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We extend all known black-hole no-hair theorems to space-times endowed with a positive cosmological
constant A. Specifically, we prove that static spherical black holes with A > 0 cannot support scalar fields
in convex potentials and Proca-massive vector fields in the region between the black hole and the cosmic
horizon. We also demonstrate the existence of at least one type of quantum hair, and of exactly one
charged solution for the Abelian Higgs model. Our method of proof can be applied to investigate other
types of quantum or topological hair on black holes in the presence of a positive A.

DOI: 10.1103/PhysRevLett.99.201101

The no-hair conjecture states that gravitational collapse
reaches a stationary final state, characterized by a small
number of parameters. The part of this that has been
rigorously proved, called the no-hair theorem [1-3], deals
with the uniqueness of stationary black-holes, which are
characterized by mass, angular momentum, and charges
corresponding to long-range gauge fields. In particular,
static black-holes do not support external fields corre-
sponding to scalars in convex potentials, Proca-massive
gauge fields [4], or even gauge fields which have become
massive via the Abelian Higgs mechanism [5,6].

All these theorems assume, in addition to stationarity,
asymptotic flatness, which requires a vanishing cosmologi-
cal constant. The stress-energy tensor then must vanish at
infinity, which means that all matter fields must approach
their vacuum values. However, recent observations suggest
a strong possibility that the Universe is equipped with a
positive cosmological constant, A > 0 [7,8]. If this is so,
there should be a cosmic horizon of size ~1/ \/K, and
proofs of uniqueness of black-holes become suspect.
Even if a black-hole forms as the final state of gravitational
collapse, its horizon will be inside the cosmic horizon.
There is no global timelike Killing vector outside the
black-hole horizon. Further, the stress-energy tensor need
not vanish at infinity, nor even at the cosmic horizon, so
boundary conditions for the fields are not obvious.

Price’s theorem [9], which may be thought of as a
perturbative no-hair theorem, was proved for A > 0 some
years ago [10] for massless small fluctuations. But no
version of a theorem about the existence of static matter
fields has been established for A > 0. Here we establish
classical no-hair theorems for various different fields, and
also extend one known case of quantum hair, on static
black-hole space-times with A > 0. Our method involves
a paradigm shift—we consider only the region between
the black-hole horizon and the cosmic horizon, and ignore
the asymptotic behavior of both the metric and the matter
fields. In fact, we do not use the equations for the metric at
all, beyond assuming the existence of a cosmic horizon.
We find that it is possible to extend most of the known no-
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hair theorems to black holes in a Universe with A > 0. We
also find one clear exception, that of the Abelian Higgs
model.

We will consider the various no-hair conjectures in a
black-hole space-time endowed with a positive cosmologi-
cal constant, which leads to the existence of a cosmic
horizon. By a static black hole with A > 0 we will mean
a space-time with at least two horizons, between which
there is a timelike Killing vector {* satisfying ¢, V,{)) =
0. Then {* is orthogonal to a spacelike hypersurface 3,
which is assumed to be spherically symmetric. The norm
A(r) = /—ZF{,, vanishes at two values ry < rc of the
radial coordinate r, thus dividing the manifold into three
regions. The region r < ry contains a space-time singu-
larity. The points of this region do not lie to the past of 2
(for which ry < r < r¢), while the points of 2, do not lie to
the past of the region r > r-. We are not concerned with
the world outside the cosmic horizon; so the asymptotic
behavior of the metric will not be relevant to our calcu-
lations. In particular we do not assume the metric to be
asymptotically de Sitter.

The various no-hair theorems will be taken to be state-
ments about the corresponding classical fields on the
spacelike hypersurface 3 between the two horizons. We
will not look for solutions, only prove general statements
about their existence. The crucial ingredient for these
proofs is that the squared norm of the stress-energy tensor
is bounded at each horizon. This is dictated by Einstein’s
equation, G, = 87T, — Ag,,; if the stress-energy ten-
sor T, has unbounded norm at any point, the norm of the
Einstein tensor G, must also become unbounded there,
giving rise to a curvature singularity at that point. Since the
horizons are assumed to be regular, i.e., only coordinate
singularities, it follows that the Einstein tensor and hence
the stress-energy tensor must have bounded norm at both
horizons. Similar arguments show that the norm of the
stress-energy tensor must be static; i.e., its Lie derivative
must vanish along the vector field {#. Generally we will
say that the stress-energy tensor is bounded, or static, when
we actually mean its norm has those properties.
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Although the calculations are on a spacelike hypersur-
face X, orthogonal everywhere to a timelike Killing vector,
it is convenient to use covariant notation without resorting
to explicit coordinates. Let Hﬁj , = 6Z ,+ AT2{# L, denote
the projection tensor which projects vectors to 2 and let
\Y u denote the induced connection on 3.. Then for a rank p

