
doping layer is removed to allow tuning of the electron
concentration in the 2DEG by a back gate placed at a distance
L � 800 nm below the 2DEG [33,63]. In this case, we expect
the scattering from the impurities below the 2DEG to increase
as distant impurities, which were previously screened by the
excess electrons, now contribute to scattering.

The gate also produces images of background impurities
which screen their static potential (see Fig. 4). Therefore we
can modify the parameter B1 by replacing the EES screening
length dB by the gate screening length L/2 for the bottom layer
and write

B1(L) � B1

2

[
1 + ln(L/w)

ln(2dB/w)

]
. (34)

For the reference sample parameters [49] and L = 800 nm,
we find B1(L) � 1.9B1. This finding seems to be in qualitative
agreement with experiments, which reported higher μq in
heterostructures with two SPSL doping layers [31,32] than in
a gated heterostructure [33] of the same w and tuned to the
same ne. Note, however, that the difference in μq could also
originate from other factors, such as different f or N1.

Above we have assumed that the Born approximation
is valid everywhere and that the logarithmic divergence is
truncated by the EES of impurities. In principle, one may
go beyond the Born approximation and use a self-consistent
multiple scattering theory to truncate logarithmic divergence
[47,60], which introduces a truncation length on the order of
k2
F /N1. For modern samples, N1 ∼ 1014 cm−3 and the distance

k2
F /N1 ∼ 0.2 mm, which is significantly larger than either

dw/2 or L/2, so that there is no need to use the self-consistent
multiple scattering theory.

V. ADDITIONAL DISORDER IN DOPING LAYERS

So far, we have considered only two sources of disorder,
namely, the random location of donors in a single layer in
the middle of the GaAs doping well and the random three-
dimensional distribution of impurities with concentrations N1

and N2 in the AlxGa1−xAs and the GaAs, respectively. In this
idealized model, the screening radius decreases very fast with
f , making μq,R quickly approach and exceed μq,B .

In this section, we discuss three additional sources of disor-
der in the doping layer, which can reduce the density of states
of excess electrons, increasing their screening radius and, thus,
suppressing EES. Therefore our Eqs. (3), (4) and Eqs. (7), (8)
are the best mobilities achievable in the SPSL-doped structures.
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We start from the possible spreading of the Si donors
over several layers of the GaAs well. The variations δs in
the distance s between donors and the middle plane of the
AlAs layer leads to variations in the binding energy Eb of
dipole atoms, reducing the density of states of the excess
electrons. Assuming that δs = a, where a � 0.5 nm is the
lattice constant, and using Fig. 3 we can estimate the correction
to the binding energy δEb � 0.2 Ry � 5 meV. Since this
correction is smaller than the typical Coulomb width of the
dipole density of states EC = e2n1/2/κ̄ � 12 meV, it should
only lead to an increase of the screening radius rs by a relatively
small fraction∼ (δEb/EC)2. If, on the other hand, Si donors are
spread over larger δs, the RI-limited mobilities might degrade.

Another source of disorder is the roughness of AlAs/GaAs
and AlAs/AlxGa1−xAs interfaces [64–66]. If we assume that
these interfaces are covered by random islands of height a and
radius R larger than the localization length ξ , but smaller than
the distance n−1/2 between donors, the dispersion � of the first
subband quantization energies of the excess electrons can be
estimated as

� = 2a

t

h̄2π2

2m�
zt

2
� 45 meV . (35)

If we assume that the density of states of dipole atoms with
energy E is dominated by roughness and has a Gaussian shape
g(E) = nπ−1/2�−1 exp[−(E/�)2], then we can find the Fermi
energy EF (f ) and arrive at the estimate of the screening radius
for small f :

rs(f ) � κ̄�

4πe2f n
. (36)

Comparing Eqs. (21) and (36), we find that they cross at
f � 0.36 � fc, so that roughness only weakly perturbs the
crossover between RI-limited and BI-limited μq for the ref-
erence sample parameters [49]. However, if BI scattering is
reduced by making the AlxGa1−xAs barriers cleaner, then
roughness will be the main limiting factor of μq at large f .
Since the roughness parameters are not well known, we do not
attempt to make more accurate estimates.

