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Editors’ Suggestion

Progressive friction mobilization and enhanced Janssen’s screening in confined granular rafts

Oscar Saavedra V., Hervé Elettro,” and Francisco Melo'
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Confined two-dimensional assemblies of floating particles, known as granular rafts, are prone to develop a highly
nonlinear response under compression. Here we investigate the transition to the friction-dominated jammed state
and map the gradual development of the internal stress profile with flexible pressure sensors distributed along
the raft surface. Surprisingly, we observe that the surface stress screening builds up much more slowly than
previously thought and that the typical screening distance later dramatically decreases. We explain this behavior
in terms of progressive friction mobilization, where the full amplitude of the frictional forces is only reached after
a macroscopic local displacement. At further stages of compression, rafts of large length-to-width aspect ratio
experience much stronger screenings than the full mobilization limit described by the Janssen’s model. We solve
this paradox using a simple mathematical analysis and show that such enhanced screening can be attributed to a
localized compaction front, essentially shielding the far field from compressive stresses.
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I. INTRODUCTION

Granular rafts are self-assembled structures of floating
particles at a fluid-fluid interface. They offer a simple real-
ization of a two-dimensional athermal system that combines
capillary and granular properties [1-8]. Mechanics of particles
at liquid interfaces is of practical importance to a broad
range of systems, from self cleaning surfaces to industrial
processes [9—12]. In particular, particle-laden interfaces are
relevant to particle-stabilized foams [13-16] and for several
innovative applications such as nonwetting liquid marbles
[17-20], relying on both the solidlike properties of particles
and the stabilizing effect of fluid surface tension [21,22].

In confined granular materials, the pressure field satu-
rates under compaction due to frictional interactions with
the container’s walls, as first observed by Janssen [23] in
silos. Screening occurs on a typical length scale A; = ﬁ in

units of channel width W, where w; is the friction coefficient
of the particle-wall contact and v is the Poisson’s ratio of
the granular raft. Cicuta and Vella [3] showed that stress
transmission appears to be screened over a similar length scale
in granular rafts. However, Janssen’s state manifests only when
frictional forces are fully mobilized, at the limit of Coulomb’s
cone for sliding onset. Here we show that the internal stress
distribution of confined granular rafts does not corroborate the
classical Janssen’s hypothesis and instead reveals that regions
of different screening behaviors may coexist.

Using local pressure sensors, we explore the rafts internal
mechanics and show that the instantaneous screening length
swiftly decreases as frictional forces are progressively mobi-
lized. However, the final characteristic screening length scale is
found to be dramatically smaller than Janssen’s prediction. We
relate this enhanced screening to the presence of a compaction
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front, where a gradient of packing fraction develops and shields
the far field from compressive stresses.

We develop a simple theoretical framework to offer a
revision of the classical Janssen’s model and account for both
the progressive mobilization of frictional forces and the effect
of a gradient of packing fraction. Our analysis indicates that
the screening length scale is significantly affected by the local
elastic response of the raft, which bias the interpretation of
experimental data such as the force transmitted through the raft.

II. EXPERIMENTS AND RESULTS

Our experimental cell consists of four barriers made of
Teflon, three of which are fixed and one left mobile, forming
a rectangular channel of controllable aspect ratio. All exper-
iments have been repeated at fixed channel width of 10 and
25 mm, much larger than the submillimetric particles. Gaps
are allowed on each side of the moving barrier to prevent
barrier-wall friction. Additionnally, the gaps are finely adjusted
with a three-axis translation stage to be smaller (about 100 pm)
than the particle size, in order to avoid leaking. A motorized
microstage provides controlled displacement and sensors of
10 uN sensitivity register the force acting on the moving and
end barriers (see Supplemental Material [24]).