antisymmetric tensor {) whose Lie derivative with respect
to {* vanishes,

Va(Ao®) = AV, Q-1 T, (1)

where w is the 3-projection of (). This is essentially the
statement that the four divergence of () is the same as its
three divergence when both () and the metric are time
independent. All our proofs will be based on this result.

Let us start with the example of a real scalar field ¢ in a
potential V(). The equation of motion for ¢ is

v, vip =Y P iy, @

I
A nonvanishing V(¢) enters the stress-energy tensor, so it
follows that L£,¢p =0 on X. Then we can project this
equation down to 2, using Eq. (1) to get

V L (AVF$) = AV/(). 3)

For V(¢) convex [i.e., V'($) = 0], we multiply both sides
of this equation by V’(¢) and integrate over the spacelike
region 3, between the two horizons to get

f AV, b+ [ ALV ($)V- ¥, + VP ()]0,
B 3
@)

Here 93, is composed of the two spheres located at the two
horizons, and n* is the 3-ward pointing spacelike unit
normal to these two spheres. Since v“gbvad) appears in
the stress-energy tensor 7', it must be bounded at the two
horizons. We may then apply Schwarz inequality, which in
this case says that

In*V,¢1> = (n#n,)(V* V) = (VdV, ).  (5)

For generic V(¢), the boundedness of 7', on 93 implies
that ¢ must also be bounded there. Since A(r) = 0 on 9%,
it follows that the integral on 92 vanishes. Since 3, is
spacelike V¥V, ¢ is non-negative, as is V" (¢) due to
convexity, so Eq. (4) says that ¢ is a constant at its
minimum everywhere on 3, which is the no-hair result.
For a massless ¢, we can multiply the field equation by ¢
and insist that ¢» be measurable at the horizons, and the no-
hair result follows. Note that we did not need to use the
gravitational equations of motion.

The proof may not apply for a nonconvex potential
V(¢). A real scalar field moving in the double-well poten-
tial V(¢) = 4(¢p? — v?)? can have a nontrivial static so-
lution in % (it may be an unstable solution; see [11]). An

interesting and not so obvious case is that of the conformal
scalar, for which the interaction is V(¢) = {5 R$?. Then
the part of the action containing ¢ is invariant under local
conformal transformations, as are the scalars T{f and
T,,T*”. Then in principle one can make a transformation
to make ¢ or V p® diverge at 93 without causing a
curvature singularity. Then the 93 integral can be nonzero,
which allows a nontrivial configuration of ¢ on 2. Indeed
solutions with conformal scalar hair with A > 0 are known
[12]. The proof also will not apply to scalars with a kinetic
term of the wrong sign, as in phantom models of dark
energy [13]. Of course, in such models a static black-
hole may not form in the first place, and a statement of
no-hair theorems may not be possible.

For the massive vector field, the proof proceeds in a
similar manner. The matter Lagrangian is

L = —1F, F* — Im’A A" (6)

Let us define the electric potential ¢ = A~!¢ wA* and
electric field e# = A~'Z, F#”. A little algebra shows that

V,.(A$) = de, + L;a,, Vet = A1V Fre,

)

so that the equation of motion for e* is
Vet —m?p = 0. (8)

Multiplying both sides by A¢ and integrating, we find

[92 Apern, + /E[A(EMEM +m*p?) + et LA,]1=0,
)]

where n* is the 3,-ward unit normal to 92,, as before. Since
¢? and e pe” both appear in T ,,,, ¢ must be finite, and by
Schwarz inequality e#n, is finite, so the 92 integral
vanishes. The Lie derivative vanishes by staticity, so the
vanishing 2, integral contains positive definite quantities. It
follows that ¢ =0 =¢,, on X.

