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Ternary wurtzite CaAgBi materials family: A playground for essential
and accidental, type-I and type-II Dirac fermions
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Based on their formation mechanisms, Dirac points in three-dimensional systems can be classified as accidental
or essential. The former can be further distinguished into type I and type II, depending on whether the Dirac cone
spectrum is completely tipped over along a certain direction. Here we predict the coexistence of all three kinds of
Dirac points in the low-energy band structure of CaAgBi-family materials with a stuffed wurtzite structure. Two
pairs of accidental Dirac points reside on the rotational axis, with one pair being type I and the other pair type
II; while another essential Dirac point is pinned at the high symmetry point on the Brillouin zone boundary. Due
to broken inversion symmetry, the band degeneracy around accidental Dirac points is completely lifted except
along the rotational axis, realizing a kind of birefringent Dirac fermions, which may enable the splitting of chiral
carriers at a ballistic p-n junction with a double negative refraction effect. We clarify their symmetry protections,
and find both the Dirac cone and Fermi arc topological surface states.
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I. INTRODUCTION

Topological semimetals have been attracting tremendous
interest in current research [1–4], partly because they offer a
convenient platform to explore the intriguing physics of high-
energy elementary particles. For example, Weyl semimetals
possess linearly dispersing twofold-degenerate Weyl points
close to Fermi energy [5–11]. Each Weyl point has a definite
chirality of ±1, around which the quasiparticle excitations
mimic the relativistic Weyl fermions [12,13]. Two Weyl points
with opposite chirality would be unstable towards gap opening
when they meet at the same k point, unless there exists
additional symmetry protection, such as the case in so-called
Dirac semimetals [14], in which stable Dirac points with
fourfold degeneracy make it possible to simulate massless
Dirac fermions.

Dirac points can be classified as accidental or essential
[15] (see Fig. 1). Accidental Dirac points require band
inversion (which is in a sense accidental) and are stabilized by
certain symmorphic crystalline symmetries such as rotation,
so such Dirac points typically reside on high-symmetry
lines. Examples include the experimentally confirmed Dirac
semimetals Na3Bi [16,17] and Cd3As2 [18–21]. Essential
Dirac points do not need band inversion, and their presence
is solely determined by certain nonsymmorphic symmetries
at high-symmetry points on the boundary of the Brillouin
zone (BZ). Examples include the first few proposals such as
β-cristobalite BiO2 [14] and several Bi-containing distorted
spinels [22]. Accidental Dirac points can be removed by
reverting the band ordering without changing the symmetry,
whereas essential Dirac points cannot. In addition, since
accidental Dirac points are located at k points with lower
symmetry (compared with essential ones), the dispersions
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around them are less constrained. It is possible to have the
Dirac cone completely tipped over along a certain direction
[23,24], realizing a so-called type-II Dirac point [25], which
has been identified in VAl3 [25], PdTe2 [26–28], PtSe2 family
[29–31], and others [32–34]. Fascinating yet distinct physics
have been proposed for type-I and type-II points [35–37], and
it has been theoretically argued in the context of Weyl points
that when both types coexist in a single hybrid material, even
more interesting effects could appear [38,39].

In this work we show that all the above-mentioned three
kinds of Dirac points are simultaneously present in the
low-energy band structure of CaAgBi-family materials. Two
pairs of accidental Dirac points are realized on the kz axis
and are protected by the C6v point group symmetry, with
one pair being type I and the other pair type II. Meanwhile,
another single essential Dirac point occurs at the A point
on the boundary of BZ, as dictated by the nonsymmorphic
space group symmetry. The inversion symmetry, preserved
in most Dirac semimetals proposed so far, is broken in
the CaAgBi-family materials. Consequently, the dispersions
around the Dirac points exhibit distinct features. Particularly,
the band degeneracy around the accidental Dirac points is
lifted due to the broken inversion symmetry (except along the
rotational axis), making it possible to split the chiral carriers at
a ballistic p-n junction with a double negative refraction effect.
We clarify the symmetry protection mechanisms, and find
interesting surface-orientation-dependent topological surface
states including both the Dirac-cone surface bands and the
surface Fermi arcs. This class of hybrid Dirac materials offers
a promising platform to explore the intriguing physics of Dirac
fermions.

