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We detect the correlated peculiar velocities of nearby type Ia supernovae (SNe), while highlighting an
error in some of the literature. We find �8 � 0:79� 0:22 from SNe, and examine the potential of this
method to constrain cosmological parameters in the future. We demonstrate that a survey of 300 low-z
SNe (such as the nearby SNfactory) will underestimate the errors on w by �35% if the coherent peculiar
velocities are not included.
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The first compelling evidence that the Universe is under-
going a period of accelerated expansion was provided by
observations of Type Ia supernovae (SNe) [1,2]. The data
from many current [3–5] and near future [6–9] surveys
should eventually constrain the effective dark energy equa-
tion of state to better than 10%.

Density inhomogeneities cause the SNe to deviate from
the Hubble flow, as gravitational instability leads to matter
flowing out of underdensities and into overdensities. These
‘‘peculiar velocities’’ (PVs) lead to an increased scatter in
the Hubble diagram, of which several studies have been
made [10–22]. When combining low and high redshift
SNe in order to estimate the properties of the dark energy,
the velocity contributions are usually modeled as a
Gaussian noise term which is uncorrelated between differ-
ent SNe. However, as recently emphasized [23], in the limit
of low redshift z & 0:1 and large sample size, the correla-
tions between SNe PVs contribute significantly to the
overall error budget. In this Letter we investigate the effect
of incorporating these correlations using the largest avail-
able low-redshift compilation [17].

Peculiar velocity covariance.—The luminosity distance,
dL, to a SN at redshift z, is defined such that F � L

4�d2
L

,

where F is the observed flux and L is the SN’s intrinsic
luminosity. Astronomers use magnitudes, which are related
to the luminosity distance (in megaparsec) by

 � � m�M � 5log10dL � 25; (1)

where m and M are the apparent and absolute magnitudes,
respectively. In the context of SNe, M is a ‘‘nuisance
parameter’’ which is degenerate with ln�H0� and can be
marginalized over. For a Friedmann-Robertson-Walker
universe the predicted luminosity distance is given by

 dL�z� � �1� z�
Z z

0

dz0

H�z0�
(2)

in speed of light units, whereH is the Hubble parameter. In
the limit of low redshift this reduces to dL 	 z=H0.

The effect of peculiar velocities leads to a perturbation
in the luminosity distance (�dL) given by [23–27]

 

�dL
dL
� r̂ 


�
v�
�1� z�2

H�z�dL
�v� vO�

�
; (3)

where r is the position of the SN, and vO and v are the
peculiar velocites of the observer and SN, respectively.
Using the cosmic microwave background dipole we can
very accurately correct for vO. This demonstrates how a
SNe survey that measures � and z can estimate the pro-
jected PV field. We now relate this to the cosmology.

The projected velocity correlation function, ��ri; rj� �

h�v�ri� 
 r̂i��v�rj� 
 r̂j�i, must be rotationally invariant, and
therefore it can be decomposed into parallel and perpen-
dicular components [28–30]:
 

��ri;rj� � sin�i sin�j�?�r; zi; zj�� cos�i cos�j�k�r; zi; zj�;

where rij � ri � rj, r � jrijj, cos�i � r̂i 
 r̂ij, and
cos�j � r̂j 
 r̂ij. In linear theory, these are given by [28–
30]

 �k;? � D0�zi�D
0�zj�

Z 1
0

dk

2�2 P�k�Kk;?�kr�; (4)

where for an arbitrary variable x, Kk�x� � j0�x� �
2j1�x�
x ,

K?�x� � j1�x�=x. D�z� is the growth function, and deriva-
tives are with respect to conformal time. P�k� is the matter
power spectrum. This corrects the formulas used in
[31,32]; see the Appendix for details.

The above estimate of ��ri; rj� is based on linear theory.
On scales smaller than about 10h�1 Mpc nonlinear con-
tributions become important. These are usually modeled as
an uncorrelated term which is independent of redshift,
often set to �v � 300 km=s. Comparison with numerical
simulations [33] has confirmed that this is an effective way
of accounting for the nonlinearities. Other random errors
that are usually considered are those from the light curve
fitting (�err), and intrinsic magnitude scatter (�m) found to
be �0:08 in the case of [17].