The equation of motion for the magnetic field is
V  (Af#7) — m?Aa” = 0, (10)

where a, and f,, are the 2-projections of A, and F,,.

Multiplying both sides by a, and integrating, we find
1
[ Aa,f*n, + f /\<—(f/‘”)2 + mz(a”)2> =0. (11)
S s \2
Since a* and f,, appear in T, these must be regular,
which ensures that the 92, integral vanishes. The second
integral is over a sum of squares, so a, = 0 = f,, on 2,
which is the desired no-hair result.
For the massless vector field the Lagrangian has a local
gauge symmetry, which nullifies the boundedness argu-

ment. A gauge transformation can always change a
bounded function ¢ to one that becomes unbounded on

201101-2



PRL 99, 201101 (2007)

PHYSICAL REVIEW LETTERS

week ending
16 NOVEMBER 2007

the horizon. Thus we cannot set the 93 integration to zero,
so e, need not vanish on X either. In fact Reissner-
Nordstrom solutions with a positive cosmological constant
are known.

There are two gauge-invariant Lagrangians which de-
scribe a massive Abelian gauge field. The no-hair conjec-
ture fails for both of these cases in the presence of a
positive A, as we describe now.

The first mechanism we consider is described by the
Lagrangian

m

1
T3HurpHA? + 07 B , F

1
L= = FuF* = =H,,

4 m

pov
(12)

where B,, is an antisymmetric tensor potential and
H,,, = (V,B,, + cyclic) is its field strength. This system
describes equally well either a massive vector or a massive
antisymmetric tensor. A static, spherical, asymptotically
flat black hole can carry a charge of the B field, with both
F,, and H,,, vanishing everywhere outside the black-
hole horizon [14]. It is easy to see that a similar solution
exists for A > 0 as well.

Let f#” and h* be the 3-projections of F4” and H* =
%e’“”‘” H,),, respectively. Then the “magnetic equations™
can be written as

V ,(Af#") = Amh*, Viehg) = —mfap. (13

If we also define e# = A7'{,F#¥ and ¢ = A™'{,HP, we
find the “‘electric equations”
\Y

et =—my,  V,(\p) = —Ame, (14)

y

where we have used L H* = 0.
Multiplying the first of Eq. (13) by &,,, and the first of
Eq. (14) by Ay, and integrating, we obtain

|
f AfE7R o, + f mA<—fwa + h“hﬂ> —0, (15)
a3 s, 2

f Ape  nt — ] mA(e,e” + ¥?) = 0. (16)
3 3

The surface integrals contribute nothing. It follows that all
components of the field strengths H,,, and F,, vanish on
3. The solution is then the de Sitter—Schwarzschild black
hole, with an arbitrary charge g corresponding to the B
field, whose nonvanishing component is

9
dmrr?’

Byy = (17)
This charge should be measurable via a stringy Bohm-
Aharonov effect, just as for asymptotically flat space-times
[15]. We should mention here that the free Abelian two
form will leave the same kind of charge on the black hole,
the proof of H,,, = 0 on 3, proceeds in a similar fashion
for that theory.

The other case is that of the Abelian Higgs model. In the
absence of cosmological constant, a static spherically sym-
metric black hole does not carry electric (or magnetic)
charge if the gauge field becomes massive via spontaneous
symmetry breaking. However, as we shall see now, the
presence of a positive cosmological constant allows a
charged black hole in the false vacuum. The matter
Lagrangian for the Abelian Higgs model is

1 1 1 1
L=——F, FF ——g2p2(A, +—V n)[A* + —V~
4 1 21 p( oqu ,m)( qu n>

—%vﬂpwp +%(p2 —v2)2. (18)

The equations for the magnetic and the electric fields on
3, read

V,(Af#) + )\quz(a'“ + qivwn) =0, (19)

- 1
Vet — q2p2<¢ + q—vlgn> =0, (20)

where the definitions for e# and f,, are as in Egs. (7) and
(10). Applying the now familiar techniques to Eq. (19), we
get

1 -
Ma, +—V, 5\,
jaz <a” qu ,m)f "
1 -
_ _ fuv 2.2 .
s er(o o)
><<a“ +iwn>}=o. @1
qu

The X integral can be nonvanishing only if the 92, integral
is also nonvanishing, which means that the norm of either
Suvor(a, + \% 1) must diverge at the horizon. However,
since we have assumed spherical symmetry, a nonvanish-
ing f,, is essentially that of the magnetic monopole. But
then (a, + \% « 1) cannot be both spherically symmetric
and divergent at the horizon. So f,, = 0 on 3.

