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The basic current-carrying mechanism through a superconducting weak link embedded in a resistive
environment undergoes a continuous crossover, as the voltage increases, from Josephson Cooper pair
transfer exciting electromagnetic modes in the environment to multiple Andreev reflections leading to the
creation of quasiparticles. We corroborate these ideas through measurements of the dc current-voltage
characteristics of superconducting atomic contacts containing channels of arbitrary and adjustable
transmission. We present a simple model, in the spirit of the classical resistively shunted junction model,
that accounts well for the observed characteristics.
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Introduction.—Charge transfer through a Josephson
structure weakly coupling two superconducting electrodes
is a very rich phenomenon with a subtle interplay between
Cooper pair and quasiparticle currents. At finite voltage,
the dc electrical current corresponds to inelastic charge
transfer processes in which the dissipated energy leads to
the creation either of quasiparticle excitations in the super-
conductors or of collective electromagnetic excitations in
the biasing circuit. In opaque Josephson links (tunnel
junctions) in a resistive low impedance environment (r�
RK � h=e2), there is a clear distinction between these two
processes. Because of the existence of the superconducting
energy gap �, quasiparticle creation arises only for volt-
ages eV > 2�, while Cooper pair tunneling with excitation
of a mode of the resistor gives rise to a finite current only
for eV < �r=RK��� �. However, the situation changes
drastically as the transparency of the link increases, be-
cause creation of out-of-equilibrium quasiparticles be-
comes possible at arbitrarily small voltages by virtue of
the so-called multiple Andreev reflection (MAR) processes
[1], in which multiple charges are transferred coherently.
Therefore, one expects the two inelastic mechanisms to
coexist and compete in all highly transparent Josephson
structures. In the present work we illustrate this generic
competition using atomic size contacts, which are model
realizations of Josephson links containing just a few con-
duction channels of adjustable and measurable transmis-
sion [2]. Presently there exists no general microscopic
theory describing the crossover between both transport
regimes, but we introduce a simple empirical model which
accounts well for the measured current-voltage character-
istics. This model should apply to several existing experi-
mental situations in which a similar crossover is expected
to occur.

A unified description of both dc and ac transport was
achieved in the 1990s for the most fundamental Josephson

link, i.e., a single conduction channel of arbitrary trans-
mission � [3]. The simplicity of this case allows to obtain
exact fully quantum mechanical results for all transport
properties when ideal biasing conditions are assumed [4].
For example, in this framework the Josephson coupling is
understood as being established by a pair of Andreev
bound levels in each channel, with energies within the
gap [5]. The behavior of any short link can then be
described by decomposing it into a collection of indepen-
dent channels characterized by a set of transmission coef-
ficients f�ig. For an ideal constant voltage bias V, the time-
dependent current through the link can be expressed as a
harmonic series I�t� �

P
nIn�V�e

in�!Jt��0�, where !J �
�2�=�0�V is the Josephson frequency imposed by the
bias voltage and �0 is an initial value for the superconduct-
ing phase difference (�0 � h=2e is the flux quantum). The
harmonic components In�V� can themselves be decom-
posed into the contributions of the individual channels
I1ch
n �V; �i�, which are strongly nonlinear functions of the

applied bias and the channel transmission, and which can
be determined with high accuracy [3]. In particular, the dc
component of the current would be the time average
hI�t�i � I0�V� � IS��0��V;0. Here, I0�V� corresponds to
the dissipative MAR current, which gives rise to the so-
called subharmonic gap structure observed in a large vari-
ety of structures. The elastic transfer of Cooper pairs leads
to an infinitely sharp peak at exactly V � 0, the well-
known Josephson supercurrent. Its magnitude is deter-
mined by the phase difference across the link through the
equilibrium current-phase relation (CPR) IS��� �
�2�=�0�@EJ=@� �

P
n;kI

1ch
n �0; �k�e

in�, where EJ��� is
the total Josephson coupling energy.

