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Band bowing and the direct-to-indirect crossover in random BAlN alloys
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Boron-containing nitride alloys such as BAlN are being explored as novel members of the nitride family
of materials for electronic and optoelectronic applications. Using hybrid density functional calculations we
determine structural properties, band gaps, and band-gap bowing of random wurtzite BAlN alloys. The
fundamental band gap of BN is indirect while AlN is a direct-band-gap semiconductor. This leads to a crossover
in the band gap from direct to indirect at 28% boron. We find that the direct band gap experiences extreme
bowing, leading to a fundamental gap that changes very little up to 17% boron incorporation.
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I. INTRODUCTION

Ternary alloys based on wurtzite AlN, GaN, and InN have
enabled the development of light-emitting diodes [1], laser
diodes [2], and high-power electronics [3]. Large-band-gap
nitride alloys are required to push optoelectronic devices
into the ultraviolet (UV) spectrum, and large polarization
discontinuities at the interface of III-nitride heterostructures
would enable devices that host high-density two-dimensional
electron gases (2DEGs). Use of boron nitride as a member
of the III-nitride family may help in achieving these goals.
Wurtzite BN is predicted to have the largest spontaneous
polarization [4] among the III-nitrides [5]. Alloying boron into
AlN could expand the range of band gaps and polarization
charges that can be accessed by alloys of the III-nitrides,
making BAlN alloys a promising material for an array of
technological applications.

The ground state of BN is hexagonal [6], but the wurtzite
phase [see Fig. 1(a)] is of high interest in light of experimental
efforts to alloy boron at low concentrations into wurtzite AlN
using metal-organic vapor phase epitaxy (MOVPE) [7] or
molecular beam epitaxy (MBE) [8,9]. While the large lattice
mismatch between BN and AlN leads to a large miscibility
gap [10], BAlN alloys are still expected to be stable in the
wurtzite phase [7] for low boron concentrations. Given the
potential technological impact of BAlN alloys, it is essential
to know their structural and electronic properties and how they
compare to those of the parent compounds, AlN and BN.

Since BN is not stable in the wurtzite phase, no experimental
information is available to enable predictions of the properties
of wurtzite BAlN alloys, highlighting the importance of
predictive first-principles calculations. The electronic structure
of zinc-blende [11–13] and wurtzite [14] BAlN alloys has
been examined in a number of density functional calculations.
These studies used the local density approximation (LDA),
which is known to significantly underestimate the band gaps
of semiconductors. Kumar et al. [13] attempted to correct for
the band gap by using the modified Becke-Johnson functional
for their calculations of zinc-blende BAlN alloys. However,
the band gaps of the parent compounds were still severely
underestimated, affecting a quantitative description of the alloy
electronic structure. Zhang et al. [14] used a scissor shift to

correct the LDA band gaps in their calculations of wurtzite
BAlN alloys. However, their procedure for identifying the
character of conduction-band extrema is unclear. In addition,
some of their alloy band structures included low-dispersion
bands that could be indicative of localized states, which
can lead to a spurious reduction in the calculated band
gap. Our present work overcomes these problems by using
a hybrid functional to consistently calculate structural as
well as electronic properties of wurtzite BxAl1−xN alloys.
Hybrid density functional theory (DFT) has previously been
successfully applied to the parent compounds, wurtzite AlN
[15] and hexagonal BN [4].

Since AlN is a direct-band-gap semiconductor and BN is
indirect, a crossover from direct to indirect band gap will occur.
If information about the wurtzite phase of BN is available, one
can attempt linear interpolation of the band gaps to identify the
boron concentration at which the direct-to-indirect crossover
occurs. However, we will see that the direct band gap of BAlN
is strongly nonlinear as a function of boron content, i.e., it
exhibits a large bowing, while the bowing of the indirect band
gap is much weaker. Explicit alloy calculations are therefore
essential. We identify the direct and indirect band gaps and
predict the direct-to-indirect crossover to occur at 28% boron
incorporation. While maintaining a direct gap up to high boron
concentration is favorable for optoelectronic applications, a
key conclusion from our work is that the value of this gap
barely increases above the AlN value.