The third source of additional disorder comes from possible
autocompensation of Si donors. If a small fraction α of Si
atoms resides in the As sublattice, they are acceptors. A
typical acceptor traps an electron from the nearest-neighbor
donor forming an acceptor-donor dipole with the arm of the
order of n−1/2 in the x-y plane. If we still use n for the
concentration of Si atoms and if the concentration of holes
forming the Wigner crystal on top of them (1 − f )n is larger
than the concentration of acceptor-donor dipoles αn, these
dipoles produce a minor effect on the random potential. Only at
(1 − f ) < α do the randomly oriented acceptor-donor dipoles
dominate the random potential making it f -independent. If,
for an estimate, we follow Ref. [67], which found α ∼ 0.1, this
source of disorder becomes relevant only when f approaches
unity and thus has minor effect on our findings.

VI. QUANTUM HALL EFFECT AT ν = 5/2

In this section, we would like to comment on the puzzle
of the experimentally obtained gap 	

exp
5/2 of the quantum Hall

effect at filling factor ν = 5/2 [7,20,68]. The observed 	
exp
5/2 �

0.7 K is considerably smaller than the theoretical value of
	th

5/2 � 2 K and we would like to see if our theory can shed
the light on this issue.

If in the absence of 2DEG screening the magnitude of
the long range fluctuations of the potential energy of 5/2
excitations V � 	th

5/2, they should not affect 	exp
5/2 as it is deter-

mined by the classical trajectories of excitations with activation
over the saddle points [69]. However, when V � 	th

5/2 the
disorder is nonlinearly screened by the 2DEG and creates large
compressible islands separated by relatively narrow stripes
of incompressible liquid [70,71]. In this case, 	

exp
5/2 can be

substantially smaller than 	th
5/2 due to the following effects

[68]. First, the self-energy of charged excitations created in
the incompressible stripes is reduced by the proximity of the
excitations to the metal-like compressible islands. Second, the
tunneling through the saddle points of V can now happen
at smaller distances which are comparable with the size of
the excitation. Here, we would like to show that at f = fc

the disorder is already so weak due to EES that V ∼ 	th
5/2

and thus there is no reason to expect a substantial deficit
of 	

exp
5/2.

Even though at f = fc the remote donors and background
impurities provide equal contributions to μ−1

q , their effective
concentrations, which determine the spatial scales of their
random potentials, are different. Indeed, comparing Eqs. (4)
and (6), we can find that at f = fc EES reduces n to an effective
concentration ns of randomly positioned charged donors ns �
0.55/d2

w ≈ 6 × 109 cm−2 � n. On the other hand, the BI
potential is due to impurities in the layers of width 0.5dw

located on both sides of the 2DEG. For N1 � 2 × 1014 cm−3,
the two-dimensional concentration of such impurities is nB =
dwN1 ≈ 2.1 × 109 cm−2 ≈ ns/3. As a result, the spatial scale
n

−1/2
B of the BI potential is larger than the scale n

−1/2
s of the RI

potential [72].
Due to their smaller spatial scale n

−1/2
s , the random fluctua-

tions of the remote donor potential ∼ en
1/2
s /κ are responsible

for tunneling at a saddle point. For fluctuations of the potential
energy of the 5/2 excitations with charge e/4, this translates to
V ∼ e2n

1/2
s /4κ ≈ 2 K � 	th

5/2. Thus the compressible islands
of the 2DEG should be small and play marginal role. Then
the sum of the two self-energies necessary to create two
oppositely-charged excitations should be close to 	th

5/2 and
the characteristic tunneling distance at the saddle point of V

should be n
−1/2
s . This distance should be compared to the size

of the charge e/4 excitations 2lB [68], where lB = (h̄c/eB)1/2

is the magnetic length. At B = 5 T, 2lB � 23 nm and n
−1/2
s

is five times larger than 2lB . Thus we expect that tunneling
through saddle points plays a very weak role and there should
be a range of temperatures in which the transport is activated
with no deficit [69]. Of course, at very low temperatures, one
should expect that tunneling eventually becomes important and
hopping transport takes over. At f < fc, the EES is weaker
so that the amplitude of the potential energy fluctuations V

is larger and leads to large compressible islands and narrow
incompressible strips which can substantially reduce 	

exp
5/2 [5].

Above we assumed that the random positions of donors is
the only source of disorder. As shown in the previous section,
additional sources of disorder can weaken the effects of EES
and lead to the deficit of 	

exp
5/2. It is therefore plausible that

064604-7



M. SAMMON, M. A. ZUDOV, AND B. I. SHKLOVSKII PHYSICAL REVIEW MATERIALS 2, 064604 (2018)

reduction of these sources of disorder can lead to the increase
of 	

exp
5/2.