For the electric field we use Eq. (20) to find

A+ e
_— e”n
ﬁz < Aqv”) a

1 2

+ /E[)\e“e# + Aq2p2<¢ + mn) } =0, (22)

where 77 = L, 7, and we have used L(a,, + qivvﬂn) =0

because of staticity. Since e, e* appearsin T,,,,, we can use

Schwarz inequality to say that e#n,, is finite on 0. So the

3, integral can be nonzero only if (¢ + qiv A~ %) diverges

on at least one horizon. In this case p must vanish on that
horizon.

For the asymptotically flat black hole (A = 0), it can be

shown that p cannot vanish on the horizon, and so the black
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hole cannot have electric charge [6]. Let us see what
happens for our present choice of A = 0. The equation
of motion for p projected down to 2 reads

- 2
V  AV#p = —Aq2p<¢ + %AW]) + Aap(p? — v?).
v
(23)

Let us assume for the moment that p vanishes on the black-
hole horizon at r = rg, and starts increasing with increas-
ing 7. Then p must increase monotonically from p = 0 at
r=rytooneof: (i) p=pc<vatr=rg (i) p =v at
r=r, =rc; (1) p = pmax < v at the turning point r =
Fmax < re.

In all three cases, we multiply Eq. (23) by (p — v) and
integrate over a region () to get

f Alp — v)n“vﬂp
ET)

- /Q /\[%W“p —plp — v)<¢ + /\—;vﬁf

+ alp —v)’p(p + v)} =0. (24)

The region ) and its boundary 9{) for the three cases
are taken, respectively, to be (i) Q =3, 9Q =03;
() Q =2, , 0Q =spheres at ry, r,; (i) Q=
3.« 9 = spheres at ry, Fuyg.

In all three cases, the integral over d{) vanishes, and all
terms in the () integral are non-negative everywhere on ().
So we have a contradiction and p cannot increase from
zero as r increases from ry. These arguments can be
trivially modified to show that p cannot decrease from
zero as r increases from rg, nor can p increase or decrease
from zero as r decreases from r.. So in general, p # 0 at
either horizon, so the electric field vanishes on 2, and the
black-hole does not carry an electric charge, which is the
no-hair statement. There is however one exception. This is
the solution for which p = 0 on all of X. Then Egs. (20)
and (22) are the same as those for the ordinary Maxwell-
Einstein system. Then the black hole may carry an electric
charge, and the space-time is described by the Reissner-
Nordstrom—de Sitter solution.

We also note here that the assumption of spherical
symmetry is not crucial for the proofs, except for the
Higgs model. So axisymmetric black-holes are hairless
for most field theories, while dipole or other axisymmetric
hair cannot be ruled out for the Higgs model.

We have proved various no-hair theorems by restricting
attention to the region between the two horizons for black-
hole space-times with A = 0. Unlike usual investigations
of black-hole space-times, we have managed to completely
ignore the asymptotic behavior. This is the new paradigm
referred to earlier, which we believe should be useful in

further investigations of A > 0 space-times. Interestingly,
the Abelian Higgs system allows a charged solution which
has no counterpart in the asymptotically flat case. This
suggests the intriguing possibility that, even for the A =
0 black holes with hair, there may be additional classes of
solutions for A = 0, coming from nontrivial boundary
conditions at the two horizons. For example, black holes
pierced by a cosmic string [16], black holes with nontrivial
external Yang-Mills and Higgs fields, or Skyrme black
holes [17,18] may have more varied counterparts for A >
0. Black holes with discrete gauge hair (see [19] for a
review), because of the underlying Higgs model, may be
dressed differently for A > 0. There may also be new
axisymmetric solutions in a Higgs background. Other
kinds of quantum hair such as non-Abelian quantum hair
[19,20] or spin-two hair [21], whose existence are related
to the topology of the space-time, are likely to be present
also for A > 0.
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