The trough is filled with deionized water up to the rim
of the Teflon walls, to obtain flat meniscii and prevent any
influence of gravitational pulls, inward or outward. Com-
pression is applied at 100 um/s until the onset of the buck-
ling instability. No dependence on the compression rate was
observed. We use glass particles that are made hydrophobic by
means of surface treatment (silanization with 'H,'H,?H,%H-
perfluorooctyltriethoxysilane (C4H;9F1303S1), see Supple-
mental Material [24]). We expect an equilibrium contact angle
of 110° [25]. To prevent crystallization, particles are polydis-
perse, ranging from 0.2 mm to 0.3 mm in size. The maximum
achievable packing fraction is found to be ¢nax = 0.848 &
0.04. The initial packing fraction is set to ¢y = 0.652 £ 0.03

©2018 American Physical Society


http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevMaterials.2.043603&domain=pdf&date_stamp=2018-04-25
https://doi.org/10.1103/PhysRevMaterials.2.043603
http://herveelettro.wordpress.com

SAAVEDRA V., ELETTRO, AND MELO

PHYSICAL REVIEW MATERIALS 2, 043603 (2018)

Full reorganization

No movement

Reorganization

Short raft (a)
‘ Long raft (b)

).

»

Relative Displacement field

R,cla[;i{'o in-raft p%ﬁition 0 !

FIG. 1. Optical images (1) are correlated to reveal the local
deformation field as bright and dark spots (2) (see Supplemental
Material [24]). For small rafts the deformation field is homogeneous
[(a), top], whereas for large rafts the deformation is quickly localized
((b), bottom and supplemental videos [24]) and an untouched tail
zone develops. The compaction front spreads over a length scale
Ay =2 4.2+ 0.5 (measured optically in width W units). Red arrows
represent imposed displacement and thin green arrows show the
local grain displacements (not to scale). (c¢) Normalized local grain
displacement profile versus in-raft position for short and long rafts.
The scale bars represent 5 mm.

for a controlled reference state for all presented experiments. ¢
corresponds to a loose state for the particle raft and allows the
recording of the entire process of mobilization of the frictional
forces. Since the initial packing fraction ¢y is relatively low
compared to the random close packing fraction for dry particles
@rep = 0.775 [26], the raft undergoes important rearrangement
during compression [27].

For rafts shorter than the Janssen’s screening length A;,
the stress distribution in the raft is nearly homogeneous.
Grain displacement thus decreases linearly from the imposed
displacement AL = Ly — L at the moving barrier towards
zero at the fixed barrier, indicating a homogeneous compaction
[Fig. 1(a)]. We note L the initial length of the granular raft
and L its instantaneous length. However, image correlation
reveals that long rafts have grain displacements localized near
the compression barrier (Fig. 1(b) and Supplemental Material
[24]).

The transmitted force increases progressively under com-
pression (Fig. 2). Further compression leads to buckling, where
the raft develops an out-of-plane wrinkled structure. Long rafts
reach buckling at lower mean packing fraction (see Fig. 2), due
to the presence of the finite penetration length for compaction
(see Fig. 1). We measured optically the compaction front size
Ag as the distance from the moving barrier to the point where
the intensity of the grain displacement drops below background
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FIG. 2. Typical loading (top) and transmitted (bottom) surface
pressures of rafts of aspect ratio at buckling 2.1 & 0.1 (orange curves)
and 5.2 4 0.2 (green curves) versus mean packing fraction ¢0L05ﬁ.
The uncompacted tail zone of the long raft leads to early buckling
(green) at lower mean packing fraction (here ¢f >~ 0.73 < @max)-
The (homogeneous) short raft follows its initial path (orange) up to a
mean packing fraction close to ¢y.x. The loading (resp. transmitted)
buckling surface pressure Hh’““k (resp. Hﬂ’ufrk ) are defined on the right
hand side.

noise level. This yields A4 2~ 4.2 4= 0.5 in width W units. Direct
optical measurements of the packing fraction confirm the value
of Ay (see Supplemental Material [24]). We follow Cicuta
and Vella [3] and measure the maximum transmitted surface
pressure (IT = F/W) along the raft main axis Hﬁﬁik at the
buckling threshold, upper bound for the applied force (see
Fig. 2).