VII. SUMMARY

We have studied the mobility and quantum mobility in
GaAs/AlxGa1−xAs heterostructures with SPSL-doping (see
Fig. 1). We showed that scattering by both remote donors
and charged background impurities is strongly reduced due
to screening of their random potentials by excess electrons.
To evaluate the strength of this screening, we considered a
dipole atom formed by a donor and an excess electron in the
SPSL layer and showed that excess electrons are localized and
have negligible parallel-to-2DEG conductance. On the other
hand, excess electrons strongly screen the random potential of
the donors. We calculated the screening radius of the excess
electrons and used it to calculate the remote donor-limited
mobilities μR and μq,R [Eqs. (3) and (4)]. Our estimates
show that there is a characteristic filling fraction fc of excess
electrons beyond which not only μR but also μq,R exceeds
the background impurity-limited mobilities μB and μq,B ,
respectively. Furthermore, the screening by excess electrons is
so strong that μB and μq,B are determined only by impurities,
which are located within a distance 0.5dw from the midplane
of the 2DEG. Our calculations of μ−1

B and μ−1
q,B as linear

functions of the concentrations of impurities in AlxGa1−xAs
and in GaAs [Eqs. (7) and (8)] provide a way to estimate these
concentrations if μB and μq,B are known. We generalized
our results for background impurity scattering to backgated
heterostructures, in which the bottom doping layer is removed,
and found that in these heterostructures μq,B should be roughly
twice smaller than in heterostructures with two doping layers.
We discussed additional disorder in the doping layers due to the
spreading of the δ layer of donors in the GaAs doping well and
due to roughness of the AlAs/GaAs and AlAs/AlxGa1−xAs
intefaces.

In conclusion, we would like to summarize possible av-
enues for improvement of the quantum mobility in modern
GaAs/AlxGa1−xAs heterostructures. To increase μq,R , one
should ensure that f > fc in both doping layers and, if
necessary, find ways to minimize the spreading of donors
and the roughness of the AlAs/GaAs and AlAs/AlxGa1−xAs
interfaces. To increase μq,B , one should find a way to make the

AlxGa1−xAs barriers cleaner, as the impurities in these layers
are what limits μq,B .
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APPENDIX: QUANTITATIVE THEORY
OF SCATTERING BY BACKGROUND IMPURITIES

We begin by deriving the screened interaction between a
2DEG in a quantum well of width w and an impurity at a
distance z away from the center of a quantum well (z = 0).
The impurity is screened by two electron gases—the 2DEG
inside of the quantum well and the excess electrons (EE) in
the nearest doping layer a distance |z| = dw away from the
center of the main quantum well [see Fig. 1(a)]. We ignore the
thickness of the doping layer (as it is small compared to dw)
and consider the screening by only the doping layer nearest to
the impurity.

The screening of a single impurity is calculated using the
random phase approximation (RPA), which amounts to writing
a set of self consistent equations for the screened interactions
between a charged impurity i and the electrons. Here, we in-
troduce the notation Ui,k for the screened impurity interactions
and Ũi,k for the bare impurity interactions, where the subscript
k can be 1 (2DEG) or 2 (EE). Screening occurs because of the
electron-electron interactions Ũk,l , which can be 2DEG-2DEG
(k = l = 1), EE-EE (k = l = 2), or 2DEG-EE (k = 1,l = 2).
We assume that the electrons are completely confined inside the
well and occupy only the first subband, so their linear density
in the z-direction is λ1(z) = (2/w) cos2(πz/w)�(w/2 − |z|).
Conversely, since we ignore the thickness of the doping layer,
the linear density of the EE is given by λ2(z) = δ(z − dw).
Using this notation, the RPA gives the system of equations

Ui,k = Ũi,k +
2∑

l=1

Ui,l�lŨl,k , (A1)

where �k are polarization functions of the electrons,

Ũi,k =
(

2πe2

κq

) ∫
dz′λk(z′)e−q|z−z′ | (A2)

are the bare impurity-electron interactions, and

Ũk,l =
(

2πe2

κq

) ∫
dz

∫
dz′λk(z)λl(z

′)e−q|z−z′ | (A3)

are the electron-electron interactions. Solving for Ui,k , we find

Ui,1 = Ũi,1(1 − �2Ũ2,2) + Ũi,2�2Ũ2,1

(1 − �1Ũ1,1)(1 − �2Ũ2,2) − �1�2Ũ
2
1,2

. (A4)
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The bare impurity interactions are straightforward to calculate from Eqs. (A2) and (A3). For Ũi,1, we find