II. METHODOLOGY AND MATERIALS

The first-principle results are based on density-functional
theory (DFT) as implemented in Vienna ab initio simulation
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FIG. 1. Three kinds of Dirac points. (a) Type-I and (b) type-II
accidental Dirac points. Here each band is twofold degenerate. (c)
Essential Dirac point located at high-symmetry point on the Brillouin
zone boundary.

package (VASP) [40,41] and with the projector augmented wave
(PAW) method [42]. The generalized gradient approximation
(GGA) with Perdew-Burke-Ernzerhof (PBE) [43] realization
was adopted for the exchange-correlation potential. The plane-
wave cutoff energy was taken as 500 eV. The Monkhorst-Pack
k-point mesh [44] of size 11 × 11 × 8 was used for Brillouin
zone (BZ) sampling. The crystal structures were optimized
until the forces on the ions are less than 0.01 eV/Å. From the
DFT results, we constructed the maximally localized Wannier
functions (MLWF) [45] for Ag-5s and Bi-6p orbitals, and
tight-binding model Hamiltonians for bulk and semi-infinite
layer were built to investigate the surface states.

In this work, we focus on the CaAgBi-family materials,
which take a stuffed wurtzite-type structure, with space group
No. 186 (P 63mc) [46], as shown in Fig. 2. The structure may be
viewed as a zinc-blende structure compressed along the [111]
direction. For the first-principles calculations, we take the
experimental lattice parameters [46] a = b = 4.8113 Å and
c = 7.8273 Å for CaAgBi. For other materials, we used their
optimized lattice parameteres: for CaAgAs, a = b = 4.5054 Å
and c = 7.7114 Å; for CaAuSb, a = b = 4.7047 Å and c =
7.9182 Å; for CaAuBi, a = b = 4.8598 Å and c = 7.9142 Å;
for SrAgBi, a = b = 4.9613 Å and c = 8.5778 Å.

III. ELECTRONIC BAND STRUCTURE

Since members of this family show similar low-energy band
features, we shall focus on CaAgBi as a representative in the
following discussion. It is found that the low-energy states
are mainly from the orbitals of Ag and Bi atoms, which lie
in the (110) mirror plane. Notably, the structure does not
preserve an inversion center. Besides the (110) mirror plane
Mx (here we take [110] as x direction), two other important
crystalline symmetries are the threefold rotation C3z and the
twofold screw rotation S2z = {C2z|00 1

2 }.
Figure 3(a) shows the plot of calculated band structure

of CaAgBi with spin-orbit coupling (SOC) included. One
observes that the material is a semimetal, and the bands
around Fermi level are dominated by the Ag-5s and Bi-6p

FIG. 2. (a) Side view and (b) top view of the crystal structure of
CaAgBi. (c) Corresponding Brillouin zone.

FIG. 3. (a) Band structure of CaAgBi (SOC included). The
colored circles indicate the weight of orbital projection onto
Ag-s (red), Bi-px/y (green), and Bi-pz (blue) orbitals. (b) Enlarged
low-energy band structure along �-A, showing three Dirac points.
(c)–(e) Dispersions around the three Dirac points by first-principles
calculations (red solid lines) and k · p model fitting (blue dashed
lines). Here Di-Xi (i = 1,2,3) is along the kx direction perpendicular
to the kz axis. (f)–(h) Three-dimensional view of the three Dirac
points on kx-ky plane by first-principles calculations.

orbitals. Normally, Ag-5s orbitals have a higher energy than
Bi-6p orbitals. However, around � point, one observes a band
inversion feature with Ag-5s lower than Bi-6p. Importantly,
along the kz axis (�-A), the three low-energy bands cross
pairwisely and linearly at three discrete points, which we label
as D1, D2, and D3, as shown in Fig. 3(b). D1 and D2 are on the
rotational axis, which are accidental crossing points originated
from the band inversion at �. In contrast, D3 is pinned at A

point on the BZ boundary, which is an essential crossing point
dictated by the space group symmetry. One notes that each of
the three crossing bands are twofold degenerate (with SOC) on
�-A, which is caused by the noncommutativity between S2z (or
C3z) and Mx symmetries along this path. Thus each crossing
point Di (i = 1,2,3) is of fourfold degeneracy, corresponding
to a Dirac point.

IV. ACCIDENTAL DIRAC POINTS

Let us first consider the two accidental Dirac points D1

and D2. On �-A path, the point group symmetry is of
C6v , and the three doubly degenerate crossing bands are
found to form three distinct two-dimensional irreducible
representations E1/2, E3/2, and E5/2 of the C6v double group
[see Fig. 3(b)]. Therefore, these bands cannot hybridize along
this line, and their crossing points are protected and of linear
type. The symmetry protection is lost for k points deviating
from the rotational axis, hence each crossing should be an
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isolated point rather than a line. Another important observation
is that while the slopes of the two crossing bands at D1 have
opposite signs, the two bands at D2 have the same sign. Thus
D1 and D2 are type-I and type-II Dirac points, respectively.

