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We investigate the thermal conductivity of single-wall carbon nanotubes (SWCNT) either isolated or in
contact with external media by using equilibrium molecular dynamics and the Boltzmann transport
equation. We show that, contrary to existing controversies, both methods yield a finite value of the thermal
conductivity for infinitely long tubes, as opposed to the case of 1D, momentum-conserving systems.
Acoustic and flexure modes with mean free paths of the order of a few microns are identified as major
contributors to the high value of SWCNT conductivity. We also find that the interaction with an external
medium may substantially decrease the lifetime of the low-frequency vibrations, reducing the thermal
conductivity by up to 2 orders of magnitude.
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Thermal energy transport in quasi-one-dimensional ma-
terials has recently attracted widespread attention [1], as
nanotubes and nanowires display transport properties very
different from their bulk counterparts, which make them
appealing for several applications ranging from thermo-
electric power generation, where low thermal conductivity
is desirable, to heat dissipation, requiring high thermal
conductivity. Single-wall carbon nanotubes (SWCNT)
are known to have an unusually high thermal conductivity
(k) [2– 4], partly related to the peculiar propagation of
phonons in a low dimensional medium [5]. Important
theoretical efforts to understand heat conduction in nano-
tubes have recently been reported, either by using the
Boltzmann transport equation (BTE) [5,6] or by utilizing
molecular dynamics (MD) techniques [7–11]. However,
these investigations have often provided contradictory re-
sults regarding the basic heat conduction mechanism in
CNTs and the values of ballistic lengths, as well as for the
importance of quantum effects and the dependence of k on
the length of the tube. For example, while with the BTE
approach Mingo and Broido [6] predicted k of an infinitely
long SWCNT to be finite, very recent MD simulations
[9,10] point at a divergence of k with length similar to
1D momentum-conserving systems [12]. In addition, mea-
surements are most often carried out either for tubes inter-
acting with each other in a bundle or for tubes in contact
with external viscous media or substrates [2,3]; in most
instances calculations have instead been carried out for
isolated systems, except for a very recent study [13].

In this Letter, we resolve the existing controversy on
calculations of the thermal conductivity of SWCNTs, and
we show that MD yields results in excellent agreement
with the BTE approach [6] for isolated tubes. In spite of
their low dimensionality, CNTs cannot be treated as ideal,
momentum-conserving, 1D systems. Our calculations of
phonon density of states and lifetimes show that a large
number of vibrational modes contribute to k; however,

acoustic and flexure modes, with mean free paths of a
few �m, represent the major contribution. The interaction
with an external medium may reduce the lifetime of these
modes by up to 2 orders of magnitude and, correspond-
ingly, the value of the thermal conductivity.

We first discuss the case of isolated nanotubes. We
employed equilibrium MD simulations to compute the
thermal conductivity and the vibrational properties of a
representative SWCNT in vacuum and in a viscous me-
dium [14]. k was computed directly using the Green-Kubo
method [15] and its value compared to that obtained from
the BTE, based on the phonon dispersion and lifetimes
computed at finite temperature.

Classical MD simulations of a periodically replicated
SWCNT have been performed using the Tersoff bond order
potential [16]. The nanotubes have been thermalized to
300 K for 200 ps [17] and the length of the cell was
optimized so as to yield zero axial stress. The heat flux
along the axis of the tube was then recorded every 2 fs in
eight microcanonical runs up to 80 ns long, with statisti-
cally independent initial conditions. The thermal conduc-
tivity was obtained from the time integral of the
autocorrelation function of the heat flux [18]. It is note-
worthy that not only very long simulation times are neces-
sary to obtain converged values of k, but it is also important
to average the results over statistically independent runs
due to the poor ergodicity of the system. The use of
nonequilibrium MD (NEMD) techniques would in princi-
ple allow for faster convergence [19]; however, their ap-
plication has several drawbacks. In general, finite size and
boundary effects are serious concerns in nonhomogeneous
NEMD simulations; in addition, 1D systems do not obey
Fourier’s law [20]; thus, k may not be calculated directly
from the temperature gradient, though it is still a well-
defined quantity in terms of heat currents [12,20]. As for
homogeneous NEMD methods, the formation of solitons
makes these techniques inefficient for the calculation of k
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in 1D and quasi-1D systems [21]. Although heat transport
in CNTs turned out to be different from that of ideal 1D
models, the use of NEMD simulations does not appear to
be appropriate, as it would add technical uncertainties to
already existing theoretical controversies [22].

