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We consider a graphene bilayer with a relative small angle rotation between the layers—a stacking
defect often seen in the surface of graphite—and calculate the electronic structure near zero energy in a
continuum approximation. Contrary to what happens in an AB stacked bilayer and in accord with
observations in epitaxial graphene, we find: (a) the low energy dispersion is linear, as in a single layer,
but the Fermi velocity can be significantly smaller than the single-layer value; (b) an external electric field,
perpendicular to the layers, does not open an electronic gap.
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Introduction.—Graphene is a two-dimensional carbon
material, which takes the form of a planar honeycomb
lattice of sp2 bonded carbon atoms. It is the building block
for other allotropes of carbon and was first isolated by
micromechanical cleavage of graphite in 2004 [1,2]. This
method also produces samples composed of two (bilayer)
or more atomic layers of graphene (few layer graphene,
FLG). FLG samples can also be grown epitaxially by
thermal decomposition of the surface of SiC [3].

Single-layer (SLG) and bilayer (BLG) graphene are
gapless semimetals, if undoped, but whereas carriers in
SLG have linear dispersion (leading to Dirac cones in
energy momentum space) [4–8], in BLG the dispersion
is quadratic [9]. The quantization rules for the integer
quantum Hall effect are different for SLG [4,10,11] and
BLG [12]. A controllable gap can be opened with an
external electric field in BLG, a fact that makes it particu-
larly interesting for applications [13,14]. Weak localization
behavior in the BLG is also different from SLG and other
two-dimensional systems [15,16]. The properties of BLG
have been interpreted under the assumption that the stack-
ing of the two layers takes the form of an AB or Bernal
stacking, the most common in graphite. Nevertheless,
naturally occurring and synthetic highly oriented pyrolytic
graphite crystals usually present a variety of defects which
affect stacking order in the c direction. Turbostratic graph-
ite is modeled by stacking graphene layers with random
relative translations and rotations [17]; rotation of the top
layer with respect to the bulk is quite common in the
surface of graphite and results in the formation of super-
lattices clearly seen in STM images as Moiré patterns
[18,19]. Recent detailed structural studies of epitaxially
grown FLG [20] reveal the presence of significant orienta-
tional disorder of the graphene with respect to the under-
lying SiC substrate [21]. The influence of the type of
stacking on the electronic structure in multilayer graphene
has been recently stressed [22,23].

In this Letter we discuss the electronic structure of a
bilayer with a relative small angle rotation of the two
graphene planes. We derive angles for the formation of

periodic Moiré superlattices and formulate a continuum
electronic description in terms of massless Dirac fermions,
coupled by a slowly varying periodic interlayer hopping.
We find a low energy electronic structure quite different
from that of an AB stacked bilayer, with massless Dirac
fermions, but with a Fermi velocity (vF) substantially
reduced with respect to SLG. Moreover, we show that an
external electric field does not open a gap in the electronic
spectrum. These results are all in accord with observations
in epitaxially grown graphene, which reveal much the same
electronic behavior as SLG in angle resolved photoemis-
sion [21,24,25], transport [26], and infrared spectroscopy
[27] and display systematically reduced values of vF rela-
tive to SLG [28].

Geometry.—The two sublattices in layer 1 are denoted
by A and B and in layer 2 by A0 and B0. In an AB stacked
bilayer A and B0 atoms have the same horizontal positions,
ia1 � ja2 (i, j integers), where a1 � �1=2;

���
3
p
=2�a0, a2 �

��1=2;
���
3
p
=2�a0 are the Bravais lattice basis vectors and a0

(�2:46 �A) is the lattice constant. The SLG Dirac points are
located at K � �K0 � �4�=3; 0�=a0. The vertical dis-
placement between the layers is c0 (�3:35 �A).