The initiation of the transition to solid state should occur
at the random loose packing limit ¢y,, where a connected
network of contacts allows transmission of forces throughout
the entire granular medium [28]. For particles with a purely
repulsive (steric) interaction at contact, geometrical arguments
suggest ¢qp > 0.775 [26]. However, the attractive capillary
interactions between floating particles force earlier contact and
allow transmission at a lower packing fraction [29], from the
beginning of the compression in our case. Note that in the initial
state, the raft self-organizes into clusters (see Fig. 1). This
is caused by an effective particle-particle attraction potential
[30], due to capillary meniscii between the particles [31,32].
The resulting void structure has a well defined wavelength,
similar to the cracks in a stretched cohesive granular layer,
which are induced by the softening of the capillary meniscii
with increasing interparticle distance [33]. Although locally
inhomogeneous, the resulting granular rafts have a homoge-
neous concentration of clusters all throughout. Stirring before
each experiment ensures that the system reaches a stress-
free configuration at the desired packing fraction. Hence the
buckling threshold does not depend on neither the initial state
nor the chosen initial packing fraction for homogeneous rafts.

In order to properly evaluate the transmission factor

TPk / TI*K, we measure the reference loading surface pres-

IItr
sure at buckling Hﬁ“Ck. Interestingly, we find that the buckling

threshold depends on the raft aspect ratio with a 30% variation
over the range of study, see Fig. 3. This is in contrast to
the assumption of constant buckling load of Cicuta and Vella
[3]. We fit the experimental measurements with a saturating
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FIG. 3. The buckling surface pressure of particle rafts increases
with its aspect ratio at buckling. This is in contrast to the assumption
of Cicuta and Vella 3] that the buckling surface pressure l'[ﬁuCk = Ywos
which is recovered only for rafts of very large aspect ratio.

exponential in the form MM = IRk 4 (MK — MRA)(1 —

exp(—AR/APK)) with APk the saturation length scale, TP
(resp. TT1¥) the surface pressure at buckling for an infinitely
short (resp. long) raft, and AR the aspect ratio at buckling of
the raft, defined as the ratio of the instantaneous length to width
of the raft. The best fit yields a saturation length scale AP'k =
2.59 4 0.8. This is compatible with Janssen’s prediction A; =
I’-;iV = 2.17 £ 0.13, where pj = 0.401 £ 0.024 (measured by

2
plane inclination) and v = % [3,34]. We also find Hﬁ‘fgk =

47 4+ 1.5 mN/m and 12"k = 67 4 4.5 mN/m. Note that only

ll,00
Hﬁ?gé‘ is close to the value of the surface tension of the water-air
interface y,,, = 72 mN/m, which is the reference value taken
by Cicuta and Vella [3]. We interpret this increase of buckling
onset as a consequence of the interplay between the compaction
front and stresses at the walls.

We then measure experimentally the transmitted surface
pressure, which is presented in Fig. 4. In agreement with Cicuta
and Vella [3] we observe that an exponential screening with
length scale A!" 2 ; fits reasonably well experimental data
(Fig. 4, dashed red line), even though the measurement leads to
invariably overestimated screening lengths (further discussed
below, see green dashed line on Fig. 4). In addition, force trans-
mission is almost total for short rafts and decreases noticeably
faster than Janssen’s prediction for rafts of intermediate aspect
ratio. This suggests that friction mobilization is only partial
for short rafts and that screening is enhanced for intermediate
rafts.

