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A novel yet unsophisticated theory is proposed to show that low-� protons can be efficiently heated by
enhanced Alfvén waves. The present research is motivated by a plasma physics issue relevant to the
explanation of hot stellar coronas observed with x-ray telescopes. The efficient heating is attributed to
nonresonant wave-particle scattering that tends to randomize proton motion in directions transverse to the
ambient magnetic field.
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In astrophysics, the origin of many types of exceedingly
hot stellar coronas observed with x-ray telescopes since the
mid 1970s [1–3] is still a hotly pursued research topic that
baffles many scientists. Before the discovery of Capella
[4,5] and other late-type stars [3], the Sun was the only star
known to have a hot corona. Among the possible heating
scenarios that might result in the creation of hot coronas, is
the intuitive belief held by many researchers that Alfvén
waves may play a key role. The main reason is that Alfvén
waves might be ubiquitously generated in stellar environ-
ments. The solar corona is a prime example. The contro-
versial theoretical difficulty with this picture is that
plasmas in stellar coronas have very low-� values (the
plasma ‘‘�’’ is the ratio of thermal pressure to magnetic
pressure), and, consequently, conventional concept of
plasma heating based on cyclotron resonance cannot be
applied to protons.

First, in the present study we do not consider nonlinear
particle dynamics [6], which is often supposed to be in-
strumental for the study of stochastic motion of particles.
Instead, we use a kinetic-theory approach that generally
deals with many-particle systems statistically and inher-
ently includes the stochastic process of interest. We pay
special attention to the case in which Alfvénic turbulence is
present. In our theory we impose the quasilinear approxi-
mation, which was first proposed in the early 1960s [7–12]
and is now well known in plasma physics literature [13–
16]. Second, the majority of the published quasilinear
theories place emphasis on resonant wave-particle inter-
actions, although in general, quasilinear theory also in-
cludes nonresonant wave-particle processes as well. In
fact, several reviews [13,14] have shown that nonresonant
wave-particle interaction processes may play important
roles in the stabilization of classic firehose and loss-cone
instabilities. Third, for magnetized plasmas the validity of
the theory requires that the wave energy density is suffi-
ciently lower than the energy density of the ambient mag-
netic field so that the particle motion can be approximately

described as unperturbed by the wave fields. In other
words, the typical wave amplitude is considered to be
much lower than the ambient magnetic field magnitude.

To proceed with the discussion let us consider that large
amplitude Alfvén waves, as observed in the solar wind
[17,18], exist and propagate predominantly along the am-
bient magnetic field. Moreover, these waves may be treated
as if they were intrinsic. The intrinsic Alfvén waves are
assumed to have a broad spectrum that is spatially homo-
geneous and varies slowly in time. The turbulence is
attributed to either a remote source or is generated by a
small population of energetic ions. The objective of the
present work is to examine how the background thermal
protons, rather than minor heavy ions, react to Alfvén
waves without cyclotron resonance. The quasilinear ki-
netic equation relevant to the present discussion is well
known, and, for example, given in Ref. [14]
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where F�v?; vk; t� is the proton distribution function;
�p � eB=mpc is the proton cyclotron frequency (mp is
the proton mass, e is the unit electric charge, c represents
speed of light in vacuo); Ek is the electric field associated
with the intrinsic Alfvén wave with wave number k; !k �
kvA stands for the Alfvén wave dispersion relation and
vA � B=

������������������
4�npmp

p
stands for the Alfvén speed, np being

the proton number density; �k represents the imaginary
part of the complex frequency, i.e., the temporal growth
rate of the Alfvén turbulence, and vk and v? stand for
components of the velocity vector parallel and transverse
to the ambient magnetic field, respectively.
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In most quasilinear theories that emphasize resonant
interactions, the factor �k��!k ��p � kvk�

2 � �2
k	
�1 is

approximated by ���!k ��p � kvk� by taking the limit
�k ! 0. However, for Alfvén waves in low-� plasmas the
inequalities, �p 
 !k 
 kvk and �p 
 �k are satisfied.
This means that the customary treatment is not applicable
but instead we have
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Making use of the above, Eq. (1) can be rewritten as
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In deriving the above result we have made use of the
relations B2

k � �c=vA�
2E2

k and �kB2
k � @B2

k=2@t. Here Bk
designates the spectral wave magnetic field.