We modeled an infinitely long SWCNT by using peri-
odically repeated supercells; however, supercells of differ-
ent lengths (L) were considered, with L ranging from 0.5 to
200 nm, to investigate the convergence properties of k as a
function of phonon wavelength and lifetime sampling. In
qualitative agreement with the BTE prediction, our MD
results converge to k� 7000 W=m K for L> 20 nm
(Fig. 1). This value is larger than the one reported in
Ref. [6] where a different force field was adopted to model
phonon dispersion curves and density of states, and the
calculation of the lifetimes contained approximations; we
expect the Tersoff potential adopted here to overestimate
the thermal conductivity in carbon systems, although with-
out affecting the general picture of heat transport. In addi-
tion, as discussed below, the use of classical (in our MD)
and quantum phonon distributions (in Ref. [6]) may be
responsible for the present, quantitative discrepancy with
Ref. [6]. Our simulations show that the transport properties
of SWCNTs differ significantly from those of momentum-
conserving 1D models, where k diverges as k�l� � l�, with
l being the length of the 1D chain [12,23]. We note that our
findings disagree with those of previous MD simulations
[9], which may have been affected by ergodicity issues and
by a poor sampling of the phase space. In our simulation, as
the tube lengths are increased, several flexure modes in the
low-frequency region of the power spectrum appear. If
these modes and their lifetimes are not properly described,
converged values of the conductivity are not attained.

In order to gain a better understanding of the contribu-
tions of various vibrational modes to the value of the
thermal conductivity, we also computed k by using the
BTE approach. First, we tested the ability of the chosen
classical model to reproduce the vibrational properties of
SWCNT, and, in particular, the quadratic dispersion rela-
tion exhibited by ‘‘flexure modes.’’ The inset of Fig. 2
shows the dispersion curves computed both at zero tem-
perature, with the frozen phonon method, and at room
temperature, in the low-frequency region. The dispersion
curves display qualitatively good agreement with density
functional calculations [24] and with lattice dynamics
calculations with enforced symmetry rules [25]. The cor-
rect degeneracy and dispersion relation (� / q2) for the
long-wavelength flexure modes are reproduced, and the
effect of finite temperature is negligible.

The BTE approach was previously compared with MD
simulations for bulk models, such as a Lennard-Jones fcc
crystal [26,27] and bulk silicon [28], but no such compari-
son is available for nanostructures. In the single mode
relaxation time (SMRT) approximation [27] the BTE ap-
proach yields a simple expression where the contribution to
k of each phonon mode i with momentum q is [28]

 ki�q� � Ci�q�v2
i �q��

ph
i �q�; (1)

where vi�q� and �ph
i �q� are the group velocities and the

lifetimes, respectively. Ci�q� is the specific heat per unit
volume of each vibrational state. Using the Bose-Einstein
statistics Ci�q� is