Ũi,1(q,z) =
(

2πe2

κq

)
F0(qw)

{
csch

(
qw

2

)[
1 − exp

(−qw

2

)
cosh(qz)

]
, |z| < w/2,

exp(−qz), |z| > w/2 ,
(A5)

where

F0(x) = 8π2

x[x2 + 4π2]
sinh

(
x

2

)
. (A6)

For Ũi,2, we find

Ũi,2(q,z) =
(

2πe2

κq

)
exp(−q|z − dw|). (A7)

Similarly, we find for the electron-electron interactions that

Ũ1,1 =
(

2πe2

κq

)
G(qw) , (A8)

Ũ1,2 =
(

2πe2

κq

)
e−qdwF0(qw) , (A9)

Ũ2,2 =
(

2πe2

κq

)
, (A10)

where

G(x) = 20π2x3 + 3x5 − 32π4(1 − e−x − x)

x2(4π2 + x2)2
. (A11)

For the polarization functions we use the Thomas-Fermi approximation, which gives �1 = −κqTF/2πe2 and �2 = −κr−1
s /2πe2.

Let us now examine Eq. (A4) at different z. For simplicity, we will set w = 0 and assume 2qdw � 1, as small q give the main
contribution to μq,B . For z � dw, Eq. (A4) with the interactions given in Eqs. (A5)–(A10) reduces to

Ui,1(q,z) � 2πe2

κqTF
, (A12)

so that an impurity at small z is screened by the 2DEG but not by the EE. Conversely, for z � dw, we find

Ui,1(q,z) � rse
−qz

2dw

(
2πe2

κqTF

)
, (A13)

so that at larger z Ui,1 is suppressed by a factor 2dw/rs . For f = fc, and reference sample parameters [49], 2dw/rs � 18 and the
impurities at z � dw play no role.

The above discussion allows us to make two assumptions that substantially simplify the calculations. First, we ignore EES
for the impurities in the GaAs well (|z| < w/2). Second, we ignore the impurities in the AlxGa1−xAs beyond the doping layer54

(|z| > dw). Under these assumptions, μB and μq,B can be calculated using the Born approximation according to Eqs. (24) and
(25). The scattering potential 〈|U (q)|2〉 is given by

〈|U (q)|2〉 =
∫ ∞

−∞
N (z)U 2

i,1(q,z)dz , (A14)

where

N (z) =
{

N1 , |z| > w/2

N2 , |z| < w/2

is the 3D concentration of impurities at a distance z from the center of the 2DEG, N1 (N2) is the concentration of impurities in
AlxGa1−xAs (GaAs), and Ui,1(q,z) is the impurity-electron interaction with EES defined in Eq. (A5). Performing the integration
in Eq. (A14) yields

〈|U (q)|2〉 =
(

2πe2

κq

)2[
N1

q

F1(qw,qd,qrs)

ε2(q)
+ N2

q

F2(qw)

ε2
0(q)

]
, (A15)

where

F1(x,y,z) = e−xF 2
0 (x)

[
(1 + z)2 − e−2y[z(2 + z) + 4y(z + 1)] − e−4y

z2

]
(A16)
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and

F2(x) = 1

x

(
4π2

4π2 + x2

)2[8e−x − e−2x − 7

x
+ 2(2 + e−x) + 2x2

π2
+ 3x4

8π4
− 8x(1 − e−x)

4π2 + x2

]
(A17)

are the form factors [66] for AlxGa1−xAs and GaAs, respectively, while

ε(q) =
(

1 + G(qw)
qTF

q

)(
1 + 1

qrs

)
− F 2

0 (qw)
qTF

q2rs

e−2qdw (A18)

and

ε0(q) = 1 + G(qw)
qTF

q
(A19)

are the dielectric functions with and without EES. With Eqs. (A15)–(A19), we can find the coefficients A1, A2, B1, and B2 in
Eqs. (7) and (8). Using the reference sample parameters [49], we find A1 = 0.005, A2 = 0.10, B1 = 0.20, and B2 = 0.33.
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