Obviously, the perfect bias situation described above,
which allows to single out the strictly zero-voltage case, is
never reached experimentally, as the bias circuit always
has a finite impedance, which imposes voltage and there-
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fore phase fluctuations. In practice, if EJ��� is comparable
to the energy of the fluctuations, the Josephson supercur-
rent peak acquires a finite voltage width and its amplitude
can be greatly reduced [6,7]. The theory describes the
underlying physics in terms of the diffusive dynamics of
the phase along the ‘‘tilted washboard’’ Josephson poten-
tial, EJ��� � ��0=2��I�. The slow diffusion gives rise to a
small voltage across the link, and the dc power injected by
the biasing source is dissipated in the resistive part of the
environment by the oscillating supercurrents. No quasipar-
ticles are involved whatsoever in this mechanism. This
theory has been thoroughly checked experimentally in
the case of tunnel junctions [8] and for structures contain-
ing only channels of small or intermediate transmission
[9]. However, in highly transmissive contacts this peak
cannot be described simply as a result of phase fluctuations
assuming a fixed CPR as it is done for tunnel junctions. In
contrast, because of the possibility of extra dissipation
through the creation of quasiparticles at small voltage,
the CPR of the system evolves as the mean voltage in-
creases on a scale which can be smaller than the peak
width.

Theoretical analysis.—To analyze the general case we
consider the circuit of Fig. 1(a), which is similar to the
usual resistively shunted junction (RSJ) model, but for a
short arbitrary link instead of a tunnel junction. The link is
characterized by a set of transmission coefficients f�ig. The
voltage v on the link is not well defined due to the thermal
fluctuations �v introduced by the shunting resistance,
which we assume to be much smaller than RK so that
quantum fluctuations of the phase are negligible [10].
The key assumption in our analysis is that the voltage
fluctuations imposed by the environment are small with
respect to the typical scale of variation with voltage of the
current components In [3]. In other words, we assume that
the current at a given time t follows the time evolution of
the phase but depends only on the average voltage hvi, i.e.,

 I�t� � I�hvi; ��t�� �
X
n

In�hvi�e
in��t�: (1)

Here In�hvi� �
P
iI

1ch
n �hvi; �i�, where I1ch

n denotes the cur-
rent components on the individual channels. This defines a
voltage dependent ‘‘effective’’ out-of-equilibrium CPR.
The circuit equations can be written as

 v �
�0

2�
d�
dt
� r�Ib �

X
n

In�hvi�e
in��t�	 � �v: (2)

This Langevin equation can be expressed as a
Smoluchowski equation for the probability distribution of
the phase ���; t�

 

d�
dt
�

r

�2
0

@
@�

�
�0�I�hvi; �� � Ib	�� kBT

@�
@�

�
; (3)

where T is the temperature of the noisy element. In the
stationary regime one can expand ���� in Fourier compo-
nents as ���� �

P
n�ne

in�, and the Smoluchowski equa-
tion becomes [11]

 � nkBT�n � i�0Ib�n � i�0

X
m

Im�hvi��n�m � 0:

To obtain the current-voltage characteristic IV this equa-
tion must be solved self-consistently. The mean current is
determined by hIi �

P
m�mIm�hvi�while the mean voltage

is obtained from hvi � r�Ib � hIi�. The self-consistent
solution requires to reevaluate the current components
I1ch
n �hvi; �k� from MAR theory [3] each time the mean

voltage is modified. With this input, the present model
allows to determine the full IV for a short link with an
arbitrary set of transmissions embedded in a resistive
environment.