 CQM
i �q� �

1

V
kbx2 ex

�ex � 1�2
; (2)

with x � @!i�q�=kbT, and !i�q� being the phonon fre-
quency; kb is the Boltzmann constant and T the tempera-
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FIG. 1. Thermal conductivity of a periodically replicated
�10; 0� SWCNT as a function of the supercell length (L).
Convergence is achieved for L > 20 nm; however, a rather large
uncertainty on k remains, due to the strongly harmonic character
of the phonons of the nanotube. The two square dots indicate the
values of k for a �10; 0� SWCNT deposited on a Si(100) 2� 1
substrate.
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FIG. 2. Phonon mean free path computed from the correlation
function of the eigenmodes of a �10; 0� SWCNT in a 20 nm long
supercell, and dispersion curves at zero (lines) and room tem-
perature (dots) of the low-frequency modes (inset). The numbers
on the dispersion curves indicate their degeneracy.
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ture. To compare directly to the classical MD results, we
will also consider the classical specific heat of the phonons,
CCL
i �q� � kb. The total thermal conductivity is then k �

P
i
P
q ki�q�, where, if a supercell large enough is consid-

ered, the phonon dispersion can be neglected and the sum
reduced to the � point only. The group velocities have been
obtained by finite differences from the phonon dispersion
curves around the � point, while the lifetime �ph

i of every
mode i was obtained from the integral of the autocorrela-
tion function of eigenmode energies, computed over a
microcanonical MD trajectory 2.5 ns long (see
Refs. [26,27] for details). Lifetimes were computed for
20 nm supercells (1880 atoms), so as to ensure converged
results. Relaxation times are determined by anharmonic
interactions (scattering) between phonon modes. At vari-
ance with the BTE approach used in Ref. [6], the method
used here does not involve approximations or assumptions
on the order of the anharmonicity to be considered. In the
SWCNT the low-frequency modes exhibit very weak an-
harmonicity; thus, phonon modes with very long (up to
200 ps) and relatively long lifetimes (�ph � 10 ps) are
found for frequencies up to 700 cm�1. From the computed
lifetimes, we obtain phonon propagation lengths �i �
vi�

ph
i , from which we can estimate the ballistic thermal

length: this is few �m [5]. This result is consistent with
experiments that found ballistic heat transfer in a 2:76 �m
long CNT [3]. The phonon propagation lengths computed
by MD are displayed in Fig. 2, which shows that several
low-frequency modes have �� 1 �m.

The contribution of the different phonon modes to k can
be appreciated from Fig. 3, where

P
iki is represented; ki is

from Eq. (1), using either the classical or the quantum
phonon specific heat. The low-frequency modes (� <
700 cm�1) account for most of the thermal conductivity.
The classical and quantum contributions to k are substan-
tially different for � < 700 cm�1, and the contribution of
the phonon modes with frequency larger than 1200 cm�1

becomes negligible when using the Bose-Einstein distri-
bution. The value of k obtained usingCCl (6660 W=m K) is
in very good agreement with the one computed directly
from the MD simulations. It differs by�1300 W=m K, i.e.,
by more than 20% from the value obtained using the Bose-
Einstein distribution. The quantum correction puts our
results in better quantitative agreement with the calcula-
tions of Mingo and Broido [6].

We now turn to the case of SWCNT interacting with a
viscous medium. To this aim, we model different viscos-
ities by performing Langevin dynamics [29] with different
values of the friction coefficient �. In hydrodynamics � is
related to the viscosity of a fluid � and to an effective
diameter of the particle a by � � 6��a=m. Note that �
can be expressed in terms of a relaxation time as � � ��1.
In a microscopic picture, � is related to the frequency of
impacts between the particles and the viscous medium. In
Fig. 4 the effect of different � on the thermal conductivity

of a �10; 0� SWCNT is shown. The SWCNT can be seen as
made of spheres of diameter equal to the average bond
distance d � 1:4 �A. Assuming that the particles of the
medium cannot penetrate the nanotube, only about half
the surface of every carbon atom is subject to collisions
with the particles of the medium, then, to relate � to �, we
define a � d=