II. METHODOLOGY

A. First-principles calculations

Our DFT calculations use the hybrid functional of Heyd,
Scuseria, and Ernzerhof (HSE) [16] as implemented in the
VASP code [17,18]. The mixing parameter α is set to 0.33,
which leads to an accurate description of the band gaps
and structural properties of the parent compounds, AlN and
BN, in their respective ground-state phases. Our calculations
use projector augmented wave (PAW) potentials [19] and a
plane-wave cutoff energy of 420 eV. For the calculations
of the primitive unit cells of the parent compounds we use
a 8×8×6 �-centered k-point grid. To account for the van
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FIG. 1. (a) The crystal structure and (b) Brillouin zone of wurtzite
AlN and BN. The cation sites (blue) can be occupied by either Al or
B, while the anion sites (green) are occupied by N. The solid black
lines in (a) indicate the primitive cell and the red lines in (b) indicate
the standard high-symmetry path.

der Waals interactions in our calculations of hexagonal BN
(h-BN) we use the semiempirical Grimme-D3 method [20].
For the alloy supercell calculations, a 2×2×2 Monkhorst-Pack
k−point grid is used.

The calculations of BxAl1−xN alloys are performed using
a 3×3×2 wurtzite supercell that contains 72 atoms. For each
boron concentration, we generate ten BAlN alloy structures
with a random distribution of B atoms. The structure genera-
tion and analysis were done using the pymatgen library [21].
The lattice mismatch between the two parent compounds is
large (19%). The lattice parameters are varied linearly as a
function of boron content in accordance with Vegard’s law.
For example, the in-plane lattice parameter, aBxAl(1−x)N, of the
BAlN alloy is

aBxAl1−xN = xaBN + (1 − x)aAlN, (1)

where x is the boron content, aBN is the in-plane lattice
parameter of wurtzite BN (wz-BN), and aAlN is the in-plane
lattice parameter of wz-AlN. The atomic positions within the
supercell were allowed to relax using HSE until all of the forces
are below 20 meV/Å. We verified the accuracy of Vegard’s
law for a subset of alloy structures by allowing both the lattice
parameters and atomic positions to relax. In all cases, the
variation in the lattice parameters was close to linear; i.e., it
followed Vegard’s law.

B. Determination of alloy band edges

The conduction-band minima (CBM) of wurtzite AlN and
BN lie at different high-symmetry points in the Brillouin
zone (BZ) [Fig. 1(b)]; the CBM is at � in AlN and at K
in BN. At a critical boron concentration, a direct-to-indirect
crossover will occur. The alloy calculations are performed in
supercells, which have a smaller Brillouin zone than the parent
compounds. Zone folding will occur, which complicates the
identification of direct and indirect band gaps in the alloy
band structures. Calculations of direct-to-indirect crossovers in
alloy band gaps can be based on identifying band degeneracies
[13,22]. However, examining the degeneracies is challenging
for alloys of wz-AlN because some conduction-band extrema
at other high-symmetry points are similar in energy to the value
at K, and many supercell configurations will fold these points
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FIG. 2. In-plane reciprocal lattice for the wurtzite structure. The

Brillouin zone corresponding to the primitive unit cell is indicated
in blue, and the reciprocal lattice vectors b1 and b2 are shown. The
high-symmetry path is shown in red. The Brillouin zone of the 3×3×2
supercell is shown in black. Note that the K point corresponding to
the primitive unit cell is folded onto the � point of the supercell.

together. In addition, the large size mismatch between Al and
B leads to large lattice relaxations that lower the symmetry
and split degeneracies, making it even more challenging to
identify conduction band states that correspond to AlN or
BN via band degeneracies. To overcome these challenges, we
utilize a different approach, which is in the spirit of unfolding
the band structure of an alloy supercell by projecting the wave
functions onto the supercell of a pure material [23,24].

Our projection scheme is based on 3×3×2 BAlN alloy
supercells and pristine AlN and BN supercells strained to the
same size. Since we are interested in BAlN alloys at low B
content, we project onto wave functions in an AlN supercell.
The K point, which occurs at the corner of the Brillouin zone
(1/3, 1/3, 0) for the 4-atom primitive cell of AlN, is folded to
� in the 3×3×2 supercell, as illustrated in Fig. 2.

The band structure of the primitive cell of AlN is shown
in Fig. 3(a). The conduction-band states at � and K (�c and
Kc) as well as the valence-band state at � (�v) are all folded
to � (�AlN) in the AlN supercell. The supercell states that
correspond to states of interest in the primitive cell can be
identified by their eigenenergies, atomic orbital contributions,
and degeneracies. For the BAlN supercells, we project the
states at � (�SC) onto the states of the AlN supercell that we
identify with �v, �c, and Kc. Each band in the alloy supercell
gives us a projection weight defined as

|〈�AlN,n|�SC,m〉|, (2)

where |�SC,m〉 is a state at � in the BAlN alloy supercell with
band index m, and |�AlN,n〉 is one of the states at � identified
above for the (strained) pristine AlN supercell.