For simplicity we consider rotations of layer 2 about a
site occupied by a B0 atom (directly opposite an A atom, in
the c direction): a commensurate structure is obtained if a
B0 atom is moved by the rotation to a position formerly
occupied by an atom of the same kind. The Moiré pattern is
periodic and the translation from the origin (center of
rotation) to the B0 atom’s current position is a symmetry
translation. From this we can derive a condition for the
angle �i of a commensurate rotation:

 cos��i� �
3i2 � 3i� 1=2

3i2 � 3i� 1
; i � 0; 1; 2 . . . : (1)

The superlattice basis vectors are t1 � ia1 � �i� 1�a2 and
t2 � ��i� 1�a1 � �2i� 1�a2 (i � 0 is an AA stacked
bilayer). The lattice constant of the superlattice is L �
jt1j �

��������������������������
3i2 � 3i� 1
p

a0. STM measurements of the sur-
face of graphite [19] observed superlattices with periods
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of L � 66 �A and angles � � 2:1� corresponding to i � 15
in Eq. (1) and a unit cell with 2884 atoms, making ab initio
descriptions rather impractical. The reciprocal lattice vec-
tors are

 G 1 �
4�

3�3i2 � 3i� 1�
��3i� 1�a1 � a2	; (2)

 G 2 �
4�

3�3i2 � 3i� 1�
���3i� 2�a1 � �3i� 1�a2	: (3)

Continuum description.—The Hamiltonian for the bi-
layer with a twist has the form H 1 �H 2 �H?, with
the intralayer Hamiltonian, H 1 �H 2, given by (we use
units such that @ � 1)

 H 1 � �t
X
i

cyA�ri��cB�ri � s0� � cB�ri � s0 � a1�

� cB�ri � s0 � a2�	 � H:c:; (4)

 

H 2 � �t
X
j

cyB0 �rj��cA0 �rj � s00� � cA0 �rj � s00 � a01�

� cA0 �rj � s00 � a02�	 � H:c:; (5)

where c��r� is the destruction operator for the state in
sublattice � at horizontal position r; � � A, B in layer 1
and � � A0, B0 in layer 2; a01 and a02 are obtained from a1

and a2 by a rotation of � about the origin; ri � ma1 � na2

for H 1 and rj � ra01 � sa
0
2 for H 2 (m, n, r, s integers);

s0 � �a1 � a2�=3 and s00 � �a
0
1 � a02�=3.

To study the low energy spectrum near the K (K0) point,
we go to the continuum limit, with the standard replace-
ment [29] c��r� ! v1=2

c  1;��r� exp�iK 
 r�, where  1;��r�
is the destruction operator for a Dirac fermion containing
only small momentum components jkja0 � 1 (vc is the
unit cell volume). Because of the rotation, the Dirac point
in layer 2 is K� � 4��cos�; sin��=�3a0�, so c�0 �r� !
v1=2
c  2;��r� exp�iK� 
 r�. For small angles of rotation the

modulation of interlayer hopping has a long wavelength
and the coupling between different valleys (K and K0) can
be ignored. Hence, in the long-wavelength limit the de-
coupled Hamiltonian can be written as

 H 1 � vF
X
k

 y1;k� 
 k 1;k; (6)

 H 2 � vF
X
k

 2;k
y�� 
 k 2;k; (7)

where vF � at
���
3
p
=2 and � � ��x; �y� are Pauli matrices.

The coordinate axes have been chosen to coincide with
those of layer 1, so the Hamiltonian of layer 2 involves an
extra rotation of �, the angle between the two layers and
�� � e�i��z=2��x; �y�e

�i��z=2.
To model the interlayer coupling, H?, we retain hop-

ping from each site in layer 1 to the closest sites of layer 2
in either sublattice. We denote by ��

0��r� the horizontal
(in-plane) displacement from an atom of layer 1, sublattice

��� � A;B�, and position r, to the closest atom in layer 2,
sublattice �0 (�0 � A0, B0); t?�����r�	 � t��? �r� is the
interlayer, position-dependent hopping between pz orbitals
with a relative displacement c0 � �. One gets

 H ? �
X
i;�;�0

t?��
�0��ri��c

y
��ri�c�0�ri � ��

0��ri��� H:c:

(8)

In the following, �K � K� �K is the relative shift be-
tween Dirac wave vectors in the two layers; �i;k;� �

 i;k�K=2;� is the destruction operator for layer i, sublattice
�, and for momentum k �K=2, the plus sign applying
in layer 1 and the minus sign in layer 2. With this choice,
the second quantized operators �i;k;� with the same k
vector in both layers refer to the same plane wave states
in the original lattice; the Dirac cones occur at k �
��K=2 in layer 1 and �K=2 in layer 2. We follow with
the same replacement of lattice operators in Eq. (8), as used
in the intralayer Hamiltonians, and approximate  i;��r�
����r�� �  i;��r�, since these operators only have Fourier
components such that jkja0 � 1; Fourier transforming,
the low energy effective Hamiltonian, near K, is