The dispersions around D1 and D2 in the kx-ky plane also
show interesting features. As shown in Figs. 3(c) and 3(d) and
Figs. 3(f) and 3(g), the bands completely split in directions
different from the kz axis, which can be understood by noticing
that the twofold band degeneracy on �-A cannot be maintained
at generic k points in the kx-ky plane because such points are
not invariant under the rotational symmetries S2z and C3z. This
is in contrast to most proposed Dirac semimetals, where the
twofold band degeneracy is maintained at any k point due
to the presence of inversion symmetry (in combination with
time reversal symmetry). Here the splitting of the Dirac cones
in the kx-ky plane means that there are two species of chiral
fermions with different Fermi velocities. This represents a kind
of birefringent Dirac fermions, which was previously studied
in a few artificial models [47–49]. Our work hence reveals a
solid material platform for its realization.

To characterize the low-energy Dirac fermions, we con-
struct the k · p effective models around each Dirac point,
subjected to the symmetry constraints [50]. For point D1, it is
at the intersection between E5/2 band and E3/2 band on �-A.
Using the four states with such symmetries at D1 as basis, the
Hamiltonian around D1 up to linear order in q takes the form

HD1 = C1qz +

⎡
⎢⎢⎢⎣

C2qz B∗q+ iAq− 0
Bq− −C2qz 0 0

−iAq+ 0 C2qz −B∗q−
0 0 −Bq+ −C2qz

⎤
⎥⎥⎥⎦,

(1)

where the wave-vector q and the energy are measured from
D1, q± = qx ± iqy , the model parameters A, C1, C2 are real,
and B is complex. The first term in Eq. (1) represents a tilt
of spectrum. Figure 3(c) shows the fitting of this model to
the DFT band structure. Particularly, we find that |C2| > |C1|,
such that the point is of type I with dispersion ε = (C1 ± C2)qz

along kz direction. Similarly, we can find the effective model
around point D2, which is at the intersection between E1/2 and
E3/2 bands. We find that the obtained Hamiltonian HD2 has the
same form as HD1 , and only the values of the parameters are
different. Most importantly, now |C2| < |C1|. The dispersion
along kz direction is dominated by the tilt term, so that D2 is a
type-II Dirac point [see Fig. 3(d)].

V. ESSENTIAL DIRAC POINT

Next, we come to the essential Dirac point at A. Its essential
character can be argued as follows. The bands along �-A can
be chosen as S2z eigenstates. Since (S2z)2 = −e−ikz (the minus
sign is from 2π spin rotation, and kz is measured in unit of
1/c), the S2z eigenvalues are given by

s = ±ie−ikz/2. (2)

Meanwhile, we have {S2z,Mx} = 0, so the two states |s〉 and
Mx |s〉 form a degenerate pair with opposite S2z eigenvalues,
where |s〉 denotes an eigenstate of S2z with eigenvalue s. This

explicitly demonstrates the twofold band degeneracy along
�-A, as we claimed before. Note that A is invariant under
time reversal operation (T ), such that at A, each state |s〉
has a Kramers degenerate partner T |s〉. Since s = ±1 at
point A (kz = π ), T |s〉 shares the same S2z eigenvalue as
|s〉. Consequently, the four states {|s〉,Mx |s〉,T |s〉,T Mx |s〉}
at A are linearly independent and must be degenerate with
the same energy. Thus the nonsymmorphic space group
symmetry necessitates the fourfold degeneracy at A point. The
effective model up to linear order in q expanded around D3 is
obtained as

HD3 = v⊥σ0τzqx − v⊥σ0τxqy + vzσzτ0qz. (3)

Here q and energy are measured from D3, σi and τi are the
Pauli matrices, σ0 and τ0 are the 2 × 2 identity matrix, and
model parameters v⊥ and vz correspond to the Fermi velocities.
Figure 3(e) shows the fitting of DFT band structure using
model (3). Compared with model (1) for the two accidental
Dirac points, model (3) has less free parameters due to the
additional time reversal symmetry at A. Consequently, the
dispersion around D3 is different from the other two in that:
(i) there is no energy tilt term (hence it must be type I); and (ii)
the bands in kz = π plane are still twofold degenerate without
splitting. Note that this twofold degeneracy is generally lifted
for generic k points located neither in the kz = π plane nor on
the kz axis.