Hence, we develop flexible ring sensors to map the onset
of friction mobilization directly from within the granular raft
(see Supplemental Material [24]). We use a raft of intermediate
initial aspect ratio 2.6 (and 1.8 < A; at buckling) with eight
rings spread homogeneously. Image correlation indicates that
the presence of the rings does not significantly change the
deformation field at large scale. Further analysis shows a
nearly homogeneous packing fraction. The distance between
two rings is set to at least 5 mm (roughly 20 particles) to
prevent coupling between rings as inclusions [Fig. 5(a)] [35].
Calibration loading tests show that rings respond to ITy — IT |
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FIG. 4. Friction-induced decay of the transmitted surface pressure
TI{%k/TI* for rafts of increasing aspect ratio. The dashed (red)
line corresponds to the best experimental fit with constant screening
length. The dashed (green) line points to the measured value of
the screening length )LJ?'. The solid (blue) line shows the numerical
solution of the present model. Note that although the mechanisms
in our model (progressive friction mobilization and later enhanced
screening) are conceptually different from Janssen’s model (fully
mobilized homogeneous friction), the transmitted surface pressure
profiles are strikingly similar. This calls for accurate measurements
of the internal stress profile (see Fig. 5), necessary to discriminate the
mechanisms at play.

(defined with reference to the compression axis) by taking an
elliptical shape, which we measure optically (see Supplemental
Material [24]). Significant fluctuations of both the orientation
and eccentricity of rings are observed, due to the heterogeneous
nature of the force network. We average 33 independent
realizations to improve statistics. At small load, ITy — IT, is
found to be nearly independent upon the distance from the
compression barrier (z). For higher loads, a zone of stress
localization gradually develops, as observed in Fig. 5. To
characterize the progression of this zone, we fit an exponential
law with variable screening length Aqops(AL) to the profile
near the compression barrier. Ao decreases rapidly with AL,
and reaches a value significantly smaller than the Janssen’s
prediction A; [see Fig. 5(c)]. This suggests the presence of
an additional mechanism contributing to screening, which is
discussed in the following model.

We also determine the raft’s effective Poisson’s ratio v,
knowing that the ring sensors measure the surface pressure
anisotropy ITy — ITy, while the end wall sensor measures IT}.
Recalling that IT; = vIT} [3], we obtain (ITy — IT,)/I1 =
I —v. Our measurements show that v does not vary sig-
nificantly within the considered packing fraction range (see
Supplemental Material [24]), taking values from 0.52 to 0.7
with an 0.09 error. Thus the fact that A is significantly smaller
than the expected screening length A; cannot be attributed to a
progressive variation of v. In the following we develop a simple
1D framework for the analysis of our experimental results.

III. MODEL AND DISCUSSION

We first write a force balance in a band of width dz
perpendicular to the raft main axis, w(IT;(z) — IT(z + dz)) —
2uobsI11(2)dz = 0. We assume that (i) surface stresses are
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FIG. 5. (a) View of a raft of initial aspect ratio 2.6 under 54%
surface pressure (normalized by the buckling threshold) with eight
rings sensors. Elliptical masks are adjusted for quantitative measure-
ments. (b) Rings deformations reveal progressive development of
exponential profiles. Profiles correspond to the following normalized
surface pressures: 9%,36%,64%,82% (from bottom to top). Numeri-
cal predictions (solid green) at corresponding displacement A L show
good agreement with experimental data near the compression wall.
We observe discrepancies near the fixed end wall, possibly related to
residual 2D effects. The colors of the experimental points refer to the
corresponding ring in (a). (c) Observed screening length Abs based
on the pressure field profile measured near the compression wall.
Experimental data (blue crosses), numerical simulations (green), and
first order approximation (dashed yellow) show good agreement. Note
that the observed screening length A, can reach values considerably
smaller than the Janssen’s case (horizontal brown dashed line).

linked through IT, (z) = vIIj(z2), (ii) the raft responds linearly
[36] to compression with an effective elastic modulus E,

and (iii) lateral walls prohibit transverse spreading, such that
My =2R%; %, where u, is the displacement field along the
raft main axis and R is the radius of the particles.