 H � vF
X
k;��

�y1;k;���� 

�
k�

�K
2

�
�1;k;�

� vF
X
k;�;�

�y2;k;��
�
�� 


�
k�

�K
2

�
�2;k;�

�

�X
�;�

X
k;G

~t��? �G��
y
1;k�G;��2;k;� � H:c:

�
: (9)

For commensurate structures, the function t��? �r��
exp�iK� 
 ����r�	 is periodic and has nonzero Fourier
components only at the vectors G of the reciprocal lattice:

 

~t ��? �G� �
1

Vc

Z
vc
d2rt��? �r�e

iK�
����r�e�iG
r: (10)

The integral is over the unit cell of the superlattice, and it
will ultimately be calculated by a sum over the sites of the
Wigner-Seitz unit cell since t��? �r� is only defined at those
points. This Hamiltonian describes two sets of relativistic
Dirac fermions (with shifted degeneracy points) coupled
by a periodic perturbation.

TABLE I. The most important Fourier amplitudes; all others
are smaller by at least a factor of 5 for angles smaller than 10�.
The first and second lines express exact results: ~t? is real. In the
last two lines there are corrections to these results of order a0=L.

G 0 �G1 �G1 �G2

~tBA? �G� ~t? ~t? ~t?
~tAB? �G� ~t? e�i2�=3~t? ei2�=3~t?
~tAA? �G� ~t? ei2�=3~t? e�i2�=3~t?
~tBB? �G� ~t? ei2�=3~t? e�i2�=3~t?
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Fourier amplitudes of interlayer coupling.—To deter-
mine the hopping t?��� as a function of the horizontal
shift ����r� we express it in the Slater-Koster parameters,
Vpp��d� and Vpp��d�, where d is the distance between the

two atomic centers, d �
�����������������
c2

0 � �
2

q
. For the d dependence

of Vpp��d� and Vpp��d� we used the parametrization of
Ref. [30]. The contribution of Vpp� turns out to be negli-
gible and t?��� is proportional to t? � Vpp��c0�; for � �
a0=

���
3
p

, t?���=t? � 0:4. We have calculated ����r� nu-
merically for any angle of rotation. Using various symme-
tries and relations valid in the limit a0 � L (small angles)
we were able to derive the results of Table I. The values of
~tBA? �G� are equal and real, by symmetry, for G � 0, G �
�G1, and G � �G1 �G2 and much smaller for all other
G vectors. The remaining Fourier amplitudes can be ex-
pressed in terms of ~tBA? �G�.

Results and discussion.—In the absence of the interlayer
coupling, H?, states with energy close to zero occur at
k � ��K=2 in layer 1 and k � ��K=2 in layer 2. The
results of Table I imply that the states of momentum k in
layer 1 are coupled directly only to states of layer 2 of
momentum k, k�G1, and k�G1 �G2; conversely the

states of momentum k in layer 2 only couple to states k,
k�G1, and k�G1 �G2. To investigate the spectrum at
a momentum k close to zero energy, we truncated the
Hamiltonian to include only these six momentum values
(three for each layer) giving a 12� 12 matrix to diagonal-
ize. The geometry of the first Brillouin zone (FBZ) of the
superlattice (Fig. 1) implies that the states near the degen-
eracy point in either layer couple only to states of energies
vF�K � vFK � 2 sin��=2�, where �K � j�Kj and
K � 4�=�3a0�. This turns out to be the essential difference
between this problem and that of the unrotated bilayer. In
the latter, the degeneracy points of both layers occur at the
same momentum and the interlayer hopping couples two
doublets of zero energy states. In the present case we have
one doublet of zero energy states coupling to three pairs of
states at finite energies, vF�K. As a result, the linear
dispersion near zero energy is retained. In Fig. 2 we plot
the energies of the states with smallest j	kj along two lines
in the FBZ; the parameters are t? � 0:27 eV [13] and � �
3:9� (i � 8, L � 36 �A), which give vF�K � 0:76 eV and
~t? � 0:11 eV.