In Fig. 1 we compare the covariance of �dL=dL from
peculiar velocities for a pair of SN

 Cv�i; j� �
�
1�
�1� z�2

HdL

�
i

�
1�
�1� z�2

HdL

�
j
��ri; rj� (5)
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to the standard uncorrelated random errors given by

 ��i�2 �
�
ln�10�

5

�
2
��2

m ��err�i�
2� �

�
1�
�1� z�2

HdL

�
2

i
�2
v

(6)

with f�m;�b; h; ns; w; �8g � f0:3; 0:05; 0:7; 0:96;�1;
0:85g and f�err; �m; �vg � f0:1; 0:08; 300g. We see that
the PV covariance is comparable with the uncorrelated
errors for low z, and we note that the correlated errors
become more significant the larger the data set.

Constraints from current data.—An uncorrelated-error-
only analysis of SNe allows one to constrain the cosmo-
logical parameters through the Hubble parameter in (2).
Namely, �m and w, for a flat universe. However, by fitting
for the PV covariance we probe the matter power spectrum
and can therefore constrain further parameters such as �b,
H0, ns, �8, where these have their usual meaning. In the
following analysis we also allow the SNe ‘‘nuisance’’
parameters M, �m, �v to vary. These are often set to fixed
values; however, marginalizing over them allows a better
estimate of the uncertainty in the other parameters. The
weighted integration of the matter power spectrum in
Eq. (4) has similar weights to those used in evaluating
�8. Therefore, the higher �8, the stronger the correlations
between the projected velocities, obeying Cv / �2

8 for the
other parameters fixed.

We analyze nearby supernovae (z  0:12) from [17],
who find improved luminosity distances to 133 supernovae
from a multicolor light curve method. Following [17], we
exclude 9 supernovae from the set. These are supernovae
that are unsuitable due to bad light curve fits, those who
have their first observation more than 20 days after maxi-
mum light, are hosted in galaxies with excessive extinction
(A0

V > 2:0 mag) and one outlier (SN1999e). This leaves
124 supernovae z 2 �0:0023; 0:12�, which have an average
separation of �r � 108h�1 Mpc, a mean redshift �z � 0:024,
and herein we refer to this data set as our ‘‘low-z’’ SNe.

The likelihood is given by L / j�j�1=2e��1=2�xT��1x,
where ��i; j� � Cv�i; j� � ��i�2�ij and x � �dobs

L �

dL�z��=dL�z� with dobs
L given by Eq. (1), and dL�z� by

Eq. (2). We assume a flat universe with a cosmological
constant (w � �1), a big bang nucleosynthesis (BBN)
prior �bh

2 �N �0:0214; 0:002� [34], and a Hubble
Space Telescope (HST) prior h�N �0:72; 0:08� [35].
These two priors remove models that are wildly at odds
with standard cosmological probes, but do not unduly bias
results towards standard cosmology. The likelihood has
almost negligible dependence on ns, and to keep it in a
range consistent with CMB and large scale structure esti-
mates we give it a uniform prior n 2 ��0:9; 1:1�. The other
parameters are all given broad uniform priors. We use the
standard Markov Chain Monte Carlo (MCMC) method to
generate samples from the posterior distribution of the
parameters [36].

The low-z results are given in row A of Table I. As a
nonzero �8 is needed for the velocity correlations, these
results indicate the correlations are detected at the 3:6�
level. We also perform the MCMC calculations without
including the PV covariance matrix Cv, and we find
�2 lnLmax increases by 19.3. As the likelihood no longer
depends on f�8;�b; h; nsg, we have removed four
parameters.

When estimating the cosmological parameters from
SNe, a low-redshift cut is usually imposed, to reduce the
effects of the PVs. For example, in [37], their SNe data set
has 192 SNe with z 2 �0:016; 1:76� and a mean redshift of
�z � 0:48. Herein we refer to this data set as our ‘‘high-z’’
SNe. Our MCMC results for just this data (without includ-
ing PVs) are shown in row B of Table I. Although we
marginalize over the SNe parameters fM;�v; �sg, our
constraints on �m are still in excellent agreement with
those obtained in [37].

