
Standing Friedel Waves: A Quantum Probe of Electronic States in Nanoscale Devices

Jun-Qiang Lu,1 X.-G. Zhang,1,2 and Sokrates T. Pantelides3,4

1Center for Nanophase Materials Sciences, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA
2Computer Science and Mathematics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA
3Materials Science and Technology Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA

4Department of Physics and Astronomy, Vanderbilt University, Nashville, Tennessee 37235, USA
(Received 11 June 2007; published 30 November 2007)

We report a theoretical study of the dynamic response of electrons in a metallic nanowire or a two-
dimensional electron gas under a capacitively coupled ‘‘spot gate’’ driven by an ac voltage. A dynamic
standing Friedel wave (SFW) is formed near the spot gate and near edges and boundaries, analogous to the
static Friedel oscillations near defects. The SFW wavelength is controlled by the ac voltage frequency and
the device’s Fermi velocity, whereby the latter can be measured. In addition, the SFW amplitude exhibits
resonant behavior at driving frequencies that are related to eigenenergy spacings in the device, allowing
their direct measurement.
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The electron density around defects in a metal is known
to exhibit ‘‘Friedel oscillations,’’ produced by a singularity
in the derivative of the dielectric function at the Fermi
energy [1]. It is possible to obtain direct scanning-tunnel-
ing-microscopy (STM) images of Friedel oscillations pro-
duced by impurities and steps on metal surfaces [2,3] and
even by impurities at semiconductor surfaces [4,5]. Giant
Friedel oscillations were observed to arise from impurities
and defects at the high-electron-density metallic surface
layer of Be crystals [6]. Theoretical calculations predicted
unique features for Friedel oscillations in 1D interacting
electron systems [7].

In this Letter, we report simulations that demonstrate a
dynamic analogue of the static Friedel oscillation in nano-
scale 1D and 2D devices (Fig. 1). We use a ‘‘spot gate’’
capacitively coupled to a device, a setup that can be
implemented with a sharp STM tip. The application of an
ac voltage generates what we call a ‘‘standing Friedel
wave’’ (SFW), a real wave with a frequency controlled
by the gate signal. In contrast to the static Friedel oscil-
lations, whose wavelength is �=kF, where kF is the Fermi
wave vector, the wavelength of the SFW deviates from
�=kF by an amount that is proportional !=vF, where vF is
the Fermi velocity and! is the driving frequency. Thus, by
measuring the SFW wavelength, one effectively measures
the device’s Fermi velocity with directional resolution. The
amplitude of the wave, also controlled by the gate signal,
exhibits resonances when the driving frequency matches
the spacing of the eigenenergies of the quantum states.
These resonances can be used to probe the electronic states
in nanoscale devices.

Before we expand on the new results, it is useful to
contrast them with two other applications of ac voltages
for the measurement of device properties. A capacitively
coupled STM using an ac voltage has been used in the past
to study nonlinear effects from higher harmonic response
of the samples [8–10]. In the present case, such a setup can
be used to generate SFWs both around the tip and at de-

fects, but a second STM tip would be necessary to probe
the SFW itself. The separation between the two tips can be
on a macroscopic scale, as long as this distance is within
the spatial range of the ac response of the sample. Sepa-
rately, several authors studied theoretically the effect of an
ac voltage on the source-drain current of devices, including
tunnel junctions, contrasting the resulting ac current-
voltage characteristics with the dc steady-state character-
istics [11–16]. In the present case, we have no source-drain
voltage or current, only an ac gate voltage at a sharp tip,
which sets up SFWs that can be probed by a second STM
tip.

We start by considering an infinite homogeneous (1D or
2D) system under an external field Vext�x; t� applied using a
‘‘spot’’ gate, as depicted in Fig. 1. The spot gate is a gate
electrode with a sufficiently small area [the region where
Vext�x; t� � 0, e.g., the ‘‘area’’ of an STM tip] to produce
large Fourier components Vext�q; !� at finite q. The
charge-density response in this system is

 ���q; !� � ��q; !�V�q; !� � ��q; !�Vext�q; !�; (1)

where V � Vext � Vind is the sum of the external (Vext) and
the induced (Vind) fields, and � is the susceptibility. We
define ��q; !� to be the charge response function that will
be the focus of this Letter. It is given by

 ��q; !� �
��q; !�
��q; !�

; (2)

FIG. 1 (color online). Schematic sketch of the SFW setup:
(a) a quasi-1D nanowire and (b) a 2DES.
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where ��q; !� is the Lindhard dielectric function, which
we write as ��q; !� � 1� ��q; !�=C�q�. The quantity
�C�q���1 is the Fourier transform of the Coulomb potential.
It has the familiar form �C�q���1 � 1=�0jqj2 in three
dimensions (3D), but takes more complicated forms in
1D [17] and 2D [18] (see below). The susceptibility is
given by [19]

 ��q; !� �
2e2

�

X
nk

f�Enk� � f�Enk�q�

Enk � Enk�q � @!� i�
; (3)

where � is the volume, Enk is the energy dispersion with
the band label n, f�E� is the Fermi-Dirac distribution
function, and � is an infinitesimal smearing factor. The
1D or 2D systems can be realized, for example, in a
metallic nanowire grown on a Si substrate and in a Si
channel of a metal-oxide-semiconductor structure. In the
latter case, contributions of the valence electrons to
��q; !� can be approximated through an overall scaling
factor � in ��q; !�, and yield, ��q; !�=� � 1�
�c�q; !�=C�q�, where �c�q; !� contains only the conduc-
tion band contribution from Eq. (3), and � is the intrinsic
dielectric constant of the nanodevice. If the device is
metallic then �c�q; !� contains all of the response and
we can take � � 1.