VI. SURFACE STATES AND Z2 INVARIANTS

Band topology and intrinsic anisotropy lead to interesting
surface spectra of CaAgBi-family materials, with distinct
topological surface states on different crystal surfaces. Here
the Dirac points are all residing on kz axis. They are projected
onto the same image point on (001) surface. Since the band is
inverted at � point in the bulk, we expect to have Dirac-cone
type surface states similar to the topological insulator case.
In Fig. 4(a) we indeed find such surface states buried in the
bulk valence bands. Figure 4(b) shows the constant energy
slice above the surface Dirac point, at which the surface states
exhibit a left-handed spin helicity, similar to the pattern for
strong topological insulators [51,52]. Meanwhile, the Dirac
points get projected to different image points on the side
surfaces. For (010) surface, we find Fermi arcs connecting
a pair of projected Dirac points, as shown in Figs. 4(c) and
4(d) for CaAgAs (for CaAgBi, the arcs are buried in the bulk
bands). These Fermi arcs are in fact protected by a bulk Z2

invariant. Consider the T -invariant planes kz = 0 and kz = π .
The two planes are fully gapped hence each has a well-defined
two-dimensional Z2 invariant. Due to the broken inversion
symmetry, the method of parity counting does not apply here
[53]. Instead, we use the Wilson loop method [54–56]. The
Wannier center evolution for two representative planes of
CaAgBi are shown in Fig. 5 from which we find that Z2 = 1
for kz = 0 plane, whereas Z2 = 0 for kz = π plane. Thus a
Kramers pair of surface states must exist on the kz = 0 path
for the side surfaces, ensuring the presence of a pair of surface
Fermi arcs [8,57].
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FIG. 4. (a) Projected spectrum on (001) surface for CaAgBi,
showing Dirac-cone surface states buried in the bulk valence band.
(b) Surface states at −0.18 eV [marked in (a)], showing a left-handed
spin-momentum locking. (c) Projected spectrum on (010) surface
for CaAgAs, showing (d) surface Fermi arcs connecting a pair of
projected Dirac points (green dots).

VII. DISCUSSIONS AND CONCLUSION

We further clarify the distinction between the accidental
Dirac points (D1, D2) and the essential Dirac point (D3). The
realization of accidental Dirac points requires band inversion.
In the current system, this can be characterized by two Z2

indices ζ1 and ζ2. Here

ζ1 = sgn(	�,1	A,1) ∈ {+1, − 1}, (4)

with

	k,1 = ε5/2(k) − ε3/2(k), (5)

where εi(k) (i = 5/2 or 3/2, and k = �, A) denotes the energy
of the Ei band at point k. Evidently, ζ1 = −1 corresponds to
the nontrivial case with band inversion, leading to the D1

Dirac point. Similarly, ζ2 is defined with E5/2 replaced by
E1/2, and characterizes the band inversion between E1/2 and
E3/2 bands for the formation of D2. The nontriviality of ζi (i =
1,2) is accidental, depending on the material. For example, in
CaAgAs, which is isostructural to CaAgBi, we find that ζ1 =
+1 (see Fig. 6), indicating that the band inversion between
E3/2 and E5/2 is removed. Therefore, D1 point is eliminated.

FIG. 5. The Wannier function center evolution for CaAgBi on the
following planes in the Brillouin zone: (a) kz = 0 and (b) kz = π .

FIG. 6. (a) Band structure of CaAgAs (SOC included). The
colored circles indicate the weight of orbital projection onto Ag-s
(red), As-px/y (green), and As-pz (blue) orbitals. (b) Enlarged
low-energy band structure along �-A.

Meanwhile, ζ2 remains −1, so D2 is kept, but it may ultimately
be eliminated by a symmetry-preserving strain. In contrast,
D3 is invariably present in all these cases, since it is only
determined by symmetry.

As mentioned, there exist a large family of ternary
compounds with stuffed wurtzite structure [46,58,59]. Many
members of this family share the same band features as
discussed above (see Appendix A), exhibiting a hybrid Dirac
semimetal phase with multiple Dirac points. Since the different
kind of Dirac points are at different energies, it is possible to
control the type of Dirac fermions in a single material by tuning
the doping level, probing each kind separately. Alternatively,
one may choose the proper material from the family which has
the desired Dirac point closest to the Fermi level.

A salient feature of these materials is the broken inversion
symmetry, which makes the Dirac bands completely split
except along the kz axis, leading to the birefringent Dirac
fermions. This could give rise to a new double negative
refraction effect at a p-n junction of such material. Consider
the case when the Fermi level is most close to the D1 point.
Assume ballistic transport across a p-n junction along x

direction, and we focus on the carrier dynamics in the x-y
plane (the transverse momenta ky and kz are conserved).
As illustrated in Fig. 7(a), with a constant kz, there are two
Fermi circles around the Dirac point, due to the band splitting.