We compute these projection weights for each band index m

in the BAlN alloy supercell. This allows us to identify the states
at �SC in the BAlN supercell that have the largest projection
weight associated with the �v, �c, and Kc states. Once the states
of interest have been identified, the direct band gap is taken to
be the energy difference between the eigenvalues of the states
that have strongest projection weight onto �c and �v, and the
indirect band gap is given by the energy difference between
the eigenvalues of the BAlN states that have the strongest
projection weight onto Kc and �v.
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FIG. 3. Band structures of wurtzite bulk (a) AlN and (b) BN calculated with the HSE functional. The color of each band indicates the
angular momentum character of the states, according to the color bar below the plot. The valence-band maximum (VBM) at � was used as the
zero-energy reference in each plot. The isosurfaces corresponding to the �v and �c wave functions are shown for each material.

To take different atomic arrangements in the alloy into
account, ten randomly constructed atomic configurations are
generated at each boron content. We do not use special
quasirandom structures (SQS) [25] here. While the SQS
approach is often productively used to model alloy properties,
the shape of the SQS supercell would preclude performing
the projections onto states of the parent compounds that allow
identifying the states corresponding to the CBM at � and K.
Full atomic relaxation is allowed for each of our ten random
configurations. Average direct and indirect band gaps at a given
boron content are then obtained by averaging the band gaps
calculated for these ten atomic configurations of our alloy
supercells. We feel that this approach to determining the band
edges approximates the results that would be obtained from
experimental measurements that probe the electronic structure
of the alloy.

By identifying the direct and indirect band gaps of BAlN
as a function of boron content we can evaluate the bowing
parameters for each transition. For example, the bowing
parameter bdir for the direct band gap of BAlN is defined
as

Edir
g (BxAl1−xN) = xEdir

g (BN) + (1 − x)Edir
g (AlN)

− bdirx(1 − x), (3)

where Edir
g (BN) is the direct band gap of wz-BN and Edir

g (AlN)
is the direct band gap of AlN (both at �). A similar bowing
parameter can be defined for the indirect band gap using the
constituent indirect band gaps (corresponding to the CBM at
K) of wurtzite AlN and BN.

III. RESULTS AND DISCUSSION

A. Parent compounds

We first examine the structural and electronic properties of
AlN and BN. AlN is stable in the wurtzite structure (Fig. 1).
The ground state of BN is the hexagonal structure, in which
B and N atoms are arranged in an in-plane, sp2 bonded
honeycomb lattice. The BN layers are weakly bonded to each

other by van der Waals forces in an AB stacking configuration.
BN can also be stabilized in the wurtzite structure, which is of
primary interest for the present study.

The structural and electronic properties of AlN and BN in
the wurtzite and hexagonal phases are summarized in Table I.
Our choice of α = 0.33 for the HSE mixing parameter yields
lattice parameters for wz-AlN and h-BN that are generally
within 1% of the experimental parameters for each material,
with only a slightly larger deviation (1.5%) for the c lattice
parameter of h-BN. We also obtain a direct band gap of 6.18 eV
for wz-AlN, which is within the range of experimentally
measured gaps (6.12 eV to 6.19 eV) [26,27]. For wz-BN,
no experimental values are available, but α = 0.33 produces
an indirect band gap of 5.98 eV for h-BN, very close to the
indirect band gap of 6.08 eV [28] measured in bulk h-BN.

The HSE-calculated band structures of wurtzite AlN and
BN are shown in Fig. 3. The orbital contribution to the states
in the band structure is illustrated by a distinct color: yellow for
s states and purple for p states. The fundamental band gap of
AlN is direct at �. The CBM of AlN at � is primarily composed
of s states while the VBM at � is primarily composed of p

states. The wurtzite crystal field splits the VBM of AlN into
a doubly degenerate �6 and a singly degenerate �1 state. The
topmost �1 valence-band state in AlN (labeled �v) has strong
pz character, as evidenced by the isosurface shown in the inset
of Fig. 3(a).

Wurtzite BN, unlike AlN, is an indirect band gap semicon-
ductor with the VBM at � and CBM at K. For the purposes
of expressing the direct and indirect band gaps of BAlN alloys
with respect to those of the parent compounds (and extracting
bowing parameters) we need to focus on the band gaps of
wz-AlN and wz-BN determined relative to the band edges
that have the same character. Since we are interested in BAlN
alloys with low B content, we focus on identifying valence- and
conduction-band states in BN that have the same character as in
AlN. In wz-BN, the �1 valence-band state with pz character
occurs at 0.27 eV below the VBM; this state is labeled �v

in Fig. 3(b). For the conduction band, the singly degenerate
�c conduction-band state in wz-AlN has its equivalent in a
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TABLE I. Lattice parameters a and c and band gaps Eg of bulk AlN and BN in their wurtzite (wz) and hexagonal (h) phases. Values
calculated with the HSE functional are compared with results from experimental studies. The nature of the transition (VBM → CBM)
corresponding to the direct and indirect gaps Eg is shown in parentheses. The calculated values for the transitions of interest for the wurtzite
materials are shown in the last two columns.