It is important to emphasize that Janssen’s exponential
screening is theoretically an upper bound, reached only for
total friction mobilization everywhere. Describing friction
mobilization raises fundamental questions difficult to address
without a detailed knowledge of the rheology of granular
rafts. Therefore we make additional simplifying assumptions:
(i) frictional forces at walls are not mobilized in the initial
state, (ii) progressive friction mobilization occurs and depends
solely on the relative displacement of grains at walls. (iii) total
friction mobilization is achieved for a typical length scale
of displacements u(, which depends on the initial packing
fraction ¢y. Following Vivanco et al. [37], we write fops =

Uz

wi(l — e_E), which ultimately leads to

Uz
d*u, 1—e u du,

de - )‘j d_Z

ey

We emphasize that the proposed model is an extension of the
Janssen’s model, with the addition of a new parameter, the
mobilization length scale for the frictional forces uy.
The classical Janssen’s screening is recovered in the limit of
vanishing mobilization length scale, uy — 0, i.e., always fully
mobilized friction.

Although Eq. (1) does not depend on the elastic modulus E,
areliable expression of this quantity is required to convert grain
displacement into surface pressure. We model the effective
elastic modulus of the granular raft as

¢ - ¢c
X
¢max - ¢c

where y is the liquid surface tension, ¢. the random loose
packing threshold, and ¢y, the maximum packing fraction.
This form of the elastic modulus is a simple extension of
the near buckling prediction of Vella er al. [34] that re-
covers vanishing elastic modulus below ¢.. For an initially
loose assembly of floating particles, ¢. = 0.44 = 0.02 [29],
significantly lower than the random loose packing fraction for
dry particles ¢y, 2 0.775, due to attractive capillary forces.
Although the prediction of Vella et al. [34] qualitatively
recovers the following results, we found this new estimate to
be more accurate.
Finally, the surface strain yields

i T )

E@) o« 1—¢2R

#(z,AL) = ¢o(1 - dﬁ) 3)
dz

We then compute the system of equations formed by Eqs. (1) to
(3) for increasing A L under the boundary conditions u,(0) =
AL and u,(Lo — AL) = 0, with z = 0. We stop calculations
when the packing fraction ¢ at the compression barrier reaches
Pmax, a natural condition for the buckling onset. The results of
the numerical simulations are confronted to the experimental
data and the Janssen’s predictions, and discussed in the follow-
ing section.

As a check of consistency of our approach, we use
Eq. (3) to predict the value of the buckling load. We obtain
ek ~ y x % ~ 50-100 mN/m, consistent with
experimental values. Assuming friction is always mobilized
(uo — 0, Janssen’s case), the best fit of the experimental data
yields a measured screening length )\JV = 2.82 £ 0.09 (Fig. 4),
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higher than the Janssen’s case A; = ﬁ = 2.17 £ 0.13. This
discrepancy is explained by partial friction mobilization, es-
pecially important for small rafts. This hypothesis is further
sustained by the compelling difference between the screening
length directly obtained from internal stress measurements
Aobs With respect to A; [see Fig. 5(c)]. This can be related
qualitatively with the study of Boutreux et al. [38], who also
found theoretical evidences of screening lengths 30% higher
than Janssen’s prediction after a pressure step propagated
inside a granular column.

To better grasp the complex behavior of the coupled system
of Egs. (1) to (3), we write a first order approximation by devel-
oping the displacement field u, near the compression barrier
asu,(z) & AL — e(z) (with e < AL). Equation 1 thus yields

AL
d’e l1—e u de
@2y 4 @
Z ] b4
and the related observed screening length for the displacement
field
" Aj
obs — T AL %)

1 —e wuo

[see Eq. (3)]. Injecting u.(z) = AL exp(—z/A%,,) into Eq. (3)
shows that the packing fraction field ¢(z) is screened over
the same length scale as the grain displacement. However, we
expect a different screening length for the surface pressure
field Iy, since it is the combination of the elastic modulus field
E(z) and the displacement field u(z) in IT)(z) E(Z)%(Z)'
We emphasize that this separation of screening lengths is a
consequence of the observed gradient of compaction and is
unique to the present model. This represents a fundamental
difference with the Janssen’s model, where all physical
parameters are screened over the same length scale. Using
Eq. (2), we obtain the observed screening length for the
surface pressure field Al and its relation to A", . as

obs obs
AU
n _ obs
)‘obs - 1+ ( b0 + b0 )AL ) (6)
1_¢0 ¢0_¢c )Lgbg

where the coefficient a(¢y,¢c) = lfgbo + %@ —~51+03.