In 1D or 2D, the form of C�q� differs from that in 3D
because of two factors [17,18]: different dimensionality
leads to different q dependence; furthermore, additional
external screening by charges outside the device, e.g., in a
dielectric substrate, changes C�q� into �bC�q�, where �b is
the dielectric constant of the substrate [17]. In this sense,
the Fourier transform of �bC�q� into real space can be
viewed as the effective capacitance density of the device.
Including �b, the dielectric function becomes

 

��q; !�
�

� 1�
�c�q; !�
�bC�q�

: (4)

The limit of complete external screening, namely �b �
1, can be viewed as a noninteracting electron gas. This
limit is unique to 1D and 2D systems for which an external
polarizer can exist. In this limit, ��q; !� � �, but the
charge response is still controlled by �c�q; !� via
Eq. (2), i.e., ��q; !� � �c�q; !�=�. As expected, � re-
duces the amplitude of the charge response.

The intrinsic dielectric constant � and that of the sub-
strate �b have opposite effects on the linear response from
the conduction electrons. The former screens all fields,
including the applied field, whereby it always reduces the
effect of interest here. The latter screens only the induced
field, whereby it serves to minimize the screening effect of
the Coulomb interaction between the free charges in the
device and enhances the effect of interest here. Below we
will assume that � � 1 which maximizes the effect, and we
discuss the effect with different values of �b.

According to Eq. (2), the dynamic charge response
produces resonant waves at wave vectors q for which
��q; !� � 0 [20]. These are the conventional plasma

waves. In addition, there are resonance waves due to the
singularities of the susceptibility which are given by the
poles of Eq. (3) at the Fermi energy, EkF � EkF�q � @!
(there may be multiple kF’s). These contain both the
plasma and the Friedel waves. The solutions are

 q � vF �
�
	!; plasma wave;
2kF � vF 	!; Friedel wave;

(5)

where vF � �@Ek=@kjE�EF is the Fermi velocity. The
plasma waves in 1D and 2D do not have a constant fre-
quency as in 3D, consistent with the previous 2D result
[20]. The susceptibility is symmetric between q and�q. If
the exciting potential Vext is also symmetric in q (i.e., its
location does not move with time), then the charge re-
sponse has equal amplitude for both q and �q, resulting
in a standing wave. That is what we call the SFW.

From Eq. (5), the singularities near jqj � 2kF are split
into pairs at finite frequencies, where �q � vF � 2!. This
small separation leads to a long-wavelength modulation of
the SFW. If the modulation of the SFW can be generated
and detected, it can be used to extract the Fermi velocity of
the material. For smaller �b, the corresponding expressions
that relate the wave vector shift to ! and vF are somewhat
more complicated, but the basic idea is the same.

The charge response for a 3D electron gas at zero
frequency and at finite frequency for q! 0 are both well
known. The latter yields the plasma resonance frequency.
The Friedel oscillations, however, occur at a finite jqj. For
our purposes, we need the full charge response at both
finite q and finite ! and for geometry other than a 3D bulk
system. This function can be evaluated numerically for 1D
and 2D systems. In Fig. 2 we plot the real part of the charge
response function ��q; !� of an infinite homogene-
ous nanowire at two frequencies ! � 0:23 GHz and
0.23 THz, as a function of q. We used the parameters
derived from data in Ref. [21] for a GaAs nanowire: kF �
0:1 nm�1, EF � 1:5 meV, and �bC � 8:3e=�nm V�. For
comparison, we also show the results for infinite screening
(�b � 1). The imaginary part (the time dependence 90


out of phase) of ��q; !� is not plotted. In Fig. 2(c) we show
the temperature dependence of the resonance for the GaAs
nanowire with EF � 1:5 meV. Larger values of EF would
give sharper resonances at the same temperature.

Unlike the static Friedel oscillations, a SFW can be
generated in an infinite defect-free wire using a sufficiently
sharp gate electrode whose spatial dimension is smaller
than the Fermi wavelength. In Fig. 3 we show the SFW at
two different frequencies in an infinite homogeneous GaAs
nanowire under an ac perturbation from a very sharp spot
gate electrode placed at x � 0. The applied field is as-
sumed to be Vext�x; t� � V0e

�x2=d2
e�i!t, with a strength

V0 � 0:1 V and a width d � 10 nm. At the higher fre-
quency, the modulation of the SFW is clearly evident. The
modulation has a wave vector �q � 2!=jvFj in agreement
with Eq. (5). The long-wavelength wave with twice the
period of the modulation corresponds to the plasma reso-
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nance. The imaginary part of the charge response is pro-
portional to the frequency and becomes significant at ! �
0:23 THz.