���
2
p
� 1 �A. Within this assumption, the vis-

cosity of air at room temperature and pressure corresponds
to � � 0:55 ps and the one of acetone, a much less viscous
liquid, corresponds to � � 0:035 ps. Langevin dynamics
simulations have been performed for SWCNT in supercells
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FIG. 3 (color online). Thermal conductivity (k) computed by
the BTE [Eq. (1)] using the phonon group velocities and lifetime
computed by MD. The value of k is shown as a function of the
phonon frequencies included in the sum of Eq. (1) (the spectrum
is shown on the x axis), when using quantum (Bose-Einstein)
(solid/black line) and classical (dashed/red line) occupation. The
BTE with classic occupation of the vibrational states yields k
well within the error bar of the corresponding equilibrium MD
simulation (see Fig. 1).
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FIG. 4. Effect of the relaxation time � of the Langevin thermo-
stat on the thermal conductivity of a �10; 0� SWCNT and on its
power spectrum (inset). The viscosity � of two media (air and
acetone) at the corresponding � is shown (see text).
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20 and 40 nm long, showing that k is already well con-
verged in the smaller cell. When short Langevin relaxation
times, corresponding to the viscosity of liquids, are used,
the thermal conductivity drops by 2 orders of magnitude,
while a � compatible with the viscosity of air at room
conditions reduces k by an order of magnitude. k depends
linearly on �, for � smaller than 1 ps. To understand the
effect of the Langevin viscosity on the vibrational proper-
ties of the SWCNT, we have computed the phonon life-
times and the phonon density of state for different values of
� (inset of Fig. 4). The viscous drag smoothens the power
spectrum of the isolated nanotube, without producing a
shift of the frequencies and without changing the character
of its normal modes. At 300 K the effect on the phonon
lifetimes is instead more important; the long lifetime pho-
nons of the isolated tube are reduced to values around that
of the Langevin �. This explains the linear dependence of k
on � up to a threshold value affecting only the propagation
of the phonons with lifetimes longer than �.

We have also calculated the thermal conductivity of a
SWCNT deposited on silicon: a more realistic case that
may be of interest to nanoelectronic applications. The
structure of nanotubes on such a surface has recently
been investigated by first principle methods, and it was
found that CNTs form a number of covalent bonds with the
substrate that alter their electronic properties and may even
induce a gap opening in metallic tubes [30]. Using the
Tersoff potential [16] we modeled a �10; 0� SWCNT de-
posited on a Si(100) slab, 4 layers thick. The main axis of
the SWCNT is in the (001) direction, and the atoms in the
bottom layer of the silicon slab are frozen. Covalent bonds
are formed between the SWCNT and the dimers of the
reconstructed (100) Si surface. The thermalization and the
production runs were performed in the same way as for the
isolated nanotubes. At variance with the isolated tubes, no
significant convergence problems were encountered. The
interaction with the substrate substantially reduces the
thermal conductivity to k � 875� 75 W=m K. This is an
upper-bound value, as it is computed using a classical
phonon distribution.

In summary, we have studied heat transport in a SWCNT
and compared results from equilibrium classical MD and
from BTE-SMRT. Contrary to previous claims, we found
that both approaches yield finite values for the conductivity
of infinitely long SWCNT, and our results confirm the BTE
calculations reported in [5,6]. MD results are in quantita-
tive agreement with those of the BTE when a classical
statistics is used, and differ by �20% from those obtained
using the Bose-Einstein statistics at T ’ 300 K. Our esti-
mated ballistic length, of the order of a few microns, is
consistent with recent experiments at room temperature
[3]. k is significantly reduced by the interaction with
external media: up to 2 orders of magnitude for a
SWCNT in a viscous liquid medium, and by about 1 order
of magnitude when the SWCNT is deposited on silicon.

These reductions account for the difference of about 1 order
of magnitude between the measured k of isolated SWCNTs
[3] and of crystalline ropes of SWCNTs [4], and stem from
the decrease of the lifetime of acoustic and flexure long-
wavelength modes, which provide the largest contribution
to the thermal conductivity of isolated nanotubes.
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