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Magnetic microparticles suspended on the liquid-air interface and subjected to an alternating magnetic
field exhibit spontaneous formation of dynamic localized snake patterns. These patterns are accompanied
by four large-scale hydrodynamic vortices located at the opposite ends of the snake patterns. We report
detailed studies of these large-scale vortices and their relationship to the collective response of magnetic
particles in the presence of an alternating magnetic field. We present a model based on the amplitude
equation for surface waves coupled to the large-scale hydrodynamic mean flow equation. The model
describes both the formation of the dynamic snake patterns and the induced structure of the experimen-
tally observed hydrodynamic flows.
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A resurgence of interest in pattern formation at the micro
and nano scales has been driven by the prospect of a deeper
understanding of the nature of the dynamic self-assembly
phenomena [1]. From a practical point of view, self-
assembly promises to provide a nonorthodox approach
to the fabrication of a broad range of nanoscaled devices
(for instance, novel memory storage elements based on
self-assembled layers of magnetic particles). Experi-
mental studies of nonequilibrium self-organization in en-
sembles of particles with long-range interactions have
recently revealed a rich variety of patterns (rings, chains,
rotating binary vortices, clusters) [2–8]. Analogues of
parametrically-excited surface (Faraday) waves [9] have
been recently discovered in a variety of systems subjected
to periodic external excitations, from granular materials [3]
to ferrofluids [5], and externally driven magnetic par-
ticles floating on the surface of a fluid [8,10]. While the
physical mechanisms governing self-organization and pat-
tern formation in these system are rather different, the
similarity is deeply rooted in a universal mathematical
description based on nonlinear amplitude equations for
parametrically-excited surface waves. Thus, insights de-
rived from analyzing of specific system can be often car-
ried over to completely different situations.

In our earlier work, we observed a novel snake pattern
composed of multisegmented quasi-one-dimensional lo-
calized structures. These structures were self-assembled
from magnetic microparticles suspended on the surface
of fluid and energized by an alternating vertical magnetic
field [8,10]. We showed that these structures appear due to
dynamic coupling between fluid-surface excitations and
the collective response of particles to an external ac mag-
netic driving field. The observed patterns exhibit nontrivial
magnetic structure: antiferromagnetic order between seg-
ments is accompanied by a ferromagnetic ordering of the
chains of microparticles comprising each segment [8]. The
pattern formation in this system is accompanied by non-
linear hydrodynamic surface flows.

In this Letter, we report in-depth experimental and theo-
retical studies of the hydrodynamic flows induced in the
vicinity of the snake pattern. We demonstrate that these
large-scale vortex flows can be fine-tuned by varying the
frequency of the external driving magnetic field. We have
developed a continuum phenomenological model which
couples the amplitude equation for the surface waves
with the equation for large-scale mean flow to describe
the experimental observations. Our model successfully
reproduces the phenomenon of nonlinear flow generation
as well as provides new insight into the mechanism of
dynamic pattern formation.

Our experimental setup is similar to that reported earlier
[8,10]. A glass beaker (5 cm diameter) is filled with water
and placed in the center of a magnetic coil (170 mm
diameter) capable of creating vertical magnetic fields up
to 120 Oe. Magnetic microparticles are suspended on the
surface of the water and supported by surface tension.
Positions of the particles are monitored using a fast CCD
camera mounted on an optical microscope stage. In most of
our experiments, we used 90 �m spherical nickel particles
(magnetic saturation moment per particle at 4 kOe is
200 �emu). The setup is designed so that the magnetic
force per particle associated with the field gradients (ver-
tical and horizontal) is less than 1% of the gravitational
force per particle. Thus, driving field inhomogeneity is not
relevant to the phenomena reported below.

A static vertical magnetic field of sufficient magnitude
generates a triangular lattice of particles due to repulsive
dipole-dipole interactions between magnetically aligned
particles. An alternating magnetic field, however, can pro-
duce surprising effects such as a self-organized localized
snake pattern [8]. This pattern appears due to the following
instability mechanism: as the magnetic moment of the
particle aligns itself with the external magnetic field, the
particle drags the surrounding fluid and consequently af-
fects the surrounding particles. If the particles are close
enough, their head-to-tail dipole-dipole attraction over-
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comes the repulsion promoted by the external driving field,
and a chain of particles is formed with magnetic moment
pointing along the chain. Each chain further promotes the
self-assembly process of another chain by producing local
wavelike oscillations, creating a nonzero projection of the
magnetic field onto the surface of the liquid. The character-
istic length-scale of the resulting multisegmented snake
pattern is closely related to the parameters of the excited
surface waves [8]. The excitation of surface waves by
oscillating magnetic particles responding to an alternating
magnetic field is analogous to Faraday waves in ferrofluids
and is the primary mechanism for the formation of snake
patterns. The snake pattern in our experiment is accompa-
nied by remarkably strong hydrodynamic surface vortex
flows on an initially calm liquid. Figure 1 features a self-
assembled snake pattern generated at 100 Oe, with a 60 Hz
driving field. The strongest flows are concentrated at op-
posite ends of the snake pattern (see also the supporting
movies [11]) where the centers of the vortices are located
(dark spots in Fig. 1). The flow velocity can be as fast as a
few centimeters per second and is determined by the
frequency of the driving magnetic field: a 30 Hz snake
generates 0:4 cm=s flow at its tail, while a 100 Hz pattern
develops flows up to 2 cm=s. The vortex flows are fully
determined by the snake pattern itself. To demonstrate this,
we completely removed all free particles from the surface
by means of a small (2 mm� 2 mm) permanent magnet,
leaving only a ‘‘bare’’ snake pattern in the beaker. To
visualize hydrodynamic flows, we added nonmagnetic
tracer particles (70 �m copper spheres). We detected no