Since we are mainly interested in low-� plasmas, Eq. (3)
may be further simplified to the following form
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or equivalently,
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where we have introduced dimensionless variables u? �
v?�2T0=mp�

�1=2, and

 � �
1

4npT0

Z
dk
B2
k

8�
�

WB

4npT0
; (5)

In Eq. (5) WB �
R
dkB2

k=�8�� represents the energy den-
sity associated with the wave magnetic field and T0 stands
for the proton temperature in the absence of the Alfvén
waves. The rationale for introducing the dimensionless
variable � is that we assume that the velocity distribution
F depends on time t only through the wave energy density
WB�t�. Let us study the situation where the protons possess
a Maxwellian distribution before they encounter the wave
fields. We are thus interested in the solution to Eq. (4)
where the initial condition is given by

 F�u?; uk; � � 0� �
1

�3=2
exp��u2

? � u
2
k
�: (6)

In fact, the general solution to Eq. (4) may be formally
expressed in terms of the Green’s function and an arbitrary
initial distribution,

 F�u?; uk; �� �
Z 1

0
du0?u

0
?G�u?; u

0
?; ��F�u

0
?; uk; 0�;

(7)

where the Green’s function is given by [19]
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and where I0�x� is the modified Bessel function of the first
kind of zeroth order. For the special case when the initial
distribution is given by a Maxwellian (6), we may obtain a
self-similar solution [20],

 F�u?; uk; �� �
1

1� 4�
exp

�
�

u2
?

1� 4�
� u2

k

�
: (9)

Clearly the perpendicular temperature is enhanced so that
after heating it becomes

 T? � T0 �
WB

np
� T0 �

1

np

Z
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k
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We now turn to Eq. (3) and define perpendicular and
parallel temperatures,

 T? �
mp

2

Z
dvv2

?F; Tk � mp

Z
dvv2

k
F:

Then by taking the appropriate velocity moments of
Eq. (3), we obtain
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The above results also support the recent test-particle
simulation of proton heating by Alfvén waves which is
demonstrated in the paper by Wang et al. [21]. However,
we remark that since the wave energy density is considered
to be small in comparison with the energy density of the
ambient magnetic field, the terms on the right-hand side of
Eq. (11) inversely proportional to v2

A are small. This is
because

 

��������T? � Tkmpv2
A

�������� WB

npmpv2
A

�
B2
W

B2
0

� 1;

where BW denotes the typical wave amplitude.
To understand the physics of the perpendicular heating a

few remarks may be pertinent: One can readily see from
the kinetic Eq. (3) or (4) that in the presence of intrinsic
Alfvén turbulence the average magnetic moment of the
protons is no longer conserved. The heating mechanism
suggested in the present discussion differs from the earlier
theoretical studies carried out by [22–26] based on non-
linear dynamics. In our theory we suggest that stochastic
diffusion due to the turbulent wave fields may result in
heating. Microscopically each proton is pitch-angle scat-
tered by the wave field in the wave frame in which the
scattering process itself does not change the particle en-
ergy. However, since the waves are propagating, the pro-
tons gain energy in the laboratory (or plasma) frame. It is
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implicitly assumed that the intrinsic Alfvén waves have an
infinite reservoir of energy.

We should also comment on two other points. First, the
anisotropy created by the perpendicular heating would
make the plasma unstable to excitation of proton cyclotron
waves via cyclotron resonance, e.g., Ref. [27]. One of the
well-known consequences of these waves is that they tend
to heat protons in the parallel direction by consuming the
free energy available with the perpendicular temperature.
While this process is in progress, the intrinsic Alfvén
waves keep heating the protons to its optimal level, which
is dictated by the intrinsic wave energy density, in the
perpendicular direction. As a result, it is expected that
eventually the proton distribution would evolve into a state
that is nearly isotropic so that the proton cyclotron insta-
bility is no longer significant.

If we denote the initial temperature by T0, as before,
then we anticipate that the protons may achieve a final
quasi-isotropic temperature,

 T ’ T0 �
WB

np
� T0 �

Z
dk

B2
k

8�np
� T0

�
1�

1

�p

B2
W

B2
0

�
;

where �p denotes the proton � and B2
W=B

2
0 is the ratio of

wave-field energy density to that of the ambient field. In
the low solar corona, a� value of�p  10�3 or even lower
is not uncommon, while B2

W=B
2
0  10�2 may be typical.

This means that T=T0  10.
Second, one may generalize the preceding discussion

to Alfvén-proton cyclotron waves with frequencies higher
than those of Alfvén waves and close to proton cyclotron
frequency, but still satisfying the condition

 j�p �!kj 
 kvk:

In this case, the quantity � [Eq. (5)] may be readily
redefined as

 � �
�2
p

4npT0

Z
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2 :

As a result, the heating process is expected to be even more
effective.

In the solar physics literature numerous authors have
discussed the hot corona. However, most of these discus-
sions are mainly concerned with the outer corona high
above the chromosphere. Interested readers may refer to
Refs. [28–36], for instance. Here we must point out that
the formation of the transition region, where the steep
temperature gradient (from several thousand degrees to a
couple of million degrees) exists, is still an issue to be
resolved, although some recent models are proposed based
on ion cyclotron resonance [36]. All existing theories
proposed to discuss the heating of the solar corona are
based on the notion that ion cyclotron resonance is essen-
tial. In this regard, the heating process, which involves

Alfvénic turbulence and low-� plasmas discussed in this
Letter is new and very relevant to the study of stellar
coronas.