Material Method a (Å) c (Å) Eg (eV) �v → �c (eV) �v → Kc (eV)

wz-AlN HSE 3.08 4.93 6.18 (� → �) 6.18 6.82
Exp. 3.11a 4.98a 6.12–6.19b

h-AlN HSE 3.26 4.10 5.42 (� → �)
Exp.

wz-BN HSE 2.52 4.17 6.84 (� → K) 13.90 7.21
Exp. 2.55c 4.21–4.22c

h-BN HSE 2.49 6.56 5.98 (∼H → ∼M)
Exp. 2.50–2.51d 6.66–6.68d 5.75–6.08e

aRef. [29].
bRefs. [26,27].
cRefs. [30,31].
dRefs. [32,33].
eRefs. [28,34].

state in wz-BN [also labeled �c in Fig. 3(b)] that is composed
primarily of s states at 13.90 eV above �v .

B. Alloy structure

In a BAlN alloy, each B and Al cation is tetrahedrally
coordinated by four N atoms. In our wz-AlN calculations
the Al-N bond length is 1.90 Å for the axial bond along
the c axis and 1.89 Å for the other bonds (which we refer
to as planar bonds). In wz-BN the axial bond length is 1.58
Å and the planar bond length 1.56 Å. We have analyzed the
distribution of nearest-neighbor Al-N and B-N bond lengths as
a function of boron concentration. For each concentration and
configuration we average over the planar and axial Al-N and
B-N bond lengths. The results are illustrated in Fig. 4 for the
lowest and highest boron concentrations investigated in our
study. While Fig. 4 shows the bond length averaged over ten

FIG. 4. Distribution of nearest-neighbor cation-nitrogen bonds
for boron concentrations of x = 0.03 and x = 0.17. The in-plane (d‖)
and out-of-plane (d⊥) bond lengths for AlN and BN are indicated on
the top axis.

atomic configurations, the bond-length distribution for each
individual configuration closely resembles the average. The
nearest-neighbor bond lengths exhibit a bimodal distribution,
peaked near the bond lengths of the parent compounds. For
the lowest boron concentration that we investigate (x = 0.03)
the distribution in the B-N bond lengths is consistent with the
bond lengths one would expect from ternary alloys in the dilute
limit [35]. As the boron content increases up to x = 0.17,
the distributions of the Al-N and B-N bond lengths are both
broadened, as illustrated in Fig. 4.

C. Alloy band structure

We now use the projection scheme outlined in Sec. II B to
identify the direct and indirect band gaps of BxAl1−xN alloys.
We limit our calculations to a boron content of x = 0.17;
for higher boron concentrations the band-edge states for the
alloy exhibit larger contributions from BN, and our scheme of
identifying states based on projecting on AlN states becomes
less reliable. We checked for the presence of localized states
within the band gap by plotting the wave functions of states
in the vicinity of the band edges. Our alloy band structures
calculated consistently within HSE do not show any evidence
of localized states.

Since AlN has a direct gap and BN an indirect gap, we
expect to see a direct-to-indirect crossover in the band gap
of wurtzite BAlN alloys at a critical boron concentration.
Linear interpolation between the gaps of the parent compounds
would place this critical boron concentration at x = 0.08 (see
Fig. 5). However, alloy band gaps exhibit bowing, which can
be particularly large if the lattice mismatch is large, and these
nonlinearities will affect the crossover. One expects different
bowing parameters [Eq. (3)] for the direct and indirect band
gaps of BAlN. A least-squares fit of the calculated BAlN band
gaps to a second-order polynomial leads to a bowing parameter
of 8.55 eV for the direct band gap and a bowing parameter of
1.49 eV for the indirect gap. Using these bowing parameters
to describe the alloy band gaps leads to the direct-to-indirect
crossover occurring at 28% boron, illustrated by the vertical
line in Fig. 5.
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FIG. 5. Direct �v → �c and indirect �v → Kc band gaps of
wurtzite BxAl1−xN alloys as a function of boron concentration x.
Linear interpolations of the direct and indirect band gaps are indicated
by dashed lines. The spread of calculated values at each concentration
is illustrated by the vertical bars. The solid curves indicate a quadratic
fit to the calculated data [Eq. (3)]. The crossover between direct and
indirect band gap at 28% is indicated by the vertical dotted line. The
inset zooms in on the concentration range between 0 and 0.2.