significant changes in the flow pattern or in the strength of
the vortices. To characterize vortex flows in the system, an
effective vortex strength, �, can be defined as an asymp-
totic angular velocity of the vortex close to its core, � �

limR!0
1

2�R2

H
~vd~l, where v is the horizontal velocity and R

is the radius from the center of rotation. Figure 2 shows the
effective vortex strength plotted as a function of the driving
field frequency (amplitude of the field was fixed at
100 Oe). As it is seen from Fig. 2, the effective vortex
strength exhibits almost linear growth with driving fre-
quency f. Further increase of the excitation frequency
induces an instability in which the entire snake pattern
begins to move erratically in the container (see bottom
panel of Fig. 2 and supporting movies [11]).

In our earlier work [8], we described the formation of the
localized snake patterns using an amplitude equation for
parametric waves coupled to the conservation law for the
magnetic particle density and completely neglected surface
flows effects. Here, to account for the large-scale surface
flow patterns observed in our system, we modify our
previous model by introducing the Navier-Stokes equation
for large-scale mean flow coupled to the smaller scale
surface waves. A similar approach is often used in the
context of large aspect ratio Rayleigh-Benard convection
for the description of mean flow effects, such as rotation of
spirals, spiral defect-chaos, etc. [1,12,13].

According to Ref. [8], the generation of surface waves
by magnetic particles can be described phenomenologi-
cally by the following set of equations:
 

@t � �vr� � ��1� i!� � �"� ib�r2 � j j2 

� � ����� (1)

FIG. 1 (color online). Dynamic self-assembled snake structure
generated by a vertical alternating magnetic field (100 Oe,
60 Hz) and induced surface flows. White round spots in the
figure are 90 �m nickel particles. One sees individual particles
as well as linear chains formed by particles. Arrows designate
the velocity field of the surface flows obtained by means of
particle image velocimetry. Background colors reflect the am-
plitude of the flow velocities. The flow velocity at the tails of the
snake pattern reaches 1:2 cm=s.

FIG. 2 (color online). Effective vortex strength � vs external
magnetic field frequency f. Amplitude of the driving field was
fixed to 100 Oe during the experiments. Inset: frequency behav-
ior of the vortex strength obtained from the simulations based on
the proposed phenomenological model. Bottom panel: onset of
the snake instability (experiment: 70 Hz, 100 Oe driving).
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 @t��r��v� � Dr2�� �r��rj j2�: (2)

Equation (1) is a modified paradigm model for
parametrically-excited surface waves [ is the complex
amplitude of the surface wave � exp�i!t� � c:c:, ! �
2�f=f0] that includes parametric driving � ����� and
nonlinear damping j j2 , and accounts for the presence
of surface flows. The linear operator in Eq. (1) is obtained
by expanding the dispersion relation near the frequency !,
and by the corresponding wave number k of the surface
wave (here, k 	

����������
!=b

p
). "r2 models the viscous dissi-

pation. The original driving frequency f of the alternating
magnetic field is scaled by the (arbitrary) reference fre-
quency f0, and time t is normalized by the reference
frequency time scale 1=�2�f0�. The length is scaled by
the characteristic length scale l0 obtained from the disper-
sion relation for surface waves. Forcing of the waves by the
magnetic field is modeled by the parametric driving term.
The function ����, which accounts phenomenologically
for the dependence of the forcing term on the density of
particles, is chosen to be proportional to � for small
particle densities and saturates for larger ones. Such a
dependence accounts for the fact that the effect of forcing
should vanish for low particle densities (�! 0) and satu-
rate for high densities. Equation (2) is a conservation law
for the magnetic particles’ density, where D is a diffusion
coefficient and � denotes the amplitude of the advection
term describing the concentration of particles by waves.