We now combine the low-z and the high-z data sets, to
make an ‘‘all-z’’ data set. We used the overlapping SNe in
the two data sets to estimate a small normalizing offset to
the magnitudes from the latter data set, (the extra magni-
tude error is negligibly small). The same procedure was
used by [37] in constructing their data set. After eliminat-
ing duplicated SNe, our combined all-z data set has
271 SNe with z 2 �0:0023; 1:76�, and �z � 0:35. Our all-z
results are given in row C of Table I. The constraints on �8

broaden slightly due to a mild degeneracy between �8 and
�m, which is broken by the addition of the higher z SNe,
but pushes �8 to the region of higher uncertainty.

Because of a degeneracy between w and �m, it is
necessary to combine the SNe with another data source.
Here we use the Wilkinson Microwave Anisotropy Probe
(WMAP) CMB data [38]. We continue to assume a flat
universe, and we now allow w to be a free parameter. The
results are given in rows D to H of Table I and in Fig. 2. As
can be seen by comparing rows D and E, if a redshift cutoff
of z � 0:016 is made, then current data has a systematic
error of �w � 0:02 when PVs are not included. This is
several times smaller than the statistical error of �w �
0:08. However, comparing rows F and G, shows that if no

0.01, 0.01

0.02, 0.02

0.05, 0.05

0.01, 0.02

0.01, 0.015

FIG. 1 (color online). The ratio of the covariance from peculiar
velocities Cv, compared to the random errors �, for a pair of
supernovae, over a range of angular separations, �.
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redshift cutoff is made, neglecting the correlated PVs
results in a systematic error of �w � 0:07 which is about
as large as the statistical error.

An alternative approach of accounting for the correlated
peculiar velocities is to estimate the underlying density
field from galaxy redshift surveys and then use this to try
and remove peculiar velocity at each SNe [21]. As this
method has different systematics to the statistical modeling
method we have investigated, we believe it will be a useful
cross check to apply both methods to future SNe data sets
and compare the results.

Forecasts.—We now consider the relevance of peculiar
velocities to future supernovae surveys, using a Fisher
matrix analysis. The Fisher (information) matrix probes
the ability of an experiment to constrain parameters, by
looking at the dependence of the likelihood F�� �

�h @
2 lnL

@p�@p�
i,

 F�� � d;� C�1dT;��1
2 Tr�C�1C;� C

�1C;� �: (7)

Often the second term is ignored; however, we find that this
approximation is no longer valid when including PVs.
Unmarginalized 1� errors on parameter p� are given by

�����������������
�1=F���

p
, and the equivalent marginalized errors by���������������������

�fF�1g���
p

. Generally, the inverted Fisher matrix F�1

provides the expected covariance matrix for the
parameters.

We consider two future supernovae experiments that aim
to detect high and low-redshift supernovae, respectively:
the Supernova/Acceleration Probe (SNAP, [9]), and the
Nearby Supernova Factory (SNfactory, [6]). The baseline
SNfactory program is to obtain spectrophotometric light-
curves for SNe in the redshift range 0:03< z< 0:08, with
the assumption that these SNe are far enough away for
correlated peculiar velocities to not contribute significantly
to the error budget. However, in Fig. 1 we can see the
contribution of correlated PVs is not irrelevant for z�
0:03, and as the number of SNe increases the overall
uncertainty from random errors (such as intrinsic magni-
tude scattter and instrumental noise) gets beaten down by a
1=

����
N
p

factor, while the correlated errors from coherent
peculiar velocities do not. Thus at any redshift, these
peculiar velocity errors will begin to dominate for some
large number of SNe. We investigate the situation for the
SNfactory by considering 300 SNe randomly distributed
over a rectangular area of 10 000 sq degrees, and redshifts
0:03< z< 0:08. We also include high-z from a SNAP-like
survey, and model this as 2000 SNe randomly distributed
over 10 sq degrees with 0:2< z< 1:7, and we assume PVs
are irrelevant for these SNe. We take our fiducial model to
be a flat �CDM cosmology with �m � 0:3, �b � 0:05,
h � 0:7, ns � 0:96, w � �1, �8 � 0:85, and nuisance
parameters �v � 300 km=s, �m � 0:1, �err � 0:1. We
further marginalize over M.