Figure 2 presents the low-voltage IV for channels of
high transmission, for which we expect the strongest devi-
ations with respect to the usual approach in which the
supercurrent peak is calculated using just the equilibrium
CPR. Roughly, the minima in the curves separate the
regions in which the current is dominated either by the
supercurrent or by MAR. To gain some insight on the
crossover region one can think in terms of Landau-Zener
transitions between Andreev states [12]. For low bias
voltage and high transmission the effective out-of-
equilibrium CPR is governed by the Landau-Zener proba-
bility p � exp�����1� ��=ehvi	 and can be written as

 I�hvi; �� �
e�

@

�
�1� p�

sin�
2j cos�=2j

� p sin�=2
�
: (4)

This approximate relation allows to analyze the evolution
of the IV from the regime where electromagnetic excita-
tions dominate (p ’ 0) to the limit where quasiparticle
excitations do (p ’ 1). At zero temperature a simple ana-
lytical expression for the IV can be obtained by direct
integration of Eq. (2) using Eq. (4). For p! 0 this yields
a current that tends to zero as 1=hvi for large bias, in
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FIG. 1 (color online). (a) Resistively shunted junction model.
Weak-link connected to a current source in parallel with a shunt
resistor generating Johnson noise �v. (b) Schematics of actual
circuit: atomic contact (orange double triangle symbol) inte-
grated into microfabricated environment (light box) consisting of
four resistors r
 40 � and four capacitors C
 90 pF. Resistor
R
 50 � is a commercial discrete element, a few centimeters
away from the chip. Dark box shows elements placed at base
temperature T0 of the refrigerator. The current through the
atomic contact is measured by monitoring the voltage drop
across the resistor r.
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agreement with the standard result of the RSJ model.
However, for p! 1 the current tends to saturate at a finite
value given by �2=��e�=@ at large bias [13]. This value
corresponds to the nonzero average current when sweeping
at constant phase velocity the very singular CPR of a
ballistic channel (see lower right panel of Fig. 2). These
two extreme situations, represented by the dashed and the
dotted lines in the left panel of Fig. 2, bracket quite well the
numerical results based on the self-consistent determina-
tion of the CPR for nonballistic channels. We note, how-
ever, that the Landau-Zener model fails reproducing the
increase of current at voltages significantly higher than the
Andreev gap 2�

������������
1� �
p

=e.
Experimental results.—We have tested these predictions

using aluminum atomic contacts obtained with microfab-
ricated break junctions [14]. In order to observe a well-
defined supercurrent peak it is necessary to design the
environment adequately so as to keep the fluctuation level
under control. The actual environment, which allows for a
four-point measurement of the IV, is sketched in Fig. 1(b).
The basic idea is to split the resistance providing the
dissipation into two parts. On the one hand, an off-chip
macroscopic resistor R
 50 � dissipates the dc power.
On the other hand, the damping of the fast phase fluctua-
tions is ensured by the on-chip resistors r � 40� 0:5 �.

The on-chip capacitors C � 90� 2 pF close the path for
the ac currents. The environment is therefore not just a
simple resistor, as assumed in the theory, but with the
actual parameter values the dissipation acting on the phase
dynamics is determined essentially by r for all frequencies
above a few hundred MHz, i.e., for all voltages above a few
hundred nV. The resistor R only contributes to the dc load
line of the setup. With these parameters, the rms total noise
seen by the contact, integrated up to its plasma frequency
(< 15 GHz), is of the order of 1 �V. For each contact, the
transmissions and the superconducting gap of the alumi-
num contact were determined by fitting its IV for voltages
eV >�=10 with the theory of MAR using the procedure
described in [15]. The region eV < �=10 was discarded in
this procedure, to avoid contributions from the supercur-
rent peak.