The evolution of the large-scale hydrodynamic velocity
v follows from the Navier-Stokes equation

 @tv� �vr�v�
rp
�f
� �r2v� F: (3)

Here, p is the pressure, �f, � denote the fluid’s density and
viscosity, and F is a vector force due to the external driving
averaged over a single period. For simplicity, we consider
the situation in which the large-scale flow v is purely two-
dimensional, allowing us to simplify Eq. (3) by introducing

a stream function. We also assume that the characteristic
scale of the hydrodynamic field is much larger than that
associated with the surface waves.

The force term F requires special consideration. In the
context of Rayleigh-Benard convection, which is typically
described by a scalar order parameter u in the framework
of the Swift-Hohenberg model equation [1], this term is
proportional toru�rr2u. This is becauseru andrr2u
are the two simplest nontrivial vectors that can be built
from the scalar order parameter. Here, we are dealing with
a complex order parameter  which describes the ampli-
tude and phase of the surface waves. Based on symmetry,
one can write a general expression for the force term using
the form F� � �r �  r ��=2i. Obviously, there is no
analog of this term in the framework of the Rayleigh-
Benard convection.

The onset of parametric instability can be determined by
the linear stability analysis of the trivial (nonoscillating)
state ( � 0, � � const). One readily derives that the
parametric instability occurs at the optimal wave number

kc �
������������
�!b�"�
"2�b2

q
above some critical driving �c given by the

FIG. 3 (color online). Experimental critical driving field
(squared) as a function of magnetic particles density. The data
were taken for 80 Hz excitations. Dashed line is a fit to a / 1=�
dependence.

FIG. 4 (color online). Patterns and hydrodynamic flows ob-
tained by numerical modeling: (a) density of particles at the
surface of liquid. Dark color corresponds to the low density of
particles; (b) Surface wave amplitude induced by the collective
response of particle to the external driving. (c) velocity field
generated in vicinity of the snake pattern which is located
horizontally in the center of Figure. Parameters in Eqs. (1)–(3)
are " � 1, b � 2, � � 2:5, D � 1, � � 5, ! � 3, � � 200 in
domain of 200� 200 dimensionless units.
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following expression:

 �c���0� �
!"� b�����������������
"2 � b2
p : (4)

A finite-wavelength instability exists only if !b > ".
Equation (4) reflects an important relationship between
the parameters of the driving force and the properties of
the resulting snake pattern. The critical driving amplitude
�c behaves as�1=� for small particle densities and grows
linearly with the frequency of the external excitations.
Since the system is insensitive to the sign reversal of the
ac magnetic field, one should assume � to be proportional
to the square of the magnetic field amplitude, ��H2

0 .
Consequently, from the condition of parametric instability,
one obtains H2

c � 1=� law, consistent with our experimen-
tal observations (see Fig. 3).

In order to follow the evolution beyond linear instability,
we solved Eqs. (1)–(3) numerically. Select patterns ob-
tained in this way are shown in Fig. 4. Since the driving
force magnitude is proportional to the local particles den-
sity, surface wave excitations occur only in particle-rich
regions and rapidly decay in the depleted areas.
Consequently, there is a strong correlation between the
density of particles and the surface wave amplitude [see
Figs. 4(a) and 4(b)]. Our model also correctly reproduces
the structure of the hydrodynamic vortex flows, such as the
formation of two pairs of counter-rotating vortices at the
ends of the snake pattern, see Fig. 4(c). Modeling reveals
that the vortex strength increases linearly with the external

driving frequency, consistent with experimental observa-
tions (see inset to Fig. 2). The presence of hydrodynamic
flows in the model results in more elongated snake pat-
terns than in the previous simulations where we neglected a
flow generation. In addition, simulation of two interacting
snake patterns [Figs. 5(a)–5(c)] successfully reproduced a
coiled-snake pattern that we have occasionally observed
evolving from two nearly equal-sized snake patterns in our
experiments [Fig. 5(d)].

In conclusion, we studied large-scale vortex flows in an
ensemble of magnetically driven magnetic particles sus-
pended on the surface of a liquid. Our experimental and
analytical results suggest that large-scale vortices arise as a
result of nonlinear coupling between surface waves in-
duced by the magnetic particles and hydrodynamic flow
in the liquid. Our phenomenological continuum model
successfully reproduces the primary experimental obser-
vations, such as the formation of localized snake patterns,
the structural form of the vortices, and the dependence of
the vortex strength on the driving frequency. Our results
yield new insights into mechanisms of self-assembly in
nonequilibrium systems with competing particle-particle
interactions, such as long-range magnetic and hydrody-
namic forces and short-range collisions.
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FIG. 5 (color online). Evolution of two interacting snake pat-
terns. (a)–(c) results of simulations. Color reflects density of
particles: brighter colors correspond to high densities of parti-
cles; (d) experimental realization of the round snake pattern
obtained at 100 Oe, 40 Hz driving.
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