As can be seen from Fig. 3, the contours increase sig-
nificantly when low-z SNe are not available (marginalized
error on w increase to 0.12), even when CMB data is
included. In Fig. 3 we also compare the marginalized 1�
contours obtained when the coherent PVs are ignored and
included, for our hypothetical SNAP and SNfactory sur-
veys. We see that, even for a cut of z > 0:03 the error bars
on �m and w will be considerably underestimated if the
peculiar velocities are ignored, and, in particular, the
marginalized error on w increases by 35% from 0.062 to
0.084, for the SNe alone. We therefore conclude that it is

w

Ω
m

−1.5 −1 −0.5

0.2

0.3

0.4

FIG. 2 (color online). 95% confidence limits on �m and w, for
WMAP only (thin black lines), WMAP with high-z SNe (thick
red line), and WMAP with all-z SNe including PVs (dotted blue
line).

TABLE I. Mean and 68% confidence limits on the cosmological parameters, and �v, �m, using different combinations of the
WMAP and SNe data sets, with and without including the peculiar velocity covariance matrix. See text for discussion.

w �8 �m �v �m

(A) low-z� PV� BBN� HST �1 0:79�0:22
�0:22 0:48�0:30

�0:29 275�69
�70 0:08�0:03

�0:04

(B) high-z �1 0:27�0:03
�0:03 363�169

�185 0:12�0:02
�0:02

(C) all-z� PV� BBN� HST �1 0:78�0:23
�0:23 0:30�0:04

�0:04 301�53:9
�53:4 0:1�0:02

�0:02

(D) high-z�WMAP �0:96�0:09
�0:09 0:76�0:07

�0:07 0:26�0:03
�0:03 191�97

�104 0:10�0:02
�0:02

(E) high-z� PV�WMAP �0:94�0:08
�0:08 0:75�0:06

�0:06 0:26�0:02
�0:03 149�107

�108 0:11�0:02
�0:02

(F) all-z�WMAP �0:93�0:07
�0:07 0:75�0:06

�0:07 0:26�0:02
�0:02 395�42

�42 0:11�0:02
�0:02

(G) all-z� PV�WMAP �0:86�0:08
�0:08 0:72�0:06

�0:07 0:28�0:03
�0:03 292�44

�45 0:11�0:02
�0:02

(H) WMAP only �0:99�0:22
�0:22 0:76�0:09

�0:09 0:25�0:05
�0:05
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essential to include a full covariance matrix analysis at
these redshifts, to avoid significantly underestimating the
errors. That the error bars increase rather than decrease
indicates that the extra information available in the pecu-
liar velocities is outweighed by the extra parameter space
f�b; h; ns; �8g.
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Appendix.—For perturbations, 	�1� ��, and peculiar
velocity v we find the perturbed Fourier space continuity
equation, in comoving coordinates, is �0k � ik 
 vk � 0,
where prime indicates differentiation with respect to con-
formal time, 
. Using the linear approximation �k�
� �
D�
�~�k, and assuming that the universe has no vorticity

�r � v � 0� leads to vk � �iD
0 ~�k
k2 k, where D�z� is the

growth function. Therefore, the Fourier space correlation
between the ith component of the velocity field at time 
A
and the jth component of the velocity field at time 
B is
given by

 hvikA
vj�kB
i � D0�
A�D0�
B��2��3��kA � kB�P�kA�

kiAk
j
A

�kA�
4 ;

where h�kA
�kB
i � �2��3��kA � kB�P�kA�, and the sub-

scripts denote the quantity at time 
A or 
B. This corrects
equation (B1) of [31], and our resulting Eq. (5) for Cv
corrects those of [32], among others.
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FIG. 3 (color online). The marginalized 1� contours for �m
and w from a SNAP-like high-z SNe survey in a flat �CDM
cosmology (short dashed lines). We also consider including 300
low-z SNe from a SNfactorylike survey, while ignoring peculiar
velocities (solid lines) and including them (long dashed lines).
Smaller red contours include cosmic variance limited CMB, up
to ‘ � 2000.

PRL 99, 081301 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
24 AUGUST 2007

081301-4