The research at the University of Maryland was sup-
ported by NSF under Grant No. ATM0535821. The re-
search at the University of Science and Technology of
China was supported in part by the National Nature
Science Foundation of China under Grants No. 40474054
and No. 40336052, and in part by the Chinese Academy of
Sciences under Grant No. KZCX3-SW-144. C. S. W. ap-
preciates many fruitful discussions with C. B. Wang and
Y. Chen at USTC.

*Present address: Institute for Physical Science and
Technology, University of Maryland, College Park, MD
20742, USA.
cswu@ustc.edu.cn; cszcwu@msn.com

†yoonp@glue.umd.edu
[1] A. O. Benz, in Plasma Astrophysics: Kinetic Processes in

Solar and Stellar Coronae (Kluwer Academic,
Netherlands, 1993).

[2] Physics of Solar and Stellar Coronae, edited by J. F.
Linsky and S. Serio (Springer, New York, 1999).

[3] G. S. Variana et al., Astrophys. J. 245, 163 (1981).
[4] R. C. Catura, R. W. Acton, and H. M. Johnson, Astrophys.

J. 196, L47 (1975).
[5] R. Mewe et al., Astrophys. J. 202, L67 (1975).
[6] A. J. Lichtenberg and M. A. Lieberman, Regular and

Chaotic Dynamics, (Springer, New York, 1992).
[7] A. A. Vedenov, E. P. Velikhov, and R. Z. Sagdeev, Nucl.

Fusion 1, 82 (1961).
[8] W. E. Drummond and D. Pines, Nucl. Fusion, Suppl., 3,

1049 (1962).
[9] V. L. Yakimenko, Sov. Phys. JETP 17, 1302 (1963).

[10] C. F. Kennel and F. E. Engelmann, Phys. Fluids 9, 2377
(1966).

[11] V. D. Shapiro and V. I. Shevchenko, Sov. Phys. JETP 9,
1109 (1964).

[12] G. Rowlands, V. D. Shapiro, and V. I. Shevchenko, Sov.
Phys. JETP 23, 651 (1966).

[13] A. A. Galeev and R. Z. Sagdeev, in Review of Plasma
Physics (Consultants Bureau, New York, 1965), Vol. 7.

[14] R. C. Davidson, Methods in Nonlinear Plasma Theory
(Academic, New York, 1972).

[15] A. I. Akhiezer et al., Plasma Electrodynamics, Nonlinear
Theory and Fluctuations Vol. 2 (Pergamon, New York,
1975).

[16] T. Stix, Waves in Plasmas (AIP, New York, 1992).
[17] L. F. Burlaga, Space Sci. Rev. 12, 600 (1971).
[18] J. V. Hollweg, Rev. Geophys. Space Phys. 13, 263 (1976).
[19] C. S. Wu, J. D. Gaffey, and B. Liberman, J. Plasma Phys.

25, 391 (1981).
[20] G. B. Crew and T. S. Chang, Phys. Fluids 28, 2382 (1985).
[21] C. B. Wang, C. S. Wu, and P. H. Yoon, Phys. Rev. Lett. 96,

125001 (2006).
[22] L. Chen, Z. H. Lin, and R. B. White, Phys. Plasmas 8,

4713 (2001).

PRL 99, 075001 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
17 AUGUST 2007

075001-3



[23] R. B. White, L. Chen, and Z. Lin, Phys. Plasmas 9, 1890
(2002).

[24] D. A. Gates, N. N. Gorelenkov, R. B. White, Phys. Rev.
Lett. 87, 205003 (2001).

[25] O. Ya. Kolesnychenko, V. V. Lutsenko, and R. B. White,
Phys. Plasmas 12, 102101 (2005).

[26] X. Lu, Y. Li, S. Wang, Chin. Phys. Lett. 24, 2010
(2007).

[27] R. C. Davidson and J. M. Ogden, Phys. Fluids 18, 1045
(1975).

[28] S. Cranmer, Astrophys. J. 532, 1197 (2000).
[29] Y. Q. Hu, S. R. Habbal, and X. Li, J. Geophys. Res. 104,

24 819 (1999).

[30] E. Marsch and C.-Y. Tu, J. Geophys. Res. 106, 227
(2001).

[31] C.-Y. Tu and E. Marsch, J. Geophys. Res. 106, 8233
(2001).

[32] J. V. Hollweg and P. A. Isenberg, J. Geophys. Res. 107,
1147 (2002).

[33] X. Li and S. R. Habbal, Astrophys. J. 598, L125 (2003).
[34] P. A. Isenberg, J. Geophys. Res. 109, A03 101 (2004).
[35] X. Li and S. R. Habbal, J. Geophys. Res. 110, A10 109

(2005).
[36] X. Li, Astron. Astrophys. 406, 345 (2003).

PRL 99, 075001 (2007) P H Y S I C A L R E V I E W L E T T E R S week ending
17 AUGUST 2007

075001-4