The persistence of the Dirac cones can be understood by
considering the limit where ~t?=�vF�K� � 1 [in Fig. 2,
~t?=�vF�K� � 0:14]. In the vicinity of the degeneracy
point, say, of layer 1, k � ��K=2� q, the Hamiltonian
H�k� has the form H�k� � H��K=2� � V�q� with V�q�
linear in q. In H��K=2�, which contains the interlayer
coupling, the doublet at zero energy couples with an ampli-
tude �~t? to six states (of layer 2) with energies vF�K.
Using perturbation theory one can derive an effective
Hamiltonian in the space of the zero energy doublet by
considering the mixing of these six states in layer 2 to first
order in ~t?=�vF�K�. The degeneracy is not lifted, although
there is a small shift in energy, 	0 � 6~t2? sin��=
2�=�vF�K�. For small q we can treat V�q� as a perturbation
in the subspace of this doublet: the effective Hamiltonian
matrix has the form characteristic of a Dirac cone

 Heff �
	0 ~vFq

�

~vFq 	0

� �
;

with q � qx � iqy. To second order in ~t?=vF�K, the
renormalized Fermi velocity is given by ~vF=vF �
1–9�~t?=�vF�K�	2. This depression of the value of the
Fermi velocity ~vF relative to the value of SLG is a telltale

/2

/2

−∆ K

∆ K

+G1 G2
G1

G2

K∆

FIG. 1. First Brillouin zone of the superlattice centered at
midpoint between Dirac points K and K�. The zero energy
states of the two layers, k � ��K=2 and k � �K=2, marked
with �, are halfway to the zone boundary.
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FIG. 2 (color online). The energy 	k of
the two states with smaller j	kj for � �
3:9� (i � 8). (a) k varying from��K to
�K (two vertices of the FBZ) along the
line passing the degeneracy points,
��K=2 to �K=2; (b) along a line par-
allel to G2 passing �K=2.
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sign of the presence of a bilayer with a twist. The pertur-
bative result slightly overestimates the downward renor-
malization of vF because of the contributions of higher
order terms in ~t?=�vF�K�, especially at smaller angles.
Reference [28] reports observations of values of vF in the
range �0:7–0:8� � 106 ms�1 in epitaxial graphene, 20 to
30% lower than in SLG.

Another important consequence of the rotation be-
tween layers occurs when there is an electric potential
difference between layers. This adds a term V ext �

��V=2�
P
k;��

y
1;k;��1;k;� � �V=2�

P
k;��

y
2;k;��2;k;� to the

Hamiltonian (9). In the AB stacked bilayer a gap opens
in the spectrum in the presence of an external electric field
between layers [13,14]. However, as seen above, the cones
present in the bilayer with a twist are essentially the Dirac
cones of each layer perturbed by the admixture of states of
the opposing layer, which are distant in energy. As such, a
potential difference between the layers, V, should only
amount to a relative shift of the energies of the degeneracy
points in each cone, at least as long as V < vF�K. This
expectation is borne by the results shown in Fig. 3; the
Dirac cones are shifted but there is no gap in the spectrum.

The results of Table I imply that a small angle rotation
destroys the particle-hole symmetry of an AB stacked
bilayer. The Fermi level of an undoped sample need no
longer be at zero energy; in turbostratic graphite, for
instance, it is shifted to 0.11 eV [17]. This calculation,
being limited to energies close to zero, cannot determine
the absolute position of the Fermi Level as a function of
carrier concentration.

In conclusion, we presented a detailed geometrical de-
scription of a bilayer with a relative rotation between the
layers. We developed a continuum description valid for
small angles of rotation and analyzed the energy spectrum
close to zero energy. We found that the Dirac cones of a
single-layer graphene remain present in the bilayer, but
with a significant reduction of the Fermi velocity especially
for very small angles of rotation. A new energy scale is

introduced, vF�K � vFK � 2 sin��=2�, where K �
4�=�3a0� and � is the angle of rotation; the dispersion
relation is only linear for energies such that j	kj< vF�K.
Unlike the case of the AB stacked bilayer, a potential
difference between layers does not open a gap in the
spectrum. These results show that a small stacking defect
such as a rotation can have a profound effect on the low
energy properties of the bilayer and are in accord with
several observations in epitaxial graphene.
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FIG. 3 (color online). The energy 	k of the two states with
smaller j	kj in the presence of a potential difference V � 0:3 V
between layers; k varies from ��K to �K (see Fig. 1); the
remaining parameters are the ones used in Fig. 2.
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