FIG. 7. Schematic figures showing Dirac fermion transport at a
p-n junction along x. (a) Fermi circles (near D1 point) for two sides
of the junction. (b) Transmitted carriers show negative refraction at
the interface. (c) Double refraction occurs for an incident state with
two transmitted states [marked in (a)]. (d) At certain range of bias
voltage and incident angle, only states from the inner Fermi circle get
transmitted.
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Carriers on each Fermi circle is chiral and undergo refractions
at the junction interface, similar to that in graphene [60]. For
p-n junction, this leads to negative refraction effect [Fig. 7(b)],
and for incident state with two transmitted states, there are
two negative refraction paths [see Fig. 7(c)]. In addition,
by controlling the bias voltage and the incident angle of an
incident electron beam, one can have transmission of carriers
from only one of the Fermi circle [see Fig. 7(d)], whereas
carriers from the other circle are totally reflected. This could be
useful in electron optics to spatially separate the chiral carriers.

In conclusion, we have demonstrated a novel hybrid Dirac
semimetal phase in CaAgBi-family materials. The low-energy
band structure features three kinds of Dirac points: two pairs
of accidental Dirac points with type-I and type-II dispersions,
and a single essential Dirac point dictated by nonsymmorphic
symmetry. We clarify their symmetry protections and char-
acterize their individual low-energy Dirac fermions. Distinct
from centrosymmetric Dirac semimetals, the Dirac bands here
completely split due to the lack of inversion center. We show
that this feature leads to interesting transport features at a
p-n junction. We also find that different crystalline surfaces
possess different topological surface states. The bulk Dirac
points and the surface states can be experimentally probed
by the angle-resolved photoemission spectroscopy (ARPES).
Our findings make it possible to study multiple types of Dirac
fermions and their interplays within a single material system.
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TABLE I. Character table for the three encountered representa-
tions of the C6v double group.

C6v E 2C6 2C3 C2 3σd 3σv

E1/2 2
√

3 1 0 0 0
E3/2 2 0 −2 0 0 0
E5/2 2 −√

3 1 0 0 0

APPENDIX A: OTHER CANDIDATE MATERIALS
IN THE FAMILY

Figure 8 show the band structures of some other members
of the CaAgBi family: CaAuSb, CaAuBi, and SrAgBi. They
also possess multiple kinds of Dirac points as discussed in the
main text.

APPENDIX B: GROUP REPRESENTATIONS OF THREE
LOW-ENERGY BANDS

As we have mentioned in Sec. IV, along the �-A path, each
of the three low-energy bands are doubly degenerate (SOC
included). They correspond to three distinct two-dimensional
irreducible representations (IRs) of the C6v double group,
i.e., E1/2, E3/2, and E5/2. Their symmetry properties can be
inferred from the character table in Table I [61]. One can
observe that the three IRs mainly differ in their behavior under
C6 operation. This can be understood by noticing that the C6

double group alone possess three pairs of conjugated one-
dimensional IRs (for angular momentum number j = 1/2,
3/2, and 5/2) [61]. With the inclusion of Mx , each conjugated
pair will be bind together into a two-dimensional IR for the
C6v double group, hence leading to the three IRs encountered
here.

FIG. 8. Band structures of some other materials in CaAgBi family with the same crystal structure without (upper panels) and with (lower
panes) SOC: (a) and (d) CaAuSb, (b) and (e) CaAuBi, and (c) and (f) SrAgBi.
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APPENDIX C: DERIVATION OF MODEL EQ. (3)

The effective model around the essential Dirac point is
constrained by the following symmetry operations in the little
group at A point: the threefold rotation C3z, the mirror plane
Mx , the screw rotation S2z, and the time reversal operation
T . Their matrix representations can be found in the standard
reference [50] for space group No. 186, with

C3z = σ0

(
1

2
τ0 +

√
3

2
iτy

)
, (C1)

Mx = iσ0τz, (C2)

S2z = σzτy, (C3)

T = σxτyK. (C4)

Here σi and τi are the Pauli matrices, σ0 and τ0 are 2 × 2
identity matrix, and K is the complex conjugation operation.
One verifies that these representations satisfy the required
commutation relations between the symmetry operations. In
the basis of this representation, we find that

HD3 (q) = v⊥σ0τzqx − v⊥σ0τxqy + vzσzτ0qz, (C5)

where the wave-vector q is measured from A point. This is the
model presented in Eq. (3). From this model, we obtain the
energy eigenvalues with

E(q) = ±vzqz ± v⊥
√

q2
x + q2

y , (C6)

which is used to fit the DFT band structure around A point.
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