Figures 3 and 4 show the comparison between theory
and experiment for two different contacts. The contact of
Fig. 3 contained only channels with intermediate or small
transmission, for which there is essentially no MAR cur-
rent in the region of the supercurrent peak. The self-
consistent calculation reproduces perfectly the experimen-
tal result, but it is important to note that in this case it is
identical to the sum of the MAR and the adiabatic super-
current peak (ASC) calculated from the equilibrium CPR.
In contrast, the contact of Fig. 4 contained one channel
very close to perfect transmission. In this case, the sum of
the ASC and the MAR contributions does not account for
the measured current. However, the self-consistent theory
describes quite well the experimental results, with the
effective noise temperature of the resistor as the only

FIG. 3 (color online). Subgap current-voltage characteristic
for Al atomic contact with measured f�ig � f0:677; 0:391;
0:201; 0:2; 0:2g, � � 178 �eV. Critical current Imax�f�ig� �
41:8 nA. Symbols: experimental data measured at T0 �
20 mK. Full line: self-consistent calculation for these transmis-
sions and the independently measured r � 40:5 �. The only
adjustable parameter is the effective noise temperature Teff �
125 mK of r.

FIG. 2 (color online). Upper right panel: energy E���� �
��

����������������������������
1� �sin2�=2

p
[5] of the two Andreev levels for a channel

of � � 0:99 (full lines) and for a ballistic channel (dashed line).
Near the anticrossing at � � �, Landau-Zener transitions be-
come possible at finite voltage with probability p. Lower right
panel: corresponding current-phase relation I���� �
�2�=�0�@E�=@�. Left panel: single channel low bias current-
voltage characteristic calculated with self-consistent model, for
three transmission values (T � 0:01�=kB, r � 6� 10�4RK).
Currents are normalized to the maximum supercurrent Imax���
for each transmission. The dashed (dotted) line corresponds to
the perfect transmission case at T � 0 assuming a Landau-Zener
probability p � 1 (p � 0).
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adjustable parameter. We attribute the small observed de-
viations to the fact that the dc load line resistance of the
biasing circuit, given by R� 2r, was slightly too large to
stabilize the negative differential regions of the curve for
this contact. Let us note that the smallest Andreev gap in
this contact was 
0:14�
 25 �eV, much larger than the
rms noise imposed by the environment, so that the key
assumption in the description was fulfilled.

Conclusions.—In summary, we have measured the
current-voltage characteristics of superconducting atomic
contacts containing channels of arbitrary transmission em-
bedded in an Ohmic environment. Although in a com-
pletely general situation a fully microscopic theory
taking into account both classical and quantum fluctuations
would be needed, our experimental results are well ac-
counted for by an approximate model for the classical
evolution of the phase, with just one adjustable parameter,
the noise temperature of the electromagnetic environment.
This self-consistent description of the full current-voltage
characteristic of a generic Josephson link takes into ac-
count both quasiparticle and collective electromagnetic
excitations as dissipation mechanisms for the transfer of
Cooper pairs. The central outcome is that these two con-
tributions do not add up independently but rather combine
to build up the global current. We expect this crossover,
characterized by the subadditivity of the Josephson and

MAR currents, to be generic for all systems in which the
Josephson coupling proceeds through highly transmitting
channels, like in the novel hybrid Josephson structures
obtained with quantum dots [16], graphene [17], or semi-
conductor wires [18] strongly connected to superconduct-
ing leads. In particular this approach could be used to
explain available data on carbon nanotubes, where only
two channels, with transmission controlled by interface
transparency, carry the supercurrent [19]. More generally,
our results illustrate the fact that, despite the dichotomy in
their usual description, there is a continuous evolution
from ‘‘Josephson supercurrents’’ near zero voltage to the
multiple Andreev reflection currents at finite voltage.
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FIG. 4 (color online). Subgap current-voltage characteristic
for Al atomic contact with measured f�ig � f0:995; 0:372; 0:174;
0:022g, � � 179:3 �eV. Symbols: experimental data measured
at T0 � 20 mK. Critical current Imax�f�ig� � 49:9 nA. Full line:
self-consistent calculation for these transmissions and the inde-
pendently measured r � 39:4 �. The only adjustable parameter
is the effective noise temperature Teff � 125 mK of r. Dashed
line: predictions of MAR theory. Dotted line: predictions for the
ASC using the equilibrium CPR. Dashed-dotted line: sum of the
MAR and the ASC currents.
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