Similar to the static Friedel oscillations, the SFW can
also be observed near the boundaries of a finite system. For
a finite system, it is convenient to calculate the dielectric
function in real space. The usual expression for the sus-
ceptibility in terms of the eigenenergies El can be rewritten

in terms of Green’s functions,
 

��!;r;r0��
e2

i�

Z
dEf�f�E��f�E���G

R�E�;r;r0�

�GA�E;r0;r��f�E��GA�E;r;r0�

�GA�E�;r0;r��GR�E�;r;r0�GR�E;r0;r��g;

(6)

where GA and GR are the advanced and the retarded Green
functions, respectively, and E	 � E	 @!.

If we discretize real space into a finite number of mesh
points, then the applied field Vext�r� and the charge re-
sponse ���r� are both vectors, and the Lindhard function
��!; r; r0� and the effective capacitance density C�r; r0� are
both matrices. The effective capacitance matrix is defined
by Vind�!� � C�1���!�, which is the discretized version
of the Coulomb potential and leads to the linear-response
equation,

 ���!� � C�C� ��!���1��!�Vext�!�: (7)

Equations (6) and (7) give the dynamic charge response.
The SFWs produced in finite-size nanowire and 2DES

are shown in Fig. 4. In this figure we use the materials
parameter as the GaAs nanowire and a broader gate with a
width d � 2�=jkFj. The length of the nanowire is
1570 nm. The gate voltage has a width d � 62:8 nm with
strength V0 � 0:1 V. In Fig. 4(b) the size of the
rectangular-shaped 2DES is 490 nm� 245 nm. The ap-
plied field is Vext�r; t� � V0e

�jrj2=d2
e�i!t, with d �

62:8 nm and V0 � 0:1 V. A parametrized tight-binding
Hamiltonian is used to compute the Green’s functions in
Eq. (6). For the nanowire, the Hamiltonian is H �
�
P
ic
y
i ci � t

P
ic
y
i ci�1, with � � 0 and t � @

2=2ma2,

FIG. 3 (color online). Standing Friedel wave in an infinite
homogeneous nanowire generated by a sharp spot gate:
(a) with �bC � 8:3e=�nm V� (inset shows the imaginary part)
and (b) with �b ! 1.

FIG. 4 (color online). Standing Friedel wave in (a) a nano-
wire with a finite length and (b) a 2DES with a rectangular
geometry. Both calculations use the substrate screening �bC �
8:3e=�nm V�.

FIG. 2 (color online). Charge response function ��q; !� of an
infinite homogeneous nanowire at two different frequencies:
(a) with �bC � 8:3e=�nm V�, (b) with �b ! 1, and (c) for ! �
0:23 GHz at different temperatures.
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where a � 15:7 nm is the spacing between the mesh
points. For the 2DES, a square lattice is chosen, using
the nearest neighbor coupling t � @

2=2ma2 where a �
8 nm.

The frequency dependence of the SFW shows a series of
resonances as depicted in Fig. 5, where the Fourier trans-
forms of the charge response ���x� for a GaAs nanowire
are plotted. Here to highlight the resonances we use a
strong substrate screening �b ! 1. Coulomb interaction
will shift and reduce the resonances moderately and will
superimpose a strong plasma wave. For a 1D system, the
resonances are alternately odd (the oscillation on the left
half of the nanowire is opposite in sign than that on the
right) and even in parity, determined by the parity of l� l0,
where l and l0 label the eigenenergies El. Figure 5(b) shows
the real-space charge oscillation at an odd-parity reso-
nance, and 5(c) shows an even-parity resonance. Despite
the asymmetric excitation and response, the Fourier com-
ponents of the odd resonances are exactly zero if one
integrates over the entire nanowire [the solid curve labeled
‘‘total’’ in Fig. 5(a)]. Therefore, we also plot the Fourier
transforms using only the left or right halves of the nano-
wire, shown as the dashed curves labeled ‘‘left’’ and

‘‘right,’’ respectively. These resonances arise from the
singularities in the susceptibility whenever @! �
El � El0 for any pair of l and l0 with El < EF and El0 >
EF. They can be a powerful probe of the electron eigen-
states in a nanodevice.

In conclusion, we propose that nanoscale devices exhibit
a dynamic response to an external ac field analogous to the
static Friedel oscillation that originates from defects. The
dynamic response, SFW, can be used to probe quantum
mechanical and electronic properties of nanoscale devices,
such as the directionally resolved Fermi velocity and the
energy differences of quantum-well levels. Semiconductor
heterostructures may provide the best platform to observe
this effect.
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FIG. 5 (color online). Resonances in a nanowire with �b ! 1:
(a) Fourier transform of �� in the frequency domain at q � 2kF;
(b), (c) spatial distributions of �� just below (red curves) and
above (blue curves) the resonances. The two resonances in (a)
are at ! � 14:5 GHz and ! � 28:9 GHz, and the arrows in-
dicate the frequencies for the curves in (b) and (c).
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