The description of the band gap with Eq. (3) using a single
bowing parameter is only an approximation, particularly in
the case of large lattice mismatch and strong bowing. A
better description might be obtained by using a higher-order
polynomial; alternatively, a composition-dependent bowing
parameter can be defined by determining a value for b based on
Eq. (3) at each composition x. It turns out that, over the range
of boron concentrations considered in our study, the bowing
parameter is not particularly sensitive to the composition. For
the direct gap, the bowing parameter bdir varies from 8.38 eV
at x = 0.03 to 8.67 eV at x = 0.17, small variations compared
to the value of bdir = 8.55 eV obtained by a fit over the entire
range. Similarly, for the indirect gap, the bowing parameter
varies from 1.65 eV at x = 0.03 to 1.46 eV at x = 0.17
(compared to 1.49 eV obtained from the full-range fit). We
conclude the direct and indirect band gaps of the BAlN band
gaps are well described by a single bowing parameter.

The spread (standard deviation) in the direct and indirect
band gaps for each set of atomic configurations at a given
boron content is illustrated in the inset of Fig. 5 and tabulated
in Table II. For boron concentrations up to 17% this spread
is quite small. At the lowest simulated boron concentration
(x = 0.03) only one Al atom in the supercell is replaced by
B, which means that only a single atomic configuration needs
to be calculated. At the next boron concentration (x = 0.06),
the spread in band-gap values is still very low. The band-gap

TABLE II. Standard deviation of the computed direct and indirect
band gaps in units of meV.

x 0.03 0.06 0.08 0.11 0.14 0.17

direct 0 26 46 61 52 100
indirect 0 25 37 35 65 80

value in the structure where the boron atoms are farthest apart
compared to the structure where the boron atoms are closest
together (i.e., on nearest-neighbor cation sites) is 41 meV
higher for the direct band gap and 62 meV higher for the
indirect band gap. At x = 0.17 the spread in the direct band
gap is 100 meV and the spread in the indirect band gap is
80 meV.

The success of our projection scheme is based on our ability
to project states of the alloy onto states of AlN and thus
distinguish states that have �c and Kc character. As an example,
for the KC state, the (normalized) magnitude of the projection
[Eq. (2)] goes from 0.98 at x = 0.03 to 0.53 at x = 0.17. This
is of course accompanied by an increased energy spread of
the projections, but this distribution is quite peaked and for
concentrations up to x = 0.17 this provides an unambiguous
identification of the band edges. For concentrations beyond
x = 0.17 the magnitude of the projections onto the AlN states
decreases since the conduction-band states attain more con-
tributions from BN. Hence, our ability to clearly distinguish
between �c and Kc states decreases. For this reason, we limit
our calculations to a concentration of 17% boron.

D. Implications for applications of BAlN alloys

Finally, we comment on the implications of our results for
applications of BAlN alloys. Our calculations indicate it is
possible to maintain a direct band gap of the BAlN alloy up to
x = 0.28, a much larger concentration than would be estimated
based on simple linear interpolation.

However, it is doubtful that this actually offers any benefit
in the case of optoelectronic devices, where an important goal
would be to increase the band gap above the AlN value. We find
that, due to large band-gap bowing, the band gap is actually
slightly reduced at low B concentrations (by 0.02 eV at x =
0.05). After that it increases only by a nominal amount before
reaching the direct-to-indirect crossover at x = 0.28, where an
increase of the direct gap by 0.45 eV is calculated. Since BAlN
alloys probably exhibit poor miscibility due to the large lattice
mismatch between AlN and BN [10], it is doubtful that at the B
concentrations for which homogeneous alloys can be achieved
any increase in band gap will be observed.

Finally, we note that the band edges of BAlN alloys may be
sensitive to the effects of short-range order [36]. These effects
could be explored in future work if experimental evidence for
short-range order emerges.

IV. CONCLUSIONS

We have investigated the structural and electronic properties
of wurtzite BAlN alloys using first-principles calculations
based on hybrid density functional theory and a projection
scheme to identify band edges. We find a large bowing of
the direct band gap (bowing parameter bdir = 8.55 eV) for the
direct band gap and a weaker bowing (bind = 1.49 eV) for the
indirect band gap. Our results indicate that BAlN alloys will
have a direct band gap up to a boron concentration of x = 0.28,
a much larger concentration than would be estimated based on
linear interpolation. However, the increase in the direct gap
over the AlN value is very modest.
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