AL, decreases sharply until AL >~ uo and then further
decreases like 1/AL for AL 2 Aj/a(¢o,¢.) [see Egs. (5) and
(6)]. At buckling, kg{)s reaches Ao, 2 1;/3 < A; for the raft
of initial aspect ratio 2.6 presented in Fig. 5. This shows that
screenings stronger that the Janssen’s fully mobilized limit are
possible. This enhanced screening process may explain the
giant overshoot effect observed by Ovarlez et al. [39] in loaded
vertical granular columns, where a zone of finite extension is
preferentially restructured, leading to the same type of gradient
of elastic modulus. Figure 5(b) also shows a breakdown of
the exponential-like surface pressure profile near the fixed
end wall (plateauing and even reincrease). We interpret this
phenomenon in terms of 2D effects: The nonpenetration
condition at the end wall enhances lateral spreading of the
particles and produces backwards recirculation.

Our numerical study and its first order approxima-
tion IT(z) o< exp (—z/A1 (AL)) show good agreement with

obs

experimental data for uy = 0.22 £ 0.1 in width W units, see
Figs. 5(b) and 5(c). The mobilization length u is thus on the
order of a few millimeters, i.e., very large with respect to the
particle diameter and at least three orders of magnitude above
values for dry particles in a silo configuration [37]. We relate
this exceptionally high value to the possibility of local 2D
reorganization near the walls at low packing fraction. A natural
extension of this study would be to measure the mobilization
length u( at varying initial packing fraction ¢y. We expect to
recover the Janssen’s model close to the jamming transition,
that is ug — O for ¢g — Pmax.

We observe three regimes depending on the raft aspect ratio
at buckling Lgycx/ W. For small rafts, friction is never fully
mobilized, since buckling occurs for displacements smaller
than uy. We call 1, the limit aspect ratio at buckling where fric-
tion mobilization begins saturating during compression. Since
small rafts are homogeneous (see Fig. 1), the buckling con-
dition simply writes ¢oLo = @max LBuck, Which yields A, =~
ug X %fo— ot In the present study, we have A,, >~ 0.73. Full
force transmission is thus achieved for a relatively important
range of aspect ratio. Friction is then progressively mobilized
for intermediate raft aspect ratio, up to the Janssen limit.

For Lgy/W > A; 2 2.17, the particles begin accumulat-
ing at the compression barrier. A rigidity gradient develops
and enhances screening. This compensates the partial friction
mobilization and drives the observed screening towards ex-
ceeding the Janssen limit. As a consequence, we observe the
crossing of the Janssen’s model and the experimental data at
an aspect ratio near 2.5 in Fig. 4. Above the penetration length
Ay > 4.2, a tail zone of unmoved particles appears and sees
very little friction mobilization, which explains the apparent
saturation of the force transmission (see the experimental data
of Cicuta and Vella [3] and Fig. 4). To reach 99% surface
pressure screening at buckling, we find that our raft must have
an aspect ratio at buckling of 8.24;, much larger than the 4.6A;
predicted by the Janssen’s model.

In conclusion, we found that the classical Janssen’s analysis
is not sufficient to explain the internal mechanics of confined
particle rafts. Using deformable ring sensors, we mapped the
internal surface pressure profile during compression up to the
buckling onset. We interpreted its continuous development in
terms of progressive friction mobilization and showed that for
rafts shorter than A, very low friction is observed. For rafts
longer than A;, we found that a gradient of elastic modulus
exists within a localized compaction front and enhances stress
screening. We expect these competing effects to be especially
important for initially loose granular materials, while the
Janssen’s model recovers validity near the jamming point.
Our results show that further studies on progressive friction
mobilization and heterogeneities are crucial to the description
of particles rafts, shedding light on the mechanics of confined
particle-laden interfaces